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EXTRAlrr FROrO’RlGlNAL PREFACE 


In preparing this treatise on Practical Mathematics .con- 
siderable pains have been taken to explain, in the clearest 
manner, the method of solving the numerous problems. 
The rules have been expressed as simply and concisely as 
possible in common language, as well as symbolically by 
algebraic formulae, which frequently possess, on account 
of their conciseness and precision, a great advantage over 
ordi;iary language ; they have also in many instances been 
given logarithmically, because of the facility and expedi- 
tion of logarithmic calculation. To understand the algebraic 
formulae, nothing more is necessary than a knowledge of 
the simple notation of algebra ; the method of computa- 
tion by logarithms is explained in the Introduction to 
Chambers' it Mathematical Tables, 


PREFACE TO THIRD EDITION 


In general plan the present edition of Praclical Mathematics 
does not differ from its predecessors, which were prepared 
and edited by Dr Pryde. The aim has been to illustrate 
the use of mathemati(;s in constructing diagrams ; in 
measuring areas, volumes, strengths of materials ; in calculat- 
ing latitudes and longitudes on the earth’s surface ; and in 
solving similar problems. There is no attempt at a syste- 
matic development of any part of mathematics, except to 
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a certain extent in the sections on plane and spherical 
trigonometry. The plane trigonometry has been remodelled; 
but the sijherical trigonometry, which is required for 
navigation and geodesy, has been left as it was. The 
greatest clianges will, however, be found in the section 
upon strength of materials .and associated problems in 
elasticity. New tables of constants have been added, 
and new types of problems have been worked out or 
indicated. Throughout this section graphical solutions are 
occasionally given ; and a final section has been added 
to the book in which the elements of curve-tracing, a 
growingly important part of mathematics, both practical and 
theoretical, are discussed and illustrated by examples. 

One great branch of Practical Matheitiatics, that dealing 
with electricity and magnetism, has not been included in 
the present work. It would have been impossible to give 
this peculiarly modern subject adequate space without 
increasing the volume to an inconvenient size. 

When logarithms are required in solving any problem, 
the seven-place Logarithmic Tables are used ; but since 
for many purposes a rough approximation is all that is 
needed, it has been thought advisable to make the book 
more complete in itself by the addition of six pages of 
four-place logarithms of the natural numbers and the 
trigonometrical ratios. 

It should be stated that in the section dealing with 
strength of materials, as well as in other parts of the work, 
valuable aid has been rendered by Mr Forrest Sutherland, of 
Bloemfontein. 
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Practical Mathematics 


DESCRIPTIVE GEOMETRY 

Descriptive Geometry explains the methods of performing 
certain geometrical operations, such as the construction of 
mathematical ligurcs, the drawing of lines in certain ])osi- 
tions, and the application of geometrical 2 )rinciples to the 
accurate representation of plane surfaces and solids. Hence 
it is treated of under two heads — Plane Descriptive 
Geometry, and Solid Descriptive Geometry. 

There are three kinds of geometrical magnitudes — lines, 
surfaces, and solids. Lines liave one dimension — length ; 
surfaces have two dimensions — length and breadth ; and 
solids have three dimensions — length, breadth, and thickness. 

1. PLAICES 

Plane Descriptive Geometry treats of the relations and 
dimensions of lines and figures formed by their combina- 
tions on planes or plane surfaces. 

DEFINITIONS 

1. A point has (position only, but no magnitude. 

2. A line lias length witliout breadth. 

Hence the extremities or ends of a line are points ; and if 
two lines intersect or cross eacli other, the intersections 
are points. 



2 


DESCRtPTIVE GEOMETRY 


A line is named by two letters placed one at ^acli of its ex- 
' p treniities. Thus, the line drawn here is named 
the line AB. 

j c 5 ^ straight line is that which lies evenly 

between its extreme points. 

If a straight line, as AB, revolve like an axis, its two extremi- 
ties, A and B, remaining in the same position, any other 
point of it, as C, will also remain in the same position. 

4. A point of section is any point in a line, and the two parts 
into which it divides the line are called segments. Thus tlte 
point C in the preceding line AB is a point of section, and AC, 
BC, are segments. 

It is evident that two straight lines cannot enclose a space ; 
and that two straight lines cannot have a common segment, 
or cannot coincide in part without coinciding altogether. 

A crooked line is comi)Osed of two or more straight 
lines. 

— N 6. A curve, or a curved line, is one of which no 

part is straight. 

7. Parallel straight lines are such as are in the same plane, 

_ and are at all points equidistant ; lienee, if they are 

...... — produced indefinitely in either direction, tliey do not 

meet. 

8. Convergent lines are those in the same plane, hut not 
parallel, while they are supposed to l.>e produced in the direction in 

which they would meet. Such lines are said to he 

— divergent^ when considered os receding from tlie same 

point. 

9. A surface has only length and breadth. 

The boundaries of a surface are lines ; and the intersection 
of one surface with another is also a line. 

10. A plane surface, or a plane, i» a surface such that, if 

any two points are taken on it, tlie straight line joining them lies 
A . wholly on that surface. 

/ 11. A plane rectilineal angle is the iu- 

L/' / clination of two straight lines that meet, 

B cl hut are not in the same straight line. 

12. The an gplfl-r point is the point at which an angle is formed, 
as E or B. 

When there is only one angle at a point, it may be named 
by one letter, ns angle E. 
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But when there are more angles than one at a point, they 
are named* by three letters, the letter at the angular point 
being put in the middle. Thus the angle contained by the 
lines DB and BC is named the angle DBC or CBD. So the 
angle contained by the lines AB and DB is named the angle 


ABD or DBA. 

An angle may also be named by means of a small letter 
placed in it. Thus angle ABD may be named angle in; 
angle DBC, n; and ABC, w+w. 

The two lines containing an angle arc called its sides. Thus 
DB, BC, are the sides of the angle DB(\ or lu 

13. Supplementary angles are the two adjacent 
angles formed by one straight line standing upon 
another. moo 

Thus the angles ACD, DCB, are said to be supplementary to 
one another ; or the angle ACD is called the supplement 
of the angle DCB; and DCB is called the supplement of 


/ 


ACD, 


14. A right angle is one of two supplementary 
angles which are equal ; and the line which sepa- 
rates them is said to be a perpendicular to the 
line on which it stands. 

15. An obtuse angle is greater than a right angle, as 0 ; and an 
acute angle less than a right 
angle, as A. 

16. A figure is that which is 
enclosed by one or more boun- 
daries. The space contained within 
the boundary of the figure is called its surface ; and the quantity 
of surface in reference to that of some other figure with which it 
is compared is called its area. 

17. A circle is a figure formed on a plane by causing a line to 
revolve round one of its extremities which remains 
fixed. 

18. The circumference of a circle is the line 
that bounds it. 

19. The centre of a circle is the fixed point of 
the revolving line which describes it, as C. 

An eccentric point in a circle is one which is not the centre of 
the circle, but spoken of in reference to it. 
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20. A radius is a straight line drawn from the centre to the 
circumference of a circle ; CB, CD, and CE are r&dii. 

It is evident that all radii of the same circle are equal in 
length. 

21. A diameter is a straight line passing through the centre of 
a circle, and terminated at each extremity by the circumference, 
as BE. The radius is sometimes called the semi-diameter. 


22. An arc of a circle is any part of the circumference. 

28. The chord of an arc is a straight line joining its extremities, 
as AB. 


24. A segment of a circle is a figure contained 
by an arc and its chord. 

25. A semicircle is a segment having a diameter for its chord, 
and is evidently half of the whole circle. 

26. An angle in a segment of a circle is an angle 
contained by two straight lines, drawn from any point 
in the arc of the segment to the extremities of its 
chord, as m in the segment CED ; the angle m is also 
said to stand on the arc CD. 



27. A sector of a circle is a figure contained by two radii and 
the intercepted arc, as AOB. 

28. A quadrant is a sector whose Imunding radii 
are perpemlicular to each other, and is evidently the 
fourtli part of a circle. 

29. A quadrantal arc, or the arc of a quadrant, is 
the fourth part of the circumference, and is sometimes merely 
called a quadrant. 





30. Similar segments of circles are those 
that contain equal angles. 


31. Similar arcs of circles are those that subtend or are 
opposite to equal angles at the centre. 

32. Similar sectors are those that are bounded by similar 



arcs. 

33. Equal circles are those that have equal 
radii. 

34. Concentric circles are those that have 
the same centre, and eccentric circles are those 
which have different centres. 


35. A tangent is a straight line which meets a circle or 
curve in one point, and being produced, does not cut it, as AT. 
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36. Tangent ciipcles are those of which the circumferences meet, 
hut do not cut one another. 

37. The point of contact is that point in which a tangent and a 
curve, or two tangent curves, meet; thus the points A, li, and C 
are points of contact. 

38. Rectilineal figures are those contained hy straight lines. 

39. Trilateral figures, or triangles, arc contained hy three 
straight lines. 

40. Quadrilateral figures are contained hy four straight lines. 

41. Multilateral figures, or polygons, are contained by more 
than four straight lines. 

42. Of three-sided figures, an equilateral A K 

triangle has three equal sides, as E ; an / e \ / »\ / «\ 

isosceles triangle has two equal sides, as I ; L ^ i — ^ I A 

and a scalene triangle has three unequal sides, as S. 

43. A right-angled triangle has one 
right angle, as R ; an obtuse-angled tri- 
angle has one obtuse angle, as O ; and 
an acute-angled triangle has all its 
angles acute, as A. 

44. Of quadrilateral figures, a square has all 
its .sides equal, and its angles right angles, as S. 

45. A rectangle has all its angles right angles, 
but its sides are not all equal, as R. 

46. A rhombus has all its sides equal, but its 
angles are not right angles, as B. 

47. A parallelogram has its opposite sides 
parallel, as P. 

48. A trapezium has only two sides parallel, 
as D. 

49. An angle of a rectilineal figure which is greater than two 
right angles is said to be re-entrant, as B. 

50. Any side of a rectilineal figure may be 
called its base. In a right-angled triangle, the 
side opposite to the right angle is called the 
hypotenuse; either of the sides about the right 
angle, the base; and the other, the perpendicular. In an 
isosceles triangle, the unique side is called the base; the 
angular point opposite to the base of a triangle is called the 
vertex ; and the angle at the vertex, the vertical angle. 

Pne. M«tb. fi 
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61. The altitude of a triangle is O, pei‘i>ciiil4iulai' ilrawn from 
tlio vertex to the Ijase. The altitude of a parallelogram is a 
perpendicular to tlie base from any point in the opposite .side. 
The altitude of a trapezium is a perpendicular from any point 
in one of its parallel sides to the opposite side. 

62. A diagonal of a quadrilateral is a .straight line joining .two 
of the opposite angular points. 

A diagonal of any polygon is a .straight line joining any two 
of its angular points which are not consecutive. 

63. A rectangle is said to he contained by two lines when its. 
two adjacent shies are these lines, or lines equal to them. 

54. A line is said to he cut in medial section, or in extreme and 
mean ratio, wlion tlie rectangle contained hy the whole line and one 
of its parts is equal to the square on the other part. 

56. A rectilineal figure is said to be inscribed 
in another rectilineal figure when all the angular 
points of (he inscrihod ligure are upon the .sides of the 
ligurc in wliich it is inscribed. 

56. A rectilineal figure is said to be circumscribed about 

another when its sides respectively pass Ihnmgh the angular 
points of the other iigure about which it is circuni- 
scrilied. 

67. A rectilineal figure is said to be inscribed in 
a circle when all the angular points of the inscribed 
ligure are \ipou the circumference of the circle. 

68. A rectilineal figure is said to be circum- 
scribed about a circle when each side of the recti- 
lineal ligure touches the circumference of the circle. 

59. A circle is said to be inscribed in a recti^ 





lineal figure wlien the circumference of the circle touches each of 
the sides of the rectilineal ligure. 


O 00 . A circle is said to be circumscribed about 
a rectilineal figure when the circnmfcreuce of the 
circle passes through ;ill the angular points of the 
ligure. 


(51. A regular polygon h«as all its sides and angles equal ; or 
it i.s both equilateral and equiangular. 


(52. A polygon of live .*<1(1 e.s is called a pentagon ; of six, a 
hexagon ; of seven, a heptagon ; of eight, an octagon ; of nine, 
a nonagon ; of ten, a decagon ; of twelve, a dodecagon. 
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63. Tile centve of a regular polygon is a point equidistant 
fi*om its sides, or from its angular points. 

64. The apothem of a regular polygon is a perpendicular from 
its centre upon any of its sides. 

65. The perimeter of any figure is its circumference or whole 
boundary j it is also called the periphery. 

66. The ratio of any two quantities to one another is the 
number of times that the former coptains the latter. 

Thus, if a line A contain a line 11 three times, the ratio of 

A to 11 is 3, or the ratio of 11 to A is i. The ratio of A to 

II is <lenoted by A : 11, or A ~ 11, or 

67. A proportion <*onsist.s of two equal ratios. 

PROBLEMS 

68. Problem I— To describe a circle with a given radius 
about a given point as a centre. 

Let All be the given radius, and C the given 
point. 

Place one point of the compasses on A, and 
extend the other point to H; then with that 
distance as a radius, and placing one point of 
the compasses on C, describe with the other 
jmint the circunifereiice DEF ; and the required a b 
circle will be formed. 

69. Problem II.— To bisect a given straight line ; that is, 
to divide it into two equal parts. 

Method L— Let All be the given straiglit 
line. 

From A and 11 as centres, with a radius 
greater than the half of AB, describe arcs EC, 

FC, intersecting in C (68) ; describe arcs simi- 
larly intersecting in T) ; and join the points 
C, 1), and CD will bisect AB in H. 

Method 2. — As l)efore, describe arcs inter- 
secting in and describe similarly two arcs intersecting in 
G; and if (»(> be then drawn and produced, it will bisect All 
ill IT. 

The first method can be proved by joining with straight lines 
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the points A and C, C and B, B and D, 1) and A* 1^'or then the 
two triangles thus formed — namely, ADC and BDC — would be 
equal in every respect (Eucl. I. 8) ; and hence tlie two angles 
thus formed at D would be equal. Then the two triangles ADH, 
BDH, would be equal (Eucl. I. 4), and hence AH = HB. 

The second method can be similarly proved. 

70. Problem III.— To describe a semicircle on a given 
finite straight line as a diameter. 

Let AB be the given straight line. 

^ Bisect it in C (69), and from C as a centre, 

f \ with a radius equal to AC or CB, describe the 

A c 6 semicircle ADB (68), and it will be the required 

semicircle. 


71. Problem IV,— From a given point in a given straight 
line, to erect a perpendicular. 

> < Let AB be the given straight line, and C the 

given point. 

Case 1.— When the point is near the middle 
X t t i of the line. 

On each side of C lay off equal distances 
CD, CE ; and from D and E as centres, with a radius greater 
than DC or CE, describe arcs intersecting in F ; draw CF, which 
is the required perpendicular. (Eucl. I. 11.) 

Case 2. — When the point is near one of the extremities of the 
line. 



Method 1.— From C as a centre, with 
any radius, describe the arc DEF, and from 
D lay off the same radius to E, and from E 
to F; then from E and F as centres, with 
the same or any other radius not less than 
half the former, describe arcs intersecting 



in C ; draw GC, and it will be perpendicular 
to AB. 

This is evident from Eucl. IV. 15, Cor. 
Method 2. — From any point D as a centre, 
and the distance DC as a radius, describe 


an arc ECF, cutting AB in PI and C; draw 
ED, and produce it to cut the arc in ; then draw FC, 
which is the required perpendicular. (Eucl. III. 31.) 
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72. Problem ^V.— Prom a given point without a given 
straight line, *to draw a perpendicular 
to it. r 

Let AB be the given line, and P the given 

point. ic':;: F — 

Case 1. — When the point Is nearly opposite 
to the middle of the line. 

From P a.s a centre, with any convenient 
radius, describe arcs cutting AB iii C and D; and from these 
two points as centres, with a radius greater tlian the half of 
DC, describe arcs cutting in the point E ; draw PE, and PF 
will be the required perpendicular. 

This may be proved as Prob. II. p 

Case 2. — When the given point is nearly 
opposite to one end of the line. 

Method 1. — From any point C in AB as a a J g n 
centre, with the radius CP, describe an arc on 
the otlier side of AB; and from any other > 

point D in AB, with the radius DP, describe ^ 

an arc cutting tlie former in E ; then draw PE, 


and PG is the perpendicular. 

This is proved as the preceding case. 

Method 2. — Take any point C in AB, and 
join PC, and on PC describe a semicircle 
(III.) PDC intersecting AB in D; draw PI), 
which is the perpendicular required. (Eticl. 
III. 31.) 



73. Problem VL— On a given straight line, 
to describe an equilateral triangle. 

Let AB be the given line. 

From A and B as centres, with a radius equal 
to AB, describe arcs intersecting in C, and draw 
AC, BC ; then ABC is the required triangle. 
(End. I. 1.) 



74. Problem VII.— To describe a triangle whose three 
sides shall be respectively equal to three given lines, of 
which the length of any two together is greater than the 
third. 

Let AB, CD, and EF be the three given lines. 
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Draw any line MN, and from it cut off a^part MP equal 
to AB ; then from M as centre, with CD as 



raiUus, describe an arc at Q ; and from P 
as centre, with EF as radius, <lescribe another 
arc cutting the former in Q ; and draw MQ 
and PQ ; then MPQ is tlie required triangle. 
(Enel. I. 22.) 



75. Problem VIII.~On a given straight 
line, to describe a square. 


Let MN be the given straiglit line. 

^ a From M draw MP perpendicular to MN (71), 

and from MP cut off a part MQ equal to MN ; 
then from Q and N as centres, with a radius 
equal to MN, describe arcs intersecting in U ; 
draw Qli and NK; MU* is the require<l 
square. 

M This is easily proved by Eiicl. I. 8 and 32. 


76. Problem IX.— To describe a rectangle whose length 
and breadth shall be respectively equal to two given 
straight lines. 

Let 1! 1 and KL be the given straight lines. 
Draw 41 line MN equal to HI ; and draw 
MP perpeinlicular to MN (71), and equal 
to KL ; from P as a centre, with a radius 
equal to MN, describe an arc at Q ; and 
from N Jts centre, with a ra<Uiis equal to 
MP, describe an arc cutting the former in 

K L Q ; draw PQ, NQ ; and MQ is the required 

rectangle. 

Tliis may be proved by End. I. 8, 27 and 29. 

X 

77. Problem X.— To find the centre of a 
given circle. 

Let PQX be the given circle. 

Draw any chord PQ in the circle ^ bisect 
the chord by the perpendicular XY, which 
is a diameter; then bisect XY in the point 
W, and the point W is the centre of the 
circle. (Eucl. III. 1.) 

* Quadrilateral figures are tlius concisely named by the letters at two opposite 
angular points. 
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78. Problem XL— To describe a circle through three given 
points, not in the same straight line. 

Let P, Q, and R be the three points. 

Join PR aiid QR ; bisect PR by the per- 
pendicular ST, and QR ]»y tlie perpendicular 
VT ; then from T as centre, with any of the 
distances TP, TR, TQ, describe a circle, ami 
it will pass through the points P, Q, R, and be 
the required circle. (Eucl. IV. 5.) 

79. Problem XII.— Given a segment of a circle, to com- 
plete the circle of which it is a segment. 

Let P, Q, and R (fig. Prob. XI.) be any three points in the 
arc of the segment. 

As in the prcceding problem, find T the centre of the circle 
that passes through I’, Q, and R, and it is the centre of the 
required circle, which can be described as in that inoblom. 

80. Problem XIII.— To draw a tangent to a given circle 
from a given point in its circumference. 

Let Pits be the given circle, and P the 
given point 

Find the centre of the circle, and from 
the point P draw the radius PQ ; then draw 
a line TV through P perpendicular to PQ, 
and TV is the requiretl tangent. (Eucl. 

III. 16.) 

81. Problem XIV.— To draw a tangent 
to a given circle from a given point 
without it. 

liOt P be the given point, and RV8 the 
given circle. 

Method l.— Find the centre Q, and join 
P and Q ; on PQ describe a .semicircle PRQ, 
cutting the given circle in R ; draw PR, and 
it is the require<l tangent. 

For if RQ is joined, then PR(^, being an 
angle in a semicircle, is a right angle. 

(Eucl. 111. 31.) 

Method 2.— Find Q the centre of the 
circle, and with the riidius PQ de.scribe the 
arc QUT; with the diameter of the circle 
VS as a radius, and Q as a centre, cut the arc QUT in T ; 
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draw TQ, intersecting^ llie given circle in draw PR, and 
it is the required tangent. 

For PR bisects QT, and is therefore perpendicular to it. 
(Eucl. III. 3.) . 


82. Problem XV.— To bisect a given angle. 



Let MDN be the given angle. 

Lay oil* on the sides of the angle any equal 
dislances DP, DQ ; from P and Q as centres, 
describe arcs witli equal radii intersecting in 
R ; draw Dli, and it bisects the given angle, 
or divides it into the two equal angles MDR 
andNDR. (Eucl. I. 9.) 


83. Problem XVI.- To bisect an arc of a circle. 


Let PSQ (fig. Art. 82) be the arc, (»f which D is the centre. 

Find the point R, as in the preceding problem ; and then the line 
DR divides the arc in S into the two equal arcs PS and S(J. 


(Eucl. III. 26.) 


84. Problem XVII. —To trisect a right angle ; that is, 
to divide it into three equal parts. 



Let MON be the right angle. 

From the point O, Avith any radius, describe 
an arc MPN, cutting the sides of the angle 
in M and N ; Avith the same radius and the 
centres, M and N, cut the arc in P and Q ; 
draAV OP, OQ, which trisect the angle. This 
is evident from Eucl. IV. 15, Cor. 


85. Cor.— T he quadrantal arc NPQM is 



evidently trisected in the points P and Q. 

86. Problem XVIII.— At a given point 
in a given straight line, to make an angle 
equal to a given angle. 



Let O be the given angle, QP the given 
straight line, and Q the given point. 

From the centres 0 and Q, Avith the same 
radius, dc.scribe arcs MN and PS ; with a 
radius equal to the chord of the arc MN, 
and P as centre, cut the arc PS in R; draAv 


Qli, and PQR is the required angle, being equal to angle MON. 
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For if MN are joined, and also PK, the two triangles MON, 
PQR, will be equal in every respect (Kucl. I. 8); and hence 
angle Q=0. 


87. Problem XIX.~Througb a given point to draw a 
straight line parallel to a given straight line. 

Let AB be the given line, and P the given 
point. 

Mkthod 1. — Take any point Q in AB, and 
draw PQ ; make the angle IIPQ equal to the 
angle PQA (86), and PR is parallel to AB. 

(Eiicl. I, 27.) 

Method 2. —In AB take any two points 
M and N ; from P as centre, with the radi\is 

MN, de.scribe an arc at Q ; from N as centre, ^ — 

with the radius MP, describe an arc cutting ^ ^ 

the former in Q ; draw PQ, and it is parallel to AB. 

For it is easily proved that if PM, NQ were joined, PN would 
be a parallelogram. 



88. Problem XX.— To draw a straight line parallel to a 
given straight line, and at a given distance from it. 

Let KL be the given line, and D the given distance. 

From any two points M and N in KL as 
centres, with a radius equal to D, descril^e 
the arcs P and Q ; draw a line liS to touch 

these arcs ; that is, to be a common tangent ^ 

to them ; and KS is the line required parallel k n l 

to KL. 


89. Problem XXI,— To divide a given straight line into 
any number of equal parts. 

Let AB be the given straight line, and let the number of equal 
parts into which it is to be divided be five. 

Draw a line AC through A at any incli- 
nation to AB, and through B draw another 
line BD parallel to AC; take any distance 
AE, and lay it off four times on AC, forming 
the equal parts AE, EF, FG, GIl ; lay oil the 
same distance four times on BD in the same manner, from the 
jmint B ; draw the lines HI, GK, FL, and EM, and they will divide 
AB into five equal parts. For AB, AH, and BM are cut pro- 
portionally. (Eucl. VI. 10.) 
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90. Problem XXII.— To find a third proi^^rtional to two 
given straight lines. 



Let A and B be the given lines. 

Draw a line CD equal to A, and through 
C draw a line CQ inclined at any angle to 
CD; make CE and CF each equal to B; 
join DF, and through E draAv EG parallel 
to DF ; and CG is the third proportional to 
A and B ; that is, 


A;B=B:CG. (End. VI. 2.) 


91. Problem XXIIL— To find a fourth proportional to 
three given straight lines. 



Let A, B, and C be the three given 
straight lines. 

Draw two lines DE, DF, forming any 
angle; make DG equal to A; DH equal 
^ to B ; DI equal to C ; join G and H, ami 

A — , through I draw IK parallel to GH, cutting 

5 DF in K ; then DK is the required fourth 

proportional; that is, 

A:B = C:DK. (Eucl. VI. 2.) 


92. Problem XXIV.— To find a mean proportional between 
two given straight lines; 

^ Let A and B be the given straight lines. 

^ Draw any line CP, and layoff on it CE 

/ \ equal to A, and ED to B ; on CD describe 

-I j L-- a semicircle CFD (70); from E draw EF 

A perpendicular to CD, and EF is the mean 

® " proportional ; that is, 

A : EF=EF : B. (Eucl. II. 14, and VI. 17.) 


93. Cor. — If A and B be two adjacent sides of a rectangle, the 
line EF is the side of a square equal in area 



to it. 

94. Problem XXV.— To find a square 
that shall be equal to the sum of two 
given squares. 

Let A and B (fig. in 95) be the sides of the 
two given squares. 


Draw any line CD and DE perpendicular to it; make DF=A, 



DBSORIFriVB GEOMETRY 


15 


and DG=B; join F, G, and FG is the side of the required 
square ; for 

FG2=FD«+DG*=A« + Ba (Eucl. i: 47.) 

05. Problem XXVI.— To find a square that shall be equal 
to the difference between two given squares. 

Lot A and B be the side.? of the two given a 

squares. ® ' 

Draw any line CP (fig. Prob. XXIV.); make CG and GD 
eacli:=A, and GE = B ; from centre G, with radius GD, describe the 
circle GFD, and draw FE perpendicular to CE, and FE is the side 
of the required square ; for 

EF2=GF2-GE2=A2-B2. (End I. 47, Cor.) 

96. Problem XXVII. — To divide a given straight line 
similarly to a given divided straight line. 

Let AB be the given divided line, C and D being its points of 
section ; and MN the given line to be divided. 

Draw through M a line MP at any incli- 
nation to MN, and equal to AB, and make 
its segments equal respectively to those of 
AB—namely, MQ to AC, QU to CD, and 
HP to DB. Join P and N, and draw through 
li and Q the lines UT, QS, each parallel to PN ; and MN is divided 
in S and T similarly to AB ; that is, 

MS : STi= AC : CD, and ST : TN = CD : DB. (End. VI. 10.) 

97. Problem XXVIII.— To cut a given straight line in 
medial section. 

Let PQ be the given line. 

Erect a perpendicular QR equal to the half 
of PQ ; join PR ; from K as a centre, with 
the radius RQ, describe an arc cutting PR in 
S ; from P as a centre, with the radius PS, 
describe an arc cutting PQ in T ; then PQ is cut medially in T ; 
that is, 

PQ : PT=PT : TQ. 

For PR2=PQ®+QR». 

or PS* + SR*+2RS * PS= PQ * QT + PQ * PT + QR*, 

and RS*=QR*, also 2RS • PS = PQ * PT ; 

hence PQ • QT=:PS*=PT*, 

or PQ;PT=PT:QT. 
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98. Problem XXIX.— To produce a line,^so that the pro- 
duced line may be cut medially at the extremity of the 
given line. 



Let AB be the given line. 

Bisect AB in D ; draw BC perpendicular 
to AB, and equal to it ; from centre D, with 
radius DC, cut AB produced in E ; and AE 
is cut medially in B ; that is, 
AE:AB=AB:BE. 


For DB« + BC3=DC2=DE2=DB2 + BE2+2DB BE, and taking 
away DB® from both, 

BC® or AB®=BE® + AB * BE = AE • BE ; 
or AE:AB = AB:BE. 


99. Problem XXX. —To describe an isosceles triangle 
having each of the angles at the base double of the third 
angle. 

Case 1. — When one of the sides of the triangle is given. 

Let AB be the given side. 

- Cut AB medially in C (97), so that AC may 

^ ® * be the greater segment ; tlien construct a!i 

isosceles triangle on AC as a base, and having each of its sides 
equal to AB. (74.) 

j Case 2.— When the base is given. 

Let AB be the given base. 

Produce AB to C, so that AC may be cut medially in B (98) ; 
then construct an isosceles triangle on AB as a base, and having 
each of its sides equal to AC. (Eucl. IV. 10.) 


100. Problem XXXI.— On a given straight line, to describe 
a segment of a circle containing an angle equal to a given 
angle. 



any angle in it, as 


Let AB be the given line, and C the given 
angle. 

Draw AD, making angle BAD equal to C ; 
draw AE perpendicular to AD, and GF bisect- 
ing AB perpendicularly ; from centre G, with 
radius GA, describe the circular segment 
AHB, and it is the segment required ; for 
AEB, is equal to C. (Eucl. III. 33.) 
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101. Problem $XXII.— From a given circle, to cut off a 
segment that shall contain an angle equal to a given 
angle. 

Let ABC be the given circle, anti D the 
given angle. 

At any point B in the circumference, draw 
a tangent EBF ; draw a chord BC, making 
angle CBF equal to D ; and BAG is the re- 
quired segment; for any angle in it, as BAC, is equal to D. 
(£ucl. III. 34.) 

102. Problem XXXIII. —In a given circle, to inscribe a 
triangle equiangular to a given triangle. 

Let ABC be the given circle, and DEF 
the given triangle. 

Draw a tangent GAH to the circle at the 
point A ; draw the chord AC, making the 
angle HAC equal to E, and the chord 
AB, making angle GAB equal F ; join BC, 
and ABC is the required triangle similar to DEF, having angle 
B equal to E, angle C to F, and BAC to D. (End. IV. 2.) 

103. Problem XXXIV.— To describe a 
circle about a given triangle. 

Let MON be the given triangle. 

Bisect the side MN by the perpendicular 
PR ; bisect NO similarly by the perpendicular 
QU; from R, the point of intersection, ns a 
centre, with any of the distances RM, RN, 
or RO, describe the circle MNO, which is the required circum- 
scribing circle. (Eiicl. IV. 5.) 

Compare Problem XI. 

104. Problem XXXV.— To inscribe a 
circle in a given triangle. 

Let WXY be the given triangle. 

Bisect the angle XWY by the line WZ, and 
the angle WXY hy the line XZ (82) ; from 
the intersection Z draw ZV perpendicular 
to WX, with VZ as a radius and Z as a 
centre, describe the circle VTU, and it is the required inscribed 
circle. (Eucl. IV. 4.) 
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105. Problem XXXVI. --To inscribe an equilateral triangle 
in a given circle. 



Lefc WXY be the given circle, ami V its 
centre. 

Draw a diameter ZY, and fro!u Z as a centre, 
and tlie radius ZV, cut tlie circumference in W 
and X ; draw WX, WY, and XY, and WXY is 
the equilateral triangle. 

For the arcs WZ, ZX are each one-sixth of 
the circumference. (Eucl. IV. 15, Cor.) 


106. Problem XXXVIL— In a given circle, to inscribe a 
regular hexagon. 

^ Let WXY be the given circle (fig. Frob. XXXVI.) 

With the radius of the given circle, and any 
c point Z in the circumference as a centre, cut 

( circumference in W; draw WZ, and it is a 

vCr regular hexagon, which may be laid 

j off six times on the circumference of the circle, 
Y J and every two successive points of section being 

joined, the resulting figure will be the regular 
liexagon. 

In this nmiirier, the regular hexagoti in the adjoining figure is 
described. (Eucl. IV. 15.) 


107. Problem XXXVIII. In a given circle, to inscribe a 
regular dodecagon. 


Let WXY bo tlie given circle (fig. Art. 105). 

Let ’WZ be a side of the inscribed regular hexagon ; bisect the 
arc WZ in U, and the distance WU being laid off twelve times on 
the circumference, and every two successive points of section 



being joined, the resulting figure is the regular 
dodecagon. 

108 . Problem XXXIX. - To inscribe a 
square in a given circle. 

Let PRQS he the given circle. 

Divaw two diameters PQ, SR perpendicular 


to each other; and join their extremities by 
PS, SQ, QR, and RP; and PSQR is the required square. 


(Eucl. IV. 6.) 
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109. Problem ^L.— To inscribe a regular octagon in a 
given circle. 

Let the given circle he PSQ (fig. Art. 108). 

Find a side Pit of tlie ifiscril>e<l squarCi and bisect the arc PUlt 
in U (83) ; join R and U, and RU may be laid off eight times on 
the circumference, and the adjacent points of section being joineil, 
the regular octagon will be formed. 

110. Problem XLL- To inscribe a regular pentagon in a 
given circle. 

Let SLR bo the given circle. 

Draw two perpendicular diamotei's IK, 

LM ; bisect the r*a<Uns 01 in N ; from N as a 
centre, witli NL as a radius, cut OK in P; 
with radius LP, and centre L, cut the cir- 
ctimferenco in Q ; join LQ, and other four 
cliords equal to it being drawn in succession 
in tlie circle, the required polygon will he 
formed. 

This construction depends on this theorem The square of a 
side of a regular pentagon insciilied in a circle is equal to the snin 
of the squares of the sides of the inscribed regular hexagon and 
decagon. 

111. Problem XLII.-~To inscribe a regular decagon in a 
given circle. 

Let SLR be the given circle (fig. Art. 110). 

Find a side I-iQ of the inscribed regular pentagon ; bisect the 
arc Lt^ in V, and the chord LV being drawn, it is a side of the 
regular decagon ; and ten chonls equal to it being successively 
placed in the circle, will form the polygon. 

112. Problem XLIII.— To describe a regular polygon about 
a given circle. 

Let WVY he the given circle. 

Find the angular points of the correspond- 
ing inscribed polygon of the same number 
of sides by the preceding problems ; let W, 

X, Y be three of these angular points ; 
through these points draw the tangents WIT, 

UT, TY ; and UT is a side of tlie required 
polygon ; in the same manner, the other 
sides are found, and the circum.scribing polygon is thus described. 



L 
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113. Problem XLIV.— On a given straigl^ line, to con- 
struct a regular pentagon. 

Let PQ be the given line. 

Produce PQ to S, so that PS may be cut 
medially in Q (98) ; then with a radius equal 
to PS, from P and Q as centres, describe 
arcs cutting in U ; from P and U as centres, 
with the radius PQ, describe arcs cutting in 
V ; from Q and U as centres, with the same 
radius, describe arcs cutting in W ; join in order the points Q, 
W, U, V, and P, and the required pentagon will be formed. 

Since PS is cut in medial section in Q, an isosceles triangle, 
of which PQ is the base, and PS the sides, has each of its 
angles at the base double of the vertical angle (Eiicl. IV. 10) ; 
hence if UP and UQ were joined, UPQ would be such a tri- 
angle, and hence the figure PQWUV is the required pentagon. 
(Eucl. IV. II.) 

114. Problem XLV.— On a given straight line, to construct 
a regular hexagon. 

Let GH be the given lipe. 

From G and H as centres, with the radius 
GH, describe arcs intersecting in X, and X is 
the centre of the circumscri]^ing circle ; hence 
from the centre X, with the radius XG, de- 
scribe a circle, and apply GH^ix times along 
the circumference, and GHKfi'is the required 
hexagon. This is evident. (Eucl. IV. 15, Cor.) 

115. Problem XLVL—On a given straight line, to con- 
struct a regular octagon. 

Let LM be the side of the octagon. 
Method 1. — Draw from L and M two 
perpendiculars of indefinite length, LO and 
MN ; produce I.M in both directions, and 
bisect the angles QLO, PMN by the lines 
LU, MR, which are to be made equal to 
LM ; from U and R draw UT, RS parallel 
to LO and MN, and equal to LM ; from 
T and S as centres, with the radius LM, 
describe arcs cutting LO and MN in O and N ; draw TO, SN, and 
ON, and the octagon is then constructed. 
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Method 2.— Alter drawing the lines LU and MK, as in the 
first method, bisect the angles ULM, LMR, by LV and MV, 
and V is the centre of the circumscribing circle, and LV its 
radius. Hence if this circle be described, and the line T4M be 
applied eight times along the circumference, the required octagon 
will be constructed. 

Since the angles at L and M in triangle VLM are together 
= 135", therefore V=45° = |t of 360°, or four right angles, lienee 
LM is the side of an octagon inscribed in a circle, of which VL is 
the radius. 

116 . Problem XL VII.— To describe a circle about any 
given regular polygon. 

Let ABODE be the regular polygon. 

Bisect the angles BCD and ODE by the straight 
lines OF, DF intersecting in F ; from the centre F, 
with the radius FO, or FD, describe a circle, and 
it will pass through all the angular points of the 
polygon, and be described about it. In the same 
manner, a circle may be described about any other polygon. 

117. Problem avill.— To inscribe a circle in any given 
regular polygon^ 

Let ABODE beriny regular polygon. 

Bisect the aMes BOD and ODE by the 
straight linga ® and DF, intersecting in F ; 
and from I^^iw FK perpendicular to 01). 

From the cernfe F, with radius FK, describe 
a circle, and it will touch all the sides of 
the polygon, and therefore l>e in.scribed in the 
polygon (.59). 

118 . Problem XLIX.— On a given straight line, to con- 
struct a triangle similar to a given triangle. 

Let DE he the given line, and 
ABO the given triangle. 

At the point D draw DF, making 
angle D equal to angle A (86); 
ami at E draw EF, making angle E 
equal to B ; then DEF is the triangle required. 

For the third angle F is then=C. (Eucl. I. 32.) 

Prac. MAth. 





0 
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119. Problem L.— On a given straight line^ to construct a 
figure similar to a given rectilineal figure. 

Let FG be the given line, aiul 
ABODE the given figure. 

Divide the given figure into 
triangles by drawing diagonals 
AC, AD ; on FG describe .a 
triangle FGH similar to ABC 
(118); on FH describe the triangle 
FIH similar to ADC ; on FI describe a triangle FKl sinjilar to 
AED : then the whole figure FGIIIK is similar to ABODE. 
(Eucl. VI.* 18.) 

120. Problem LI.— To construct a rectangle equivalent 
to a given triangle. 

Let MNO be the given triangle. 

Through the vertex O draw OR parallel to 
the base MN ; through P, the middle point of 
the base, draw PQ perpendicular to it; thiough 
N draw NR parallel to PQ, and PI^RN is the 
required rectangle equal to the triangle MNO. (End. I. 42.) 



121. Problem LII.--T 0 construct a triangle equivalent to 

a given quadrilateral. 

Let ABCD be tlie given 

V quadrilateral. 

Join DB, and through C 

^ draw CE parallel to DB ; then 

^ ® join DE, and ADE is the 
required triangle equivalent to ABCD. 

122. Problem LIII.— To rectify a crooked boundary ; that 
is, to find a straight line that will cut off the same surface 
on each side of it that a given crooked boundary does. 

Case 1. — Let ABC be the crooked 
° boundary, and DE a fixed line. 

Join A and C, and through B draw 
BF pai*allel to AC; join AF, and AF is 
the required boundary, the triangle ABG, 
taken from the original space on one side 
of AF, being equivalent to FGC added on 
the other ; or the triangle ABC is = AFC. (Eucl. I. 37.) 
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Case 2. — Let ^liCDE l»c the ciooktui lioinulary, and MN the 
fixeil line. 

Join EC, and t]iron<rh D draw DF 
parallel to CE ; then join C and F, and 
the line CF may now be taken instead 
of the lines CD, DE {Ccise 1). Again, 
join BF, and through C draw CG paral- 
lel to BF ; join BG ; then BG may now 
be taken instead of BC, CF. Again, join 
AG, and through B draw BH parallel to 
AG ; join AH ; and AH may now be 
taken instead of AB and BG. Hence AH is the required line. 

The method may easily be extended to a crooked boundary con- 
sisting of any number of lines. 

Instead of drawing the lines DF, CG, &c., only the points F, G, 
(S:c. may be marked. 

CONSTRUCTION OP SCALES, AND PROBLEMS TO BE 
SOLVED BY THEM 

Scales are lines with divisions of various kinds marked 
upon them, according as they are to be used for measuring 
lines or angles. In Geometry, they are employed for the 
construction and measurement of mathematical figures. 

The values of the magnitudes of lines or angles are 
numbers representing the number of times that some unit 
of the same kind is contained in them. 

The unit of measure for lines is some line of given 
length — as a foot, a yard, a mile, and so on. 

The unit of measure of an angle is the 90th part of a riglit 
angle. Hence a quadrant of a circle which measures a right 
angle is supposed to be divided into 90 equal parts called 
degrees. The whole circumference of a circle, therefore, is 
supposed to be divided into 360 degrees ; each degree into 
60 equal parts called minutes ; and each minute into 60 
equal parts called seconds; and so on. Degrees, minutes, 
and seconds are respectively denoted by the marks , ; 

thus 23® 27' 64'' denotes 23 degrees, 27 minutes, and 64 
seconds. 
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An angle is measured by the number of degrees, minutes, 
&c., in the circular arc intercepted by the sides of the angle, 
the angular point being the centre of the arc. The numerical 
measure of the angle in degrees, &c., will evidently be the 
same, whatever ha the length of the 
radius of the arc. 

Thus, if E is the centre of the arcs AB, 
CD, and if AB contain 30®, CD will also 
contain 30®, for these arcs arc the same 
parts of tlie circles to which they belong. 



123. Problem LIV.— To construct a scale of equal parts. 

Lay off a number of equal divUioiis, AB, BC, CD, &c., and AE, 
and divide AE into 10 equal parts (89). When a large division, as 


± 




D 


f„ } M rrmfflj 

C U A a E 


AB, represents 10, each of the small divisions in AE will repre- 
sent 1. When each of the large divisions represents 100, each of 
the small divisions in AE represents 10. Hence, on the latter 
supposition, the distance from C to n is — 2.30; and on the former 
supposition, it is =2.3. 

If the large divisions represent units, the small ones on AE 
represent tenths ; that is, each of them is do or *1, On this 
supposition, the distance Cn is =2*3. 


124. Problem LV. -To construct a plane diagonal scale. 

1. A diagonal scale for two fgnres. 

Draw live lines parallel to DE and equidistant, and lay off the 
equal divisions AE, AB, BC, CD, &c., and make EP, AQ, Bl, 


4 3 2 1 a p 



D C B A xn E 


C2, .&c., perpendicular to DE., Find m the middle of AE, and 
draw the lines Qwi, wiP. 

The mode of using this scale is evident from the last. If the 
large divisions denote tens, then from n to o is evidently =34, 
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2. A diagonal %mU for three fgMre^. 

Draw ten lines parallel to DE, and equidistant. Lay olT the 
equal parts AB, BC, CD. &c., and AE, and draw EP, AQ, Bl, 
C2,...&c., perpendicular to DE. Divide QP and AE into 10 equal 
parts. Join the Ist, 2nd, 3rd,... divisions on QP with the 2nd, 3rd, 
4tli,... divisions on AE respectively. 



If tlie divisions on AD each represent 100, each of those on QP 
will represent 10. Thus from 3 on AD to 8 on QP is -.380; but 
by moving the points of the compasses down to the fourth line, 
and extending them from n to o, the number will be = .384. For 
the distance of 8 on QP from Q is =80, and of r from A is = 90 ; and 
hence that of o from the line AQ is = 84. 

When the divisions on AD denote tens, those on QP <lenotc 
units ; from nio o would then =38 *4. 

Note. — When the numbers representing the lengths of the sides 
of any figure would give lines of an inconvenient size taken from 
the scale, they may be all multiplied or all divided by such a 
number as will adapt the lengths of the lines to the required 
dimensions of the figure. 

125. Problem LVI.— To construct a vernier scale adapted 
to a scale of equal parts. 

Let AB be a part of the scale, and mu the vernier. 

1. When the divisions of the vernier lie in a direction opposite to 
those of the principal scale. 

The zero or 0 of the vernier, in the accompanying diagram, lies 
between 42 and 43 on the scale, and the use of the vernier is to 




determine what part rv is of a division of the scale. If it be required 
to estimate rv in tenth-parts of a division of the scale, then let 
10 divisions on the vernier mu be =11 on the principal scale; 
then 1 division of the vernier will exceed 1 on the principal scale 
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by iV ^ division of the latter. Therefore the 7 rli visions of the 
vernier from stov exceed the 7 on the principal scale from « to r 
by A ; that is, rv is Hence this rule 

Rule. — The number of the division on the vernier that coin- 
cides with a division on the piincipal scale shows the numerical 
value of the part to be measured ; that is, the part between the 
zero of the vernier and the preceding division on the principal 
scale. 

2. When the divisions on the vernier lie in the same direction as 
those on the principal scale. 

Let the vernier »iV have its zero at v\ and let it be required to 
estimate the part rV, as in the former case, in tenths of a division 
of the principal scale. Make 10 divisions of the vernier equal to 
9 on the principal scale; then each division on the latter will 
exceed each on the vernier by 1 * 0 . Theiefore the 4 divisions on 
the principal scale from s' to r' will exceed the 4 on the vernier 
from s' to v' by ; that is, rV is xt ; and the rule thus obtaincMl 
is the same as in the former case. 

The zero of the vernier stands, therefore, opposite to 42*7 in the 
former case, and to 45*4 in the latter. 

Let dt d\ denote the divisions on the principal scale and vernier 
respectively; then in the fn*st case, 10c?'=llrf, ox d' =d-Vi^d ; and 
in the second case, 9c?=10c^', or d=^ d ^^d' =d' 

If the divisions 40, 50, &c., are reckoned as 400, 500, &c., the 
small divisions on the principal scale will denote 10, and the part 
rv will then be estimated in iinits. The zeros of the verniers are 
thus opposite to 427 and 454 on the principal scale. 

In the same manner, a vernier for a circular arc is constructed. 
If the arc be divided into half-degrees, and the distance of 29 of 
these divisions on the vernier be divided into 30 equal parts, the 
angle can then be read to minutes, when the vernier reads in the 
same direction as the readings on the arc; and generally if r 
represent the value of one division on the arc, and n the divisions 
on the vernier for the length of (w-l) divisions on the arc, then 

- is the value of one division, as read by the vernier. 


126 . Problem LVII.~To construct a scale of chords. 

Let AB be the radius to which the scale is to be adapted. 

With centre A and radius AB describe a quadrant BEC. 
Divide the quadrantal arc BEC into 9 equal parts, BD, DE, &c., 
which is easily done by first dividing it into 3 equal parts, BF, 
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FG, GC (XVII. )i anil then trisecting eaclj of these parts by 
trial, as no direct niethiHl is known. Draw the chord of the 
quadrant IIC ; from B as a centre, and 
the chord of BI) as a radius, describe an arc 
cutting BC at 10 ; with the chord of BK as 
a radius, describe an arc cutting BC in 20; 
with the chord of BF, describe an arc cutting 
BC in 30 ; and in a similar manner, lind 
the divisions 40, 50, 60, 70, 80. Then the 
arcs BD, BE, BF, &c., being arcs of Uf, 20”, 

30”, &c., respectively, the distances from B 
to 10, 20, 30, &c., are the chords of arcs of 10“, 20®, 30®, &c. ; 
so that BC is a scale of chords for every 10”, from 0” to 90®. 



127. Problem LVIII.— To construct scales of tangents, 
secants, and rhumbs. 

For definitions of sines, tangents, secants, see Trigonometry. 
Rhumbs are lines drawn to the points of the compass ; there 
are eight points in each quadrant, so that one point contains 



II® 15'. The scale of rhumbs consists of the chords of one, 
two, three, &c., points, or of H® 15', 22® .30', 33® 45', 45", &c. 
(See Navigation, page 535). 

The line of tangents is constructed by dividing the quadrant 
into 9 equal parts, each = 10®, and drawing through the points 
of division, from the centre, straight lines ; then these lines 
produced will cut a tangent drawn at the extremity of the 
quadrant in the required points 0, 10, 20, &c. 
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The distances from the centre to the divisions on the scale of 
tangents, being laid off on a straight line, give the divisions 0, 10, 
20, 30, &c., of the scale of secants. 

128. Problem LIX.— To construct a scale of sines, and of 
semitangents, and a line of longitudes. 

Divide the quadrant BC into 9 equal parts ; through them draw 
parallels to OB, meeting the perpendicular BD, and it will be a 
scale of sines. 

The semitangent of an arc is the tangent of half that arc. Thus 
the semitangent of 48* is = tangent of 24*. 

A line of longitudes is a scale of the lengths of a degree of 
longitude at different latitudes. For example, the length of a 
degree of longitude at latitude 60* is = 30 geographical miles, being 
exactly = the half of a degree of longitude at the equator. 



Join A with the divisions of the quadrant BC, and the con- 
necting lines will cut 0(J in the divisions required for a line of 
semitangents, which are just the tangents of half their respective 
arcs ; which the divisions on OC evidently are, for the angle at the 
circumference is half of the angle at the centre. (Eucl. III. 20.) 

To construct a line of longitudes— first make OB a line of 
sines, beginning at O, and then it will also be a line of cosines ; 
thus from O to 80 is the cosine of 80* ; from O to 70, the cosine 
of 70*; and so on. Now if OB be divided into 60 equal parts, 
represented by the numbers marked above it, they will show the 
number of miles in a degree of longitude corresponding to the 
latitude denoted by the numbers marked below OB. Thus 30 
above OB is opposite to 60* below it, denoting that in latitude 
60® the length of a degree of longitude is = ,30 miles. If now, 
instead of the divisions on OB, there be taken on BC the chords 
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of tlie correspon(Ung arcs determined by drawing pcrpcndicnlai's 
to OB from tliese divisions, as from 70 to 70, then the higher 
divisions on BC being taken for latitudes, the divisions below 
BC show the length of a degree of longitude corresponding 
to the latitude on the upper side. Thus 40 below BC corre- 
sponds to about 48° above ; that is, in latitude 48°, the length 
of a degree of longitude is = 40 miles ; and this appears also from 
the divisions on OB. 

The lengths of a degree of longitude in two different latitudes 
are evidently proportional to the circumference of the parallels of 
latitude at these places, or jwoportional to tlieir radii, whicli are 
just the cosines of the latitudes, the radius of the earth being 
radius, and the earth lieing supposed a sphere. 

All the above scales are laid down on tbe common 
Gunter’s scale. 


129. Problem LX.— At a given point in a given straight 
line, to make an angle of a given number of degrees and 
minutes. 



Let AB be the given line, and A the given point, 
and the number of degrees=38° 30'. 

AVith a radius equal to the chord of 60°, taken 
from the scale of chords, describe «an arc CD from 
A as centre ; with a radius equal to the chord of 
38° 30', taken from the same scale, and from C as centre, cut the 
arc CD in E ; draw AE, and A is the required angle. 

Wlien the angle excee<ls a right angle ( = 90°), lay off on the arc, 
first the chord of 60°, and then the chonl of the remaining number 


of degrees ; or lay off the chords of any two numbers of degrees 
whose sum is = the given number of degrees. 


130. Problem LXI.— To measure a given angle; that is, 
to find the number of degrees, &c., it contains. 

Let BAE (fig. Art. 129) be the given angle. 

With the chord of 60° as radius, and A as centre, describe an 
arc CE ; take the chord CE of the arc in the compas.ses, and 
apply it to the scale of chords ; one point of the compasses being 
])laced at 0°, the other point will extend to the number of degrees 
and minutes which the angle contains. 

When the chord of the intercepted arc exceeds the chord of 90°, 
lay off the chord of 90° on the arc ; take the chord of the remaining 
arc, and find on the scale of chords the number of degrees belonging 
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to it, and this number added to j90% will give Mie whole number 
of degreea in the an^la 


J2L JP pifc lem LXII.— To find a third proportional to two 
given straight lines. 

Measure the two given lines by any scale of equal parts ; then 
find a number that is a third proportional to these two numbera ; 
this iiuinber, taken on the scale, will be the leimth of the third 
proportional. ^ i 0 3 ^ 

Generally, let a and b represent in numbers the measures of the 
two given lines on the scale, and let x be the unknown number 
which gives on the scale the length of the third proportional ; then 


: 6=6 : a? j 


6 » 

. «=—. 

a 


Hence, divide the square of the number denoting the length of 
the second line by the number denoting the length of the first, 
and the quotient is the number that denotes the length of the 
required line. 

Let a =128, and 6= 160 ; then 

6* 160’ 25600 OAA n - 1 4* I 

a;=— = — = ^ ^ *^*^^* proportional. 


132. Problem LXIII.— To find a fourth proportional to 
three given straight lines. 

Measure the three given lines on the scale ; then hnd a number 
that is a fourth proportional to these three ; and this number on 
the scale will give the line that is the fourth proportional. 

Let the measures of the three given lines be denoted by a, 6, and 
c, and the required line by x, then 

r be 

a : 6=c :xi x=—, 
a 

Let a = 225, 6 = 270, c = 235: then » = - = = 282, 

€t 

the fourth proportional. 

133. Problem LXIV.~To find a mean proportional be- 
tween two given straight lines. 

Find on a scale of equal parts the numbers that represent 
lines; find their product, and its square root Avill be the nnndm 
that expresses the length of tlie required line. 

Generally, let a and 6 be tlienumbei-s representing the two given 
lines, and x the mean proportional ; then 

a : x=:x :b; , \ x^—ab, or x—sjah. 
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Hence, find the product of the numbers representing tlie given 
lines, and the square root of this product will be the number 
denoting the length of the mean proportional. 

Let rt=240, and 6 = 364 ; then 

x=\Jah = V^40 X 364 = ^87360= 295 5. 


134. Problem LXV. -To inscribe any regular polygon in 
a given circle. 

Let ABE be the given circle, and let the polygon to be 
inscribed be a regular heptagon. 

Divide 360® by 7, and the quotient 51® 26' 
nearly is the angle at the centre of the circle 
subtended by the side of the polygon. 

Hence, make an angle APB at the centre 
= 51® 26'; then the chmd AB, laid off 7 times 
along the circumference, will form the heptagon. 

If the number of sides of the polygon be denoted by n, then the 

360® 

angle at the centre is denoted by ' hence. 

To find the central angle of any regular polygon— Divide 
360® by the number of its sides. 



135. Problem LXVL— On a given straight line, to describe 
any regular polygon. 


Let AB be the given straight line, and let the 
polygon to be described upon it be a regular 
Iieptagon. 

Multiply 90® by 5, and divide by 7 ; then 
the half of one of the interior angles BAH is 


90®x5_450’ 
7 7 


=64® 17'. 


r 



Make the angles BAG, ABC each =64® 17', and C is the centre 
of the circumscribing circle ; and AB being applied 7 times along 
the circumference, will form the heptagon ABDEFGH. 

For any regular polygon, let n=the number of its sides, and 


«=the half of one of its interior, angles, then a= 


(n-2)90® 


lienee. 


To find the half of one of the interior angles of any regular 
polygon — Multiply 90® by the number of sides diminislied by 2, 
and divide the product by the number of sides, and the quotient is 
the required angle in degrees. 
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136. Problem LXVII.— Given the hsrpotenuse and a side 
of a right-angled triangle, to construct it, and to measure 
the other parts of the triangle. 


Given the hypotenuse AC =326, and the side 
AB=200. 

Draw a line AB=200; draw BC perpendicular to 
AB ; and from centre A, with radius = 326, cut BC in 
C ; draw AC, and ABC is the required triangle. 

By measurement, it will be found that BC=257, 
angle A = 62‘’ 9', and C=37" 61'. 



137. Problem LXVIII.— Given the two sides about the 
right angle of a right-angled triangle, to construct it, 
c and to measure the other parts. 

Given the side AB=162, and BC=216. 

Make AB = 162; draw BC perpendicular to it, and 
:=216; and draw AC ; ABC is the required triangle. 

By measurement, it is found that AC =270, angle 
A=63'’ 8', and C = 36“ 52'. 


138. Problem LXIX.--Given the hypotenuse and one of 
the acute angles of a right-angled triangle, to construct 
it, and measure the other parts. 



Let the hypotenuse AC = 324, and angle A =48'’ 17'. 

Praw any line AB ; then draw AC, making angle 
A = 48'’ 17' ; make AC = 324 ; from C draw CB 
perpendicular to AB, and ABC is the required 
triangle. 

By measurement, AB = 215, BC = 242, angle C = 
4r 43', 


139. Problem LXX.— Given a side and an acute angle 
of a right-angled triangle, to construct it, 
and measure the other parts. 

Given the base AB=125, and the adjacent angle 
A=51‘’19'. . 

Make AB=125; draw AC, making angle A = 

51® 19' ; from B draw BC perpendicular to AB, and 

ABC is the required triangle. 

By measurement, AC = 200, BC = 156, and angle C = 38® 41'. 

Note , — When a side, as AB, and the opposite acute angle G 
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are given, the tiiaagle may be constiucteil in tlie same manner. 
For the tliree angles of every triangle are equal to two right angles, 
or 180® (Eucl. 1. 32) ; and as B is one right angle, A and C 
together are equal to one right angle, or =90®; hence when C is 
given, A is found by subtracting C from 90®. Thus, let there be 
given AB = 125, and angle C=38® 4F; then angle A is found thus, 
A = 90®-C=90®-38®41' = 51® 19'. 

140. Problem LXXI.— Given a side and two angles of a 
triangle, to construct it. 

Given angle A = 49° 25', B=66® 47', and AB=275. 

As the three angles of every triangle are equal to 
180°, therefore 

Angle C = 180® - ( A + B) = 180® - (49® 25' + 66® 47') = 

180°- 116° 12' = 63° 48'. 

Make AB = 275, angle A =49° 25', and angle B=66° 47'. 

By measurement, AC =282, BC=233, and it was found above 
that angle C=63° 48'. 

Note . — When any other two angles of a triangle are given, the 
third angle may be found in the same manner ; tliat is, by suh* 
tracting the sum of tlie two given angles from 180°; and the 
triangle can then be constructed as shown above. 



141. Problem LXXII.— Given two sides of a triangle, and 
an angle opposite to one of them, to construct the triangle. 

Given AB=345, BC=232, and angle A = 

37° 20'. 

Make AB=345, angle A -37** 20', and from 
B as a centre, with a radius BC=232, describe 
an arc cutting AC in C, and C'; then either of 
the two triangles ABC, ABC' is the required ^ 
triangle. (See Art. 187.) 

By measurement, it is found that in triangle ABC, AC = 174, 
angle ABC =27® 4', angle ACB = 115® 36'; also in triangle ABC', 
AC' =375, angle ABC' = 78° 16', angle AC'B=64® 24'. 



142. Problem LXXIIL— Given two sides of a triangle^ 
and the contained angle, to construct the 
triangle. 

Let AB=176, BC = 133, and angle B = 73®. 

Make side AB = 176, and then angle B = 73®, 
and side BC = 133. 

By measurement, angle C = 64° 9', angle A = 42° 49', and ACsa 187. 
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. 143. Problem LXXIV.—Given the three elides of a triangle, 
to construot it, and measure its angles. 

Let AB=345, AC=232, and BC= 174. 

Make AB=345; from A and B as centres, 
with the respective radii 232, 174, describe arcs 
A B cutting in C; then draw AC, BO, and ABC is 

the reqtiired triangle. 

By measuring the three angles of the triangle, it is found that 
A=27'’ 2', B=37‘’ 20', and C=116" 38'. 


OO^UTATION B7 LOGARITHMS 

144. The logarithm of a number is the exponent of the 
power to which another given number must be raised in 
order to produce the former number. 

Thus 1000= 10 X 10 X 10 ; that is, 10®= 1000, and the exponent 3 is 
the logarithm of 1000. 

So 100= 10 X 10 j that is, 10®= 100, and 2 is the L 100, where L 
denotes logarithm. 

Or 101=10, 10®=100, 10®=1000, 10^=10,000 and 1 = L 10, 

2=L 100, 3 = L 1000, 4 = L 10,000, 

145. Since the logarithms of 100 and 1000 are respectively 2 and 
3, the logaritliin of some intermediate number, ns of 856, will be 
betw'een 2 and 3, or =2 + a fraction. So the logarithm of a number 
between 1000 and 10,000 is between 3 and 4, or =3 + a fraction. 

146. The integral part of a logarithm is called the charac- 
teristic, and is one less than the number of integral figures 
in the number; thus, if the number contains 6 integral 
figures, the cliaracteristic of its logarithm is 4 ; if it contains 
4 integral figures, the characteristic is 3; if 7, the charac- 
teristic is 6 ; and so on. 

147. Since 10"®= 1/10®= 1/100= *01, the log. of 01 is -2; so 10 ® 

= •001, 10-*= *0001, 10-®= *00001, and -3=L*001, -4=L 0001, 

-6=L *00001, 

Since the logarithms of *01 and *001 are ~ 2 and - 3, the logarithm 
of an intermediate number, as *00754, will be between - 2 and - 3, 
ora -3+a fraction. So the logarithm of a number between *001 
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and *0001, as ‘000764, is between -3 and -4, or= -4 + a fraction ; 
lienee the characteristic of the logarithm of a decimal fraction is 
a negative number, a unit greater than the number of pi-efixed 
ciphers. 

148. The decimal parts of the logarithms of numbers 
that consist of the same figures are the same wlierever 
the decimal place is marked, for they differ only in their 
characteristics. 

Tluis the logarithms of 43625, 4362*5, 436*25, 43*625, 4*3625, 

*43625, *043625, *0043625, are the same in the decimal part, 

but the characteristics are respectively 4, 3, 2, 1, 0, I, 2, 3 ; the 
negative sign being written over the characteristic. 

Note , — For additional information in reference to the nature and 
construction of logarithms, see the Intro<lnction to Chainhers's 
Mathematical Tables and Chambers's Algebra for Schools, by 
W. Thomson. 


LOGARITHMIC SCALES 

149. These scales are constructed by making the distances 
of the divisions from one extremity equal to the logarithms 
of the numbers marked on the divisions ; and by means of 
them, several processes of arithmetical and trigonometrical 
calculation can bo easily performed approximately, and the 
results may be used as a check against errors in the ordinary 
methods of calculation. A scale of this kind is usually 
called Gunter’s scale. The logarithmic lines of numbers, 
sines, and tangents are laid down on sectors, and are marked 
respectively K, S, and T. 

150. Problem I.— To construct a line of logarithmic 
numbers. 

The line of logarithmic numbers is constructed by making the 
distances from the extremity of the scale marked 1 equal to t le 
logarithms of the series of natural numbers 1, 2, 3, 4, &c. ; that is, 
to 0, *301, *477, *602, &c. ; and if a scale of equal parts be con- 
structed of the same lengtii as the line of logarithmic numbers, and 
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divided into 1000 equal parts^ then the division> marked 1 on the 
logarithmic line will be 0 distant from its extremity ; that is, 1 will 
be at its extremity ; the division 2 will be at the distance 301 from 
the extremity, or from 1 ; '3 will be at the distance 477 ; 4 at the 
distance 602; and so on for the other divisions of this line, that 
marked 10 being at the distance 1000. 

Let a :h=c \d^ and consequently 

Then La-L6=Lc-Lcf ; hence 

151. The difference between the logarithms of the first 
and second terms of a proportion is equal to the difference 
between the logarithms of the third and fourth. 

Since 1 : 2 = 10 : 20, and 2 : 3 = 20 : 30 ; . L 1 L 2=L 10- L 20, 
andL2-L3 = L20-L30. 

Hence the line may bo easily extended beyond the division 10, 
for the extent from 10 to 20 is equal to that from 1 to 2; the 
extent from 20 to .30 is equal to that from 2 to 3 ; and so on. 

The divisions reckoned above, as 1, 2, 3, 4,... may also be con- 
sidered as 10, 20, 30, 40,... or as 100, 200, 300, 400 j... or, in fact, 
any numbers proportional to the.se. 

152. Problem II.— To perform proportion by the line of 
numbers. 

Rule, — Extend the points of the compasses from the first to the 
second term, and this extent will reach in the same direction from 
the third term to the fourth. 

Example. — Find a fourth proportional to 124, 144, and 186. 

The distance from 124 to 144 on the line of numbers will extend 
from 186 to 216, the term required. 

153. Problem III.— To construct the line of logarithmic 
sines, cosines, secants, and cosecants. 

On Gunter’s scale the logarithm of 100, and the sine of 90®, which 
is equal radius, are the same length, and therefore the sines are laid 
down on the scale to radius 100, of which the logarithm is 2 ; but 
in the tables of logarithmic sines, the logarithm of radius is 10 ; 
hence, if 8 be subtracted from the logarithmic sines, the remainders 
will be the length of the logarithmic sines on the scale, taken from 
a scale of the same length divided into 200 equal parts. 

Or, the natural sines may be multiplied by 100, and the logarithms 
of the products taken from the scale will give the same results. 
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This scale may also be used as a scale of logarithmic cosines, for 
the cosine of an angle is the sine of its complement. It may also 
be used ns a scale of logarithmic cosecants and secants, for sin A x 
cosec A = R*, therefore since on this scale U=100, log. sin A -flog, 
cosec A =4, hence log. cosec A =4 -log. sin A = the whole lengtli 
of the scale + the excess of the whole scale above the logarithmic 
sine A. In the same manner, it can be shown that the logarithmic 
secant A=the whole scale -hits excess above the logarithmic cos A. 

Generally, for any radius, since sin Ax cosec A=K’-’, and cos 
A X sec A = K‘‘*; log. cosec A =2 log. R-log. sin A, and log. sec 
A -2 log. R log. cos A. Also tan Ax cot A = R*; hence log. 
cot A = 2 log. R-log. tan A. 

154. Problem IV. --Given two numbers and an angle, to 
find another angle such that the two numbers and the 
sines of the angle shall be proportional. 

The distance between the numbeiH on the line of numbers M’ill 
extend in the same direction on the line of sines from the sine of 
the given angle to the sine of the reejuired angle. 

If ; h-Hine c : sine t/, •*=**!*— V and La - \J)^L sine c-L sine iL 
0 sine a 

Examples. — l. Given the numbers 121 and 100, and an angle of 
00 \ to iind anotiier angle a such that 

121 : 100- sine 90" : sine n. 

The extent from 121 to 100 on the line of numbers reaches from 
00° on the line of sines to 55° 44'. 

2. Find an angle such that 121 is to 68*5 as the sine of 90° to the 
cosine of the required angle. 

Let a be the reqiure<l angle, then its complement /> — 90-«, and 
cos a - sine (90 - a) or sine b. Hence 

121 : 68 *5 = sine 90° ; sine /y, 

b is found, as in the preceding example, to be = 34° 29' ; hence 
a=90°-5=90'-34° 29'=55° 31'. 

3. Find an angle a such that 

135 : lll=sine 79° 23' : sine a. 

The distance from 135 to 111 extends from 79° 23' to 53° 55', which 
is therefore the value of a, 

155. Problem V.— To construct a scale of logarithmic 
tangents and cotangents. 

The arcs (45° -A) and (45° -f A) are evidently complements of 

Prac. Hath. D 
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each other, for their sum is 90“ ; and (Art. 153) tan (45“-A)x 
tan (45“ + A)=:R^ and therefore log. tan (45“+A)=2 log. R- 
log. tan (45“-A); hence, since tan 45“ =R, and on the scale 
log. R=2, and in the logarithmic tables log. R=10; if 8 be sub- 
tracted from the tabular log. tangents, the remainders will be the 
lengths of the log. tangents on the scale. These being laid down 
on the scale, from a scale of the same length divided into 200 
equal parts, will give the scale of log. tangents up to 45®. It is 
also evident from the above, that the log. tangents of angles 
greater than 46“ may be found from the .same scale by taking 
the tangent of 45“ -f the distance from the tangent of 45“ to the 
tangent of the complement of the angle. 

This will also be a scale of logarithmic cotangents, for the 
cotangent of an angle is the tangent of its complement. 

156. Problem VI.— Given two numbers and an angle, to 
find another angle such that the lines shall be propor- 
tional to the tangents of the angles. 

The distance between the numl)ers on the Line of Numbers will 
extend in the proper direction from the given number of degrees on 
the lino of tangents to the required number of degrees. 

Note , — When the distance extends beyond 46“, take the excess 
in the compasses, and apply it back upon the scale from 45“, and it 
will reach to the complement of the angle sought. 

Examples. — 1, Given two numbers 420 and G50, and an angle 
45®, to find another angle, such that the numbers shall bo propor- 
tional to the tangents of the angles. 

420 : 650= tan 45® : tan a, where a=the required angle. 

The extent from 420 to 650 on the lino of numbers reaches from 
4.5® to 32® 52' on the line of tangents ; but as the second term 
exceeds the hrst, the fourth will exceed the third ; therefore 32“ 52' 
is the complement of the angle sought; hence it is 90® -32° 52'= 
57“ 8'. 

2. Given two numbers 142 and 42, and an angle of 71“ 34' to find 
another angle a, such that 

142 : 42= tan 71“ 34' : tan a. 

In this example, either 71“ 34' or its complement is taken — 
namely, 18“ 26', and the distance from 142 to 42 on the line of 
numbers extends from 18“ 26' beyond 45“ on the line of tangents, 
and the distance beyond it being taken with the compasses, will 
extend from 45“ back to 41“ 35', the angle required. 
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THE LINES OF THE SECTOR 

157. r>esides tlio logarithinic lines already cxpiniuod, 
there are also on each of the legs of the sector a line of 
e<iual parts, as well as one of chords, of sines, of tangents, 
and of secants ; tlierc is olso a line of polygons. 

Those lines proceed from the centre of the sector, which is 
the centre of tlie joint about which its legs are inovahle. 
'Fhe line of lines is a line of etpial parts, the ninnher of 
large divisions being 10, beginning at the centre, and marked 
10 at the extremity ; the line of chords is a scale of chords, 
as far ns 60"" ; the line of sines is a scale of sines, ns far ns 
90° ; and the line of tangents is a scale of tangents, as far 
as 45°. The huigths of theso four lines of lines, chords, 
sines, and tangents are the same; the chord of CO"', the 
sine of 90°, and the tangent of 45° being all ecpial to 10 
on the line of lines, which is the radius of the sector. 
Another scale for tangents above 45° begins at ono-fourth 
of the radius 10 ; that is, at 2*5, and is extended beyond 75°. 
The line of secants also begins at the distance 2*5, which 
is the radius of the circle to which theso secants and the 
tangents alwc 45° belong ; the beginning of the line of 
secants being marked 0°, for the secant of 0° is the radius 
^2-5. The line of polygons is of the same length as that 
of linos or chords, being marked 4 at the extremity, and 5, 
G, 7, &c., towards the centre. 


The general principle on which the use of the sector i« founded 
is this ; — 

Let ACH, DCE be two similar isosceles triangles, so that CA 
= CH, and CD=:CE ; tlien CA : AB = CD : I)E. 

Now, CA and CB being two lines of lines, 
of chords, of sines, or tangents, it is evident 
from the above proportion, the distance CA 
l)eing the radius of the sector, and AB the 
radius of any other circle, the extremity of the sector being 
opened to this distance, that — 
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168. The radius of the sector is to the radius of the circle, as the 
length of any line (CD) belonging to the circle whose radius is that 
of the sector, to the length of a corresponding line (DE) of the other 
circle, whether that line is a chord, a sine, a tangent, or the side of 
an inscribed regular polygon. 

159. The two lines of lines, of chords, sines, and tangents, have 
the same inclination, so that when the sector is opened till the 
distance between 10 and 10 on the lines of lines is any given 
distance, the distances between 60 and 60 on the lines of chords, 
90 and 90 on the lines of sines, and 46 and 46 on the lines of 
tangents will all be the same. 

The distance from the centre of the sector on any of the lines 
proceeding from its centre is called the lateral distance. 

The distance from any point in one of the lines of the sector, to 
the corresponding point in the similar line on the other leg, is called 

the parallel distance. 

Any two lateral distances arc evidently proportional to their 
corresponding parallel distances, as appears from the preceding 
proportion. 

THE LINE OP LINES 

The line of lines i^ one of equal parts. The two following are 
the most useful problems to be performed by this lino. 

160 . Problem I.— To find a fourth proportional to three 
given numbers or lines. 

Rule. — Make the parallel distance of the first term = the lateral 
distance of the second, then the parallel distance of the third term 
will be = the fourth term. 

Example.— F ind a fourth proportional to 72, 48, and 60. 

Considering the large divisions as each = 10, take the lateral 
distance of 48, and make the })arallel distance of 72 equal to it ; 
then the parallel distance of 60 applied to the line of lines will 
give 40, the fourth term required. 

If the lengths of the lines represente<l by the given numbers are 
too large, any parts of them may be taken, and then the fourth 
term will be the same part of the number sought. 

161. Problem II.— To divide a line into any number of 
equal parts. 

Rule. — Find some number on the line of lines which is a multiple 
of the number of parts into which the line is to be divided, and 
make the parallel distance of this number = the given line; then 
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the parallel distance of the corresponding aliquot part of the latter 
number will l)e the required aliquot part of the given line. 

Example.— Let it be required to find the 8th part of tlie line AB. 

Since 80 is divisible by 8, make the parallel — _ 

distance of 80 = the line AB; then as 10 is the ® 

8th part of 80, the parallel distance of 10 will be = AC, the 8th part 
of the given line. 

Instead of 80, 48 may be taken, and its parallel distance being 
made = AB, tiie parallel distance of .6, the 8tli part of 48, will 
be=AC. 

THE LINE OP CHORDS 

The chord of an arc is double the sine of half that arc ; 

hence the chord of 30° is twice the sine of 16°. If, therefore, the 
natural sine of 15°, to a radius = 10, which in a table of natural 
.sines is 2*5882, be doubled, the product 6*17 will be the length of 
the chord of 30° to the same radius. Hence, take 6*17 from the 
line of lines, and lay it off on the line of chords, and this will 
determine the division for 30°. The divisions for the other degrees 
arc found in the same manner. 

162. Problem III— To cut off an arc of any number of 
degrees from the circumference of a given circle. 

IlULE.— Open the sector till the parallel distance of 60° on the 
line of chords is = the radius of the given circle ; then the parallel 
distance of the required numl)er of degrees will 
be the chord of tlie required arc, which can there- 
fore be cut off. 

Example.— C ut off from the circumference of 
the circle ABD an arc =48°. 

Make the parallel distance of 60° on the scale 
of chords = the radius AC, then the parallel distance of 48° will 
be AB, the chord of the required arc. 

THE LINE OF SINES 

163. The line of sines is constructed by taking the numerical 
values of the sines from a table of natural sines, supposing 
the radius = 10, and then taking in the compasses the lateral 
distances from the line of lines corresponding to these values, 
and laying them off on the line of sines. 

Thus, the natural sine of 40° to a radius = 10 is, by the table, = 
6*43 ; hence, if 6*43 be taken from the line of lines, and laid off on 
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thafc of sines, it >vill determine the division for 40®. In the same 
manner the other divisions are found. 

The sine of any arc of a circle, whose radius is given, is found 
exactly in the same manner as the chord of an arc was found in the 
j)receding proldeni ; observing that the distance between iK)® and 
90® is to be made = the radius. Tlio same remark applies to the 
line of tangents, the distance between 45 and 45 being made = the 
radius of the given circle. 

THE LINE OF TANGENTS 

164. The line of tangents is constructed in the same 
manner as that of sines, taking tlie tangents of the degrees 
from a table of natural tangents; or since tangent 
sin aJeoH «, the tangents can be found by dividing the sine by 
the cosine, and multiplying the quotient by the given radius. 

Thus, tangent 30® to a radius R of 10 is =5*77, and this distance 
taken on the line of lines, and laid on that of tangents, gives the 
division of 30®. 

For tangents above 45®, the radius is taken = one*f on rth 
of 10 or=2’5, and the numbei*s for the natural tangents 
to R = 10 are divided by 4. Thus, tangent C0®= 17*32, the 
4th of which is 4*33; and this distance taken from the line 
of lines, and laid off on that of tangents above 45, gives the 
division for 60®. 

The tangent of any arc of any circle above 45’ is found from 
the lines of tangents in the same manner as those below 45® ; 
observing that it is the distance between 45® on the two lines that 
is made = the radius of the given circle. 

THE LINE OF SECANTS 

The line of secants is constructed exactly as that of tangents 
above 45®; only in this case secant 0® = radius = one-fourth of 10=2*5. 
So for the division of 60® on this line, the secant of 60® hy tlie table 
is = 20 to radius 10, and one-fourth of this is 5; and tlie distance 
6 taken from the line of lines, and applied to that of secants, gives 
the division of 60® ; and in a similar manner the other divisions are 
found. 

This line Is used for finding the secant of any arc of a given 
circle, in the same manner as those for chords, sines, and tangents ; 
observing that the distance from 0® to 0® on the lines of secants 
U to be made = the radius of the given circle. 



PLANK HRIOOKOMBTRY 


43 


PLANE TRIGONOMETRY 

DEFINITIONS 

165. The object of Plane Trigonometry was oiigiually 
the calculation of the sides and angles of jilaiie triangles. It 
now investigates the general relations that subsist between 
any angles and their trigonometrical functions. 

16G. In trigonometry, for the purposes of calculation, the 
circumference of a circle, and also all the angles round a 
point, are each divided into 
360 equal parts called de- 
grees ; each degree is sub- 
divided into GO equal parts 
called minutes; and each 
minute into 60 equal parts 
called seconds : degrees, 
minutes, and seconds are 
thus indicated— 5® 17' 28"; 
which is read— five degrees, 
seventeen minutes, and 
twenty -eight seconds. 

1G7. The complement of 
an angle i» its diil’crence 
from a right angle. 

168 . The supplement of 
an angle is its difFercnce from 

169. Let XX' and YY', which arc perpendicular to each other, 
be two diameters of the circle whose centre is O ; the quadrants 
XOY, YOX', X'OY', Y'OX are called respectively the 1st, 2nd, 
3rd, 4th quadrants. 

170. If OP be supposed to start at OX and to revolve counter- 
clockwise round 0, it will generate with OX angles of all sizes, 
the angles increasing the more OP revolves. Suppose OP to 
have generated the four angles XOP, one in each quadrant. 
From P draw PM perpendicular to XX'; then the lines MP, 
OM, OP are called respectively the ordinate, the abSCissa, the 
radius vector of the point P. 



two right angles. 
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171. The trigonometrical functions, or tngonometrical ratios, of 
the angle XOP are called sine, cosine, tangent, cotangent, 
secant, cosecant (abbreviated into sin, cos, tan, cot, sec, cosec), 
and are defined as follows ; 


ra<lius Or r 

A v/ATi ordinate MP y 
tan XOP= -i — ^ — = 7 TU- 
abscissa OM x 

radius OP 

abscissa ~OIVI~ a; 


sec XOP = 


cos XOP = 


abscissa 


OM 
OP " 


cot XOP = 


cosec XOP= 


radius 
abscissa _ OM _ x 
ordinate MP~y 
radius _ Oj^ r 
ordinate” MP~"?/ 


172. From ibese delinitions the following formnbe are derived. 
For shortness, let i XOP be denoted by A. 


sin A = — ^ r 
cosec A 

cosec A 

~siii A 

sin A cosec A = 1 

. 1 

cos A = V 

sec A 

sec A 

1 

~cos A 

cos A sec A =1 

tan A=— ^ v 
cot A 

cot A 

~ tan A 

tan A cot A =1 


173. Other useful formulic are also obtained immetliately from 
the delinitions. 


sin A ;// X y , . 

lliiis jr='' : -=*- = tan A, 

cos A 7' r X 

and consequently ~ -^=eot A, 
^ sin A 


sec A r r y , 

; -=•' =tan A ; 

cosec A X y X 


cosec A 
sec A 


= cot A. 


174. Again, from any one of the four right angled triangles OMP 
we obtain by Pythagoras’s theorem (Fuel. I. 47), 

Divide both sides of this equality successively by a?®, y\ 

There are obtained : 

( 1 ) = 1 ; that is, sin^A + cos®A = 1. 

(2) 1^+ 1 ; that is, tan*A + l=Bec®A. 

(3) 1 + -^ = -o ; that is, 1 + cot*A = cosec^A. 

y 7r 

175. It will be observed that ain*A, cos*A, &c., ai*e written for 
(sin A)®, (cos A)^ &c. 

176. The relations just found may be put in other forms. For 
example, 
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tan A ^Vsec^A -1, 
cosec A= Vl + cot^. 


sin A = n/ 1 - cos* A, cos A = Vi - sin*A, 
cot A = V cosec*A - 1 , sec A = Vl + tan*A, 

177. All the fornml.'P whicli 
occur in Articles 172, 173, 

174, and many otlier forms 
of them, may be obtained 
from the inspection of a 
figure which is not difficult 
to construct, and which inayrANAj 
be called Alison’s Diagram. 

Take any three consecutive 
values, either diametrically 
or circumferentially ; then 
the middle one is equal to 
the product of the other 
two. Thus, of the three values diametrically, sin A, 1, coscc A, 
sill A cosec A = l. 

Of the three values circuiiiferentially, sin A, tan A, sec A, 
sin A sec A = tan A. 



icoiA 


isecA 


In each triangle the square of the value written at the vertex 
turne<l downwards is equal to the sum of the squares of the values 
written at the other two vertices. Thus, l* = sin*A i cos*A. 


178. The following convention regarding the signs to be attri- 
buted to the four sets of three lines MP, OM, OP is observed hy 
all mathematicians. 

Of the four MP lines, those situated al>ove XX' are considered 
positive, those situated below XX' negative ; of the four OM lines, 
those situated to the right of YY' are considered positive, those 
to the left of YY' negative; OP in any of its positions is always 
considered positive. 

179. To find the signs of the trigonometrical functions in the 
four quadrants. 

Take first sin XOP or sin A and find the sequence of signs for 
it, according as the angle is in the 1st, 2nd, 3rd, 4th quadrant. 

a* A MP . „ 

Sin A= in all cases. 

Now, ?5S?^accordinga« . A 

OP positive positive positive positive 

is in quadrant 12 3 4 

Hence the sequence of signs for sin A is, + + - - . 
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Again, 


cos A= 


qu 

OP 


in all coses. 


,, OM positive negative negative positive . 

Now, =- — :7r— , - - T - --, — , - — r-r- accordiiigas z A 

OP positive positive positive positive 

is ill quadrant 12 3 4 

Hence the secpience of signs for cos A is, + - - +. 

Since tan A = siii A/cos A, the sequence of signs for tan A may be 
obtained fjoni the sequences of signs for sin A and cos A. 


It is ~ ~ — •— j that is, + - + - . 

+ “ “ + 

Tlie sequences of signs for cosec A, sec A, cot A are the same 
as those for sin A, cos A, tan A. 

180. To trace the variation in magnitude of the various 
functions. 

Sin A=MP/OP in all cases, and as OP does not vary in length, 
the vaiiation of sin A ^vill depend on MP. 

Now, 'when z A is very small, MP is very small ; therefore 
sin A is very small. Also, we can make sin A as small as 
we please (tiiat is, less than any assignable magnitude) by 
diminishing z A. This statement is usually expressed by saying 
sin 0*-0. 


If z A from being very small increases up to 90®, MP increases 
till it equals OP ; hence sin A increases till sin 90®= 1. 

If z A increases beyond 90®, MP begins to diminish, till when 
z A is 180® MP has vanished. Hence sin 180®=0. 

In the 3rd quadrant, as zA increases MP increases in 
magnitude, till when zA is 270® MP equals OP; hence 
sin 270®= ~ 1. 

In the 4th quadrant, as z A increases MP diminishes in 
magnitude, till when z A is 360® MP disappears ; hence 
sin 360® = 0. 

A similar discussion may be made of the variations of cos A 
which are deijendent on the variations of OM. 

Because tan A=MP/OM, the variations of tan A will not 
be so easy to trace, since they depend on the simultaneous 
variations of MP and OM. If zA is very small, MP is very 
small, and OM is nearly equal to OP; therefore tan A is 
very small. Also, we can make tan A as small as we please 
by diminishing zA. This statement is usually expressed by 
saying tan 0®=0. 

If z A from being very small increases up to 90®, MP increases 
till it equals OP, and OM shrinks down to 0. Hence, as the 
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numerator of tan A increases and the denominator dinnnis}ie«, 
tan A itself increases rapidly. Also, we can make tan A as ^^i-eat 
as >ve please (that is, greater than any assignahle inagnitmle) hy 
making z A as near as we i)lease to 90°. This statement is usually 
expressed by saying tan 90® = oo (inlinity). 

As A A increases from 90“ to 180“, MP diminishes and ()M 
increases ; that is to say, tan A diminishes in magnitude. When 
A A is 180“ MP has vanished, and OM has become equal to OP; 
hence tan 180“ = 0, 

In the 3rd quadrant, as A A increases M P increases, and OAI 
diniinislies ; hence tan A increases and tan ‘270“ = oo. 

In the 4th quadrant, as z A increases MP diminishes, and OM 
increases ; hence tan A ditninishes and tan 360“ = 0. 

The variations in magnitude of the functions cosec A, sec A, 
cot A may be investigated directly from tlie figure, or indirectly 
from the variations of their reciprocals sin A, cos A, tan A. 

181. The two following Tables give the variations of all the 
functions, first in sign and second in magnitude. 


Sign 


A being) 
between > 

0“ and 00" 

UO" and 180* 

180" and 270" 

270° and 800" 


are 

are 

are 

are 

Sin A, cosec A 

+ 

+ 

- 

- 

Cos A, sec A 

+ 

- 

- 

+ 

Tan A, cot A 

+ 

~ 

-f 

— 


Magnitude 


A being ) 
between f 

0* and 90* 

00" 

and 180" 

180" and 270" 

270" and 300" 

Sin A 

Cos A 
Tan A 
Cot A 

Sec A 
Cosec A 

Viurlea fruiu 

0 to 1 

1 II 0 

0 M 00 

00 If 0 

1 M 00 

00 II 1 

VarlM from 

1 to 0 

0 II -1 

00 H 0 

0 fl GO 

00 II - 1 

1 II 00 

VHriea from 

0 to-1 

-1 1. 0 

0 II CO 

00 M 0 

- 1 1. CO 

00 II - 1 

VarlcH fmiii 

-1 to U 

0 „ 1 

00 M 0 

0 M CO 

00 M 1 

- 1 II 00 
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182. To find the relations iietween the functions of an angle 
and the functions of its coniple* 
ment. 

Let L XOP be denoted by A ; then 
if zYOQ be equal in magnitude 
to z XOP, the complement of A 
(namely, 90“ - A) will be l XOQ. 
Draw the ordinates PM, QN. 

Then the triangles ONQ, OMP 
are equal in all respects (Eucl I. 
26); 

therefore NQ = OM, ON=MP. 



Hence 


/ono Av NQ OM . 
sm (90 -A)=QQ=-yp=cosA, 

,n„o A, ON MP . . 
cos (90 -A)=^^ = ^j.=sm A. 


as far as magnitmle is concerned. 

But since (in tlie figure) A and 90“ -A are both in the 1st 
quadrant, therefore their sines an<l cosines are all positive, and 
consequently 

sin (90“ - A) = cos A, cos (90“ - A) = sin A. 

The values of the other functions of 90“ -A may be deduced 
from those just found. For example, 

/on® A\ «»M9<)“*-A) cos A . . 
tan (90 - A) = - - — — r = cot A ; 

cos (90 - A) sin A 

and so on. 

183. To find the relations between the functions of an 
angle and the functions of its 
supplement. 

Let L XOP be denoted by A ; 
then if l X'OQ be equal in mag- 
nitude to L XOP, the supplement 
of A (namely, 180“ - A) will be 
zXOQ. 

Draw the ordinates PM, QN. 

Then the triangles ONQ, OMP 
are equal in all respects (Eucl. I. 
26); 

therefore NQ = MP, ON = OM. 

sln(180''-A)^|y^= j^=sin A, 



Hence . 
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co 8 ( 180 "-A)=gg=^*=co 8 A. 

as far as magnitude is concerned. 

But since (in the figure) A and 180® -A are respectively in 
the Ist and 2nd quadrants, sin A and sin (180“ -A) will both ho 
positive, while cos A will be positive and cos (180® -A) negative. 
Consequently, sin (180® - A)=sin A ; cos (180® - A)= - cos A. 

The values of the other functions of 180® -A may be deduced 
from those just found. For example, 

sec (180»- A)= -s«c A , 


and so on. 


184. When A is associated, either by addition or subtraction, 
with an odd number of right angles (90' -A, 90° 4- A, A -90°, 
270® -A, 270° + A, A -270®, &c.), the sin, tan, sec of such angle is 
equal to the cos, cot, cosec of A, and the cos, cot, cosec of such 
angle is equal to the sin, tan, sec of A. 

Thus, as far as magnitude is concerned, 

sin (90®- A) = cos A, sin (90° + A) = cos A, sin (A -90°)= cos A ; 
and so on. 

The proper signs to l)e affixed may be determined from the table 
of sequence for sines. Thus, if A is an angle in the 1st quadrant, 
say 20®, 90® -A is in the 1st quadrant, 90° + A in the 2nd, A “ 90° 
in the 4th; consequently, the signs of the sines of these angles 
are + + - , and 

sin (90®- A) = cos A, sin (90® + A)=cos A, sin (A -90°)= - cos A. 

185. When A is associated with an cvm number of right angles 
(180®- A, 180® + A, 360®- A, 360® + A, &c.), the sin, tan, sec of such 
angle is equal to the sin, tan, sec of A ; and similarly for the cos, 
cot, cosec of such angle. 

Thus, as far as magnitude is concerned, 
cos (180®- A) = cos A, cos (180® + A) = cos A, cos (360®- A) = cos A. 

The proper signs to be affixe<l may be determined from the table 
of .sequence for cosines. 

Thu.s, if A is an angle in the Ist quadrant, say 20®, 180®- A is 
in the 2nd quadrant, 180® + A in the 3rd, 360® -A in the 4th; 
consequently, the signs of the co.sines of these angles arc - - + , 
and 

cos (180®- A)= -CO.S A, cos (180® + A) = - cos A, 
cos (360®- A) = cos A. 
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186. To find the sine of the sum of two angles, having 
given the sine and cosine of each of the angles. 

Let L liAC be denoted by A, and l CAD by B; 

then L BAD will be denoted by (A + B). 

From any point D in AD draw DE perpendicular 

to AB, and DC perpendicular to AC ; also tliiough 

C draw CB and CF perpendicular to AB and DE ; 

then FB is a rectangle ; hence FE=s CB, and FC = EB. 

And since the triangles A HE, DHC, are right-angled at E anti 

C, and have the angles at H vertically op]>osite, the third angle 

EAH=:CDH or CDF ; hence angle CDF= A. 

• /A . m-*^®^-C5D + DF CB^DF 
Now, sm + 

_CH AC DF DC 
"AC' AD^DC’Al) 

= sin A cos B + cos A sin B. 

187. To find the cosine of the sum of two angles, having 
given the sine and cosine of each of the angles. 

From the above diagram, 

AE AB-FC AB FC 

cos(A + B)-^l^- ;^j, 

^ FC DC 
“aC‘ AD“DC ‘ST5 
= COS A cos B - sin A sin B. 

188. To find the sine of the difference of two angles, 
having given the sine and cosine of each of 
the angles. 

Let L BAG-:: A, and l CAD^B, 
then zBAD = (A~B). 

From D, any point in AD, draw DB and DC 
perpendicular to AB and AC, and from D draw 
DF perpendicular to CE. 

BF is a rectangle, therefore DB=FE, and FD=EB; and since 
the angles EAC and ACE are together equal to the right angle 
ACD, from each take the angle ACE, and there remains the angle 
DCF=CAE=A. 

CE-CF CE CF 

Now, sm (A-B) = 

CE A^ CF DC 
"AC * AD DC ’ AD 



AD 


=sin A cos B - cos A sip B. 
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189. To find the cosine of the difference of two angles, 
having given the sine and cosine of each of the angles, 

From the diagram to Art. 188, 


cos ( A - B) = 


AE+FD AE FD 
AD AD''”AD 


AR AC FD CD 
AC 'AD+CDAD 


= COS A cos B + sin A sin B. 


190. Adding and subtracting the values in Arts. 18C and 188, 
an<l also those in Arts. 189 and 187, gives 

Sin ( A + B) + sin ( A - B) =2 sin A . cos B [f/]. 

Sin (A + B)-sin (A-B) = 2 cos A. sin B [/>], 

Cos (A - B)-f cos (A-l-B) = 2 cos A . cos B ... [cl- 

Cos (A - B) - cos (A + B) =2 sin A . sin B [r/J. 

191. If A+B = S, and A-B=:D, then A=J(S + r)), 

and B = J(S-D); and substituting these values in the last four 
exjjressions, they become 

Sin S fsin D=2*sin J(S+T)) cos J(S-D) \a\ 

Sin S -sin D=2 cos j(S + D) sin J(S-D) [/>!. 

Cos D + cos S = 2 cos ^(S 4- B) cos J(S - B) [ c], 

Cos B - cos S = 2 sin ^(S + B) sin |(S - B) [</]. 

1 92. These four expressions prove thefourfollowing propositions 

(«) The sum of two sines is equal to the product of twice the 

sine of half the sum of tlie angles, into the cosine of half 
their diflerence. 

{h) The difference of two sines is equal to the product of twice 
the cosine of half the sum of the angles, into the sine of 
half tlieir difference. 

(c) The sum of two cosines is equal to the product of twice the 
cosine of half the sum of the angles, into the cosine of 
half their difference. 

{d) The difference of two cosines is equal to the product of twice 
the sine of half the sum of the angles, into the sine of 
half their difference. 


193. But S and B are any two arcs, and may therefore be rei)re* 
sen ted by any two letters ; hence, putting A for S, and B for B, 


Sin A + sin B = 2 sin A + B) cos A ~ B) 

Sin A-sin B =2 cos ^(A+B) sin i(A-B) [^J* 

Cos B+cos A=2 cos i(A + B) cos ^(A-B) M- 

Cos B - cos A = 2 sin i( A + B) sin |( A - B) [d]» 
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194. In Arts. 186-189 let B = A, then Arts. 186, 187, 188, and 


189 become 

Sin (A + A)=sin A cos A + cos A sin A; 

. • . sin 2 A =2 sin A cos A [a]. 

Cos ( A + A) = cos*A - sin^A ; 

. • . cos 2 A = cos*A - siii^A [ft]. 

Sin (A - A) =sin A cos A - cos A sin A ; 

.•.sin0'’=0 [f]. 

Cos (A- A)=cos*A + sin‘^A = l (Art. 174, (1)) ; 

.•.co8 0‘’=l [d\ 

Also the expressions (Arts. 190, c, d) become 

Cos O+cos 2A=2 cos^A ; 1 +cos 2A=2 cos^A [c], 

Cos 0 -- cos 2A — 2 sin^A ; . • . 1 - cos 2 A = 2 sin'-^A [/J. 

Fiom ft, c, and /of this Art. transposed, we obtain 
Cos 2 A = cos^A -- sin'-^A = 2 cos^A -1 = 1-2 sin^A [|7]. 


195. To find the sine and cosine of 3 A ; in Arts. 186 and 
187, for B put 2A, and reduce by Art. 1^ (a and y). 

Sin 3A=sin (A + 2A)=sin A cos 2A + cos A sin 2 A 

= sin A(cos‘'*A - sin^A) + cos A x 2 sin A cos A 
= sin A cos‘^A - siir*A j- 2 cos^A sin A 
= 3 sin A cos*A - sin^A=3 sin A(l - sin^A) - sin^A ; 

.*. sin 3A =3 sin A - 4 sin^A [a]. 

Cos 3A = cos (A + 2A) = coh A * cos 2A-sin A * sin 2 A 
= cos A(co 8‘**A - sin^A) - 2 sin'-^A cos A 
= cos^A - 3 cos A sin^ A = cos^A - 3 cos A( 1 - cos^A ) ; 

. • . cos 3 A - 4 cos^A - 3 cos A [ft]. 


196. To find the tangent of the sum and difference of 
two angles. 

sin (A + B) sin A cos B + cos A sin B , 

Ian (A f B = a « — • — a — ^ “ and 

cos (A + B) cos A cos B-sin A sin B 

187. 

Dividing both numerator and denominator of the last value by 
cos A cos B, and remembering that ^|^=tan, gives 


X / A t»y tan A + tan B 

tan (A + B)=,- iri — b 

' 1 - tan A tan B 

T ( a - ^hi A cos B - cos A sin B 

an ( - ) - (A - B) cos A cos B + sin A sin B * 

dividing as in the last, it becomes 

. . ,,, tan A - tan B 

tan ( A - B) = r- - r— — ^ 

1 + tan A tan B 


Tan (A - B) 



PLANS TRIGONOMETRY 


53 


If in (a) B be made equal to A, we obtain 
2 tan A 


Tan 2 A= 


1 tan'-^A 


... [c]. 


107. Fiom Art. 193 («, 6, <*, d) the following six expressions may 
be easily derived : — 


Sill A + soil H _ 2 sill A + B) cos J( A ~ B) _ tan 4( A B) 
Sill A - sin B 2 cos i( A + B) sin i(A B) ~ tan A - Tlj 
Sin A f sin B _2 sin A f B) co.s \{\- B) 

Cos A } cos B 2 cos i(A+ B) cos ^(A - B) ~ ^ ^ 

Sill A-f-sin B_2 sin 4 (Ah- B) cos ^(A - B) 

Cos B -cos A“2 siiri(A + B)liin'i^(A - 2 (A- B) 

Sin A - sin B _ ^cos A 4- B) sin A - B) 

Cos A -f cos B 2 cos A (- B) cos A - B) ® 

Sill A - sin B 2 cos A( A + B) sin i(A -* B) , , , . 

/< i> i =n" • 1/ * o! i 7 a- = i(A + B) 

Cos B - cos A 2 Min ^(A-hB) sin .^(A- B) ® 

Cos ICi cos A _ 2 cos l( A j- B) co^^( A - B) _ cot ^(A 4- B) 

C.’os B - cos A ~2 sin A -f- B) sin i(A - B) ~tan ^(A Bj 

^cot i(Aj- B) 

tan ^(A h lij 

If in the last three expressions 11=0, they become 


sin A 
1 + cos A 
sin A 
1 - cos A 


= tan ^A, for sin 0=0, and cos 0= 1 
= cot iA 


1 4-C08 A _cot jA 
l-cosA tan JA 


= cot2 iA 


Also by inverting, we havo 

1 - cos A_ taii ^A 
1+cosA cot i^A 


= tan* 4 A 


... [a]. 

... [hi 
... [c]. 

... [r/J. 

... [4 

... [/]. 

... w 

... [A]. 
... [i]. 

... [kl 


198. Again, in the expressions of Art. 193 (n, 6, c), let A =90®, 
and we shall have 

I H .sin B =2 sin (45'' + JB) cos (45® - 4B) 

=2 8111* (45® + 4B) 

1 - sin B =2 cos (45® f 4®^) 

=2 cos* (4,5® + 411) 

cos B = 2 cos (45® + 4B) cos (45® - 4B) 

= 2 cos* 4B- 1 

s ' 


Fne. Mmth. 


... [«]. 
... [hi 
... C4 
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199. If in Art). 194 («) we put 4(A+B) for A, we shall have 
Sin {A4-B)=2 sin 4(A+B) cos 4(A + B); and dividing this by 
each of tlie expressions in Arfc. 193 (a, c, d) successively, 
there results 


Sin (A-f B) _ co3 ^(A-t-B) 
Sin A +sm B cos ^(A - B) 
Sin (A-hB) sin ^(A + B) 
Sin A - sin B ~ sin J( A - B) 
Sin ( A+B ) sin ^(A + B) 
Cos B + cos A cos A - B) 

Sin (A+B ) c o8 4(A-f B) 
Cos B- cos A ~ sin ^(A-B) 


... [a]. 

... [4 

... [cl 

... m 


RELATION BETWEEN THE SIDES AND ANGLES 
OP TRIANGLES 


200. To investigate the relation tliat subsists between the sides 
and the trigonometric^ functions of the angles of 
a plane triangle, 

Let ABC be any plane triangle, having the three 
angles A, B, and C ; calling tl\e sides opposite to 
these angles re.spectively a, by and c. Draw BD=p 
perpendicular to AC. 

From the right-angled triangles ABD and CBD, wo have 
sin A=^/c, and sin ; and dividing the former by the latter, 

f^]_A _p a 
Sin C c ^ p 



Similarly, 


Sin A a , 
sin B“6’ 

that is, 
vSin C c ’ 

the sides are proportional to the sines of the opposite angles. 

. . a sin A 

201. Again, since j =-. — 

’ 6 sin B 


a-h~ 


sin A j^sin B 
sin A -sin B' 


ta n 4(Ad-B) 
tan i(A-B) 


.From the above diagram, we have also 

AD=c cos A, and CD=g cos C ; 
AD-|-CD=J=c cos A+g cos C. 


therefore 
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202. In the same manner, hy drawing perpendiculars on eocli of 
the other sides, we obtain, 

(a^b cos C + c cos B, \ 

i b~a cos C + c cos A, [- ffil 

i=fe cos B-l /i cos A, ) 


Multiplying the first of the above by a, ilie second by b, ami the 
third by o, gives 

ab cos C 4- oc cos B, ) 


{ a*=sub cos C + oc cos B,'j 
b^—nb cos V.^br cos A, [■ 
cos B vbc cos A,i 


Adding the second and third, and subtracting the lirst, gives 
b^ + i^ -it^^^bc cos A ; hence, 

C^>s and siniU ... [r], 

- Cos B= - [(/I, 

2</o *■ ' 

[4 

203. Since 2hc cos A = 6^ + ~ (i^ liy tran.si)osition, 
rt2 -- //2 4. c* - 2bc cos A. 

Similarly, i«-o*-f-c®-2<fc co.s B. [/J, 

and c* ~ -I- 6’** - 2o6 cos 0. 

>\ hence I + cos A = 1 -f — 

{b^-cf~ a ^ _ {a + 6 f c){b + r.~ a)^ 

^ 2bo 2bc 

But since cos 2A=2 cos*A-l, 1+cos 2A = 2 cos'*A, and hence 
1 4 cos A - 2 cos'^ ^ A. Therefore 


2 cos*-* ^A: 


(rt4-6-tc)(6 tc-g) 


O, C0,,iA=4M^)^+^) ... 

204. Put i(a4*6+c)=^, then J(6 + C“rt)=«-rt, J{a + c- 6)=.v- /> ; 
and \-h-c)^s-oi and inserting these values in the above, 
it becomes 

cos* ; similarly, cos* 
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Extracting the square root of each of the above, we have 

205. Again, since cos A= — , subtracting both sides from 1, 


and 


... [a]. 


1-cos A=l- 


5* + c® - rt* __ - (5 - c)® 


2bc 


2bc 


2bc 


(«+6-c)(a+c-5) 

26c 

But 1 - cos A =2 sin® JA ; hence. 


2 sin® iA= 


(a+b - c)(«+c-6) ^ 
26c * 


therefore 


and sin 


sin® Li ^ ~ ^ ^ ~ ^ ~ ~ 

^ be be 

Sin ^A= — ; similarly, siniB=^- 


ac * 


206. Now, since tan ^A= — by dividing the value of 
cos gx\. 

sin JA by that of cos JA, we obtain 


Similarly, 


-M(s-cj 
6 )> ‘ ’ 




... [al 


Extracting the root of the square factor in the denominator of 
each of the last values of the tangent given above, we obtain 
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^^{s-a){s-b){s-c), 

TaniB = ^*j^ 

^\{s-'a){8-b){s-c), 


l\{s-a){s-b){s-c), 


From Art. 194 («) we have sin A=2 sin ^A cos ^A, and by 
204 (rt), cos JA = ! »"<> *'y 205, sin iA = • 

Substituting these values in Art. 194 (nf), 

sin A=2^\;'’ X 2 _ 6,(, . c). 

And from the symmetry of the expression, the sines of the other 
angles may be written ; hence, 





«(s - a)[8 - b)($ - c)i 


8[s - a)[s - b){s - c), 

2 

Sin 0= i.j 
ab\ 

1 4v - a){s - b){s - c), 


- 


207. To find the numerical values of sine, cosine, and 
tangent of 30°. 

Let aJ=sin 30°; then cos W=y/l-x^t but cos 30°= sin 60° 
=2 sin 30 . cos 30°; 

. *. 2a;N/i Vl~^. Divide by 2 VI 
X sin 30°=^, 

- V3 

and cos 30°= VI ~ ~ ^ ~ 2 * 

. sin 30° , 2 1 

Cor.— S ince sin 30°= cos 60°, cos 60°=^; and similarly, we find 
sin 60°=^, and tan 60°= V3* 
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208. Otiiorwise tlins : 

Let, ABC l»c an equilateral triangle, and let HI) he drawn j>er- 
pcndicular to CA ; then BI) bisects CA and 
^ also angle ABC. 

Hence angle A 151) = . SO'". 

Denote Al) by 1, then AB will be 2 and 
-Id (Kiiel. I. 47) BD-\/;5. 

bin 30 -- cos .30 — ^ - o ’ 

209. To And tho numerical values of the sine, cosine, and 
tangent of 45^ 

By Art. 174 (1), sin^ 4.3^ I cos- 4iV=l, but sin 4.V’ = co.s 4.')'' ; 

2 sill- 45"^ 1, and hence sin 4.7 ^^,^~eo.s 45'. 

Whence, tan 4.5 \ x - 1. 

cos 4;> \ *2 1 

Otherwise thus : 

Let AB(/* be a right-angled triangle having A<^ 
-BC; then l 15 = 45". 

Denote AC ainl BC by 1 ; then (Kiicl. 1. 47) 

AB=\/2. 

e- 4-0 AC I BC 1 

bin 4o , cos 45 = . - , 

AB »^/‘2 A 15 

tan 4.5 ” 

KxKin*i.sK.s 



1. Prove that tan A 4- cot A -2 cosec 2 A. 

2. Provo that sec A = 1 4 tan A . tan iA ; and cosec 2A 

1 4-eot‘^A 

2 eot A 

,3. I’rove that cot-A.co.s^A = cot'‘*A co.s*A; and cosec^A . sec^A 
=:sec*^A 4 cosec'-* A. 


. Al 1 . I”** A-ftan B , * ^ i 

4. Prove that - /— ,, = tnii A . tan B; and 

cot A-f-cot B 


cos® A - sin'- 15 
sin®A . siu'®B 


= cot®A . cot®B - 1. 


5. Prove that cos 2.V -f cos 2B = 2 cas ( A -t- B) . cos ( A - 1 5). 

(K Prove that cos (A-i-B).cos (A-B) = cos® A - sin® B; and 
sin (A +15) . sin (A - B) = sin®A -sin^B. 
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7. If A + B4■C=180^ prove (1) that sin A + sin B+sin C - 
4 COM . cos . cos ; (2) that cos A + cos B + cos C- 
4 sin . sin . sin ^C+1; (3) that tan A Ftaii B^■taIl (’ 
= tiin A . tan B . tan C; (4) that cot Afoot B + oot C- 
cot A . cot B . cot C f coscc v\ . coscc B . cosec (\ 

S. Dctennino the value of A in <lo»roeH from tlie followiiijx c(jua- 
tions: (1) Sin A~sin 2A ; (2) tixn 2A---3 tan A; (3) Ian A f 
3 cot A =4 ; (4) 2 sin‘^ 3A f sin’ t)A--2. 

0. In any n^^lit-an;jflc«l lrian‘;lc AIU\ in which (' is the ri^^lit 
an^^le, c the liypotenuse, n tlio sale o|>|)osito llie an/^jlc A, ami h 

n‘^ - //■* 

the side opposite the an^le B, prove (1) that sin (A B) - ; 

0///j tt'~ //■* . .1 , . c - h 

(2) cos (A-B)~“-.j-; (3) tan (A - B) ; (-1) sni-AA-^ ; 

(.*») cos'** ^A'- ; and (0) tan‘^ j 

10. If a line (i) bisect the alible (N»f any triangle, and meet tin* 

lijiso in I) ; tan AI)C=^^ tan Af\ and ^ i<'* 

a -h 0 

U. Trove (1) that tan“(4o -f iA) = (‘-2) (lo’-l-A) . 

sec (43’ -A) ---2 sec 2A ; (3) tan (30" + A) . tan (30' A) 

2 cos2A - I (OOM-A) -HH (CO'-A) ^sin A. 

2 cos 2 A I 1 ' ' 

12. If the sides tt, h, of a trianj^Ie inelmlc aii an^de of 120 , 
show that ; and if they include an an^'le of (10, 


SOLUTION OF TRIANGLES 

210. First, let ABC be a rij^lit anj,ded triaiiKle* 

AVl.en the two sides are given, the liypotennse may be 
by taking the sum of the squares of the sides and 
extracting the square root, 

AVhen the hypotenuse and a si<ie are given, the 
other side may be found by taking Ibo diHerence of 
tlie squares of the liypotenuse ami tlie given side 
ami extracting the square root; or, wh;it eouies to j. 
the same thing, find tlie product of the sum and dif' 
fereiice of the liypoteniibc and the given side, ami extrsu; 
square root. 



:t the 
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211. Case 1. —(liven tlie hypotenuse and a side of a right-angled 
triangle, to find the other parts. 

Example.— Given AC=:415, and AB=249, to iind the other 
parts of triangle ABC. 


1. To find angle A 
. AB 249 - 

(^A=^=jT5=-8, 

therefore, from a table of natural cosines, the value of A= 
63" r 48-4". 


. AC 415 
249 ’ 

therefore L sec A - L 415 - L 249 i- 10 

^2*6180481 -2*.3961993 -no 
10-2218488 
=:LHec53 7 48-4'. 


2. To and BC 

; therefore BC = AB tan A ; 
AH 

therefore L B(' = L AB + L tan A - 10 

.-L249 i Ltaii5.3"7 48-4" -10 
“2-3961993 1- 10 1249388 - 10 
-2-.521 1,381 
= L 232. 


3. To and angle C 

0=90" - A - 53" r 48-4"=36" 52' 11 •6\ 

But BC may he found, independently of any of the angles, thus, 
BC*=AC»- AB^=415«-249*=172225 - 62001 = 110224, 
and BC=\/110224=.332. 

Or BC>=(AC + AB) (AC - AB)=(416+249) 

(415 - 249) =664 x 166= 1 10224, 
and BC= VI 10224 = 332. 

This latter method is well adapted to logarithmic calculation ; 
thus, 

L(AC + AB)6fi4 = 2-8221681 

L (AC - AB) 166 = 2-2201081 

L BC* = 5 -0422762 

hence (I. T.*), L BC 332, . . . = 2-5211381 

* 1. T. refers to the Introduction to the ilathemtical Tables. 
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212. Case 2. — Given a side and one of the oblique angles 
Example. — In the nght angle<l triangle AIIC, given 
the hypotenuse AC 324 feet, and angle A 48^ 17', to 
find the other parts. 

1. To find angle C 
C=1K)' -A=9(r 48" 17' 

=4r 4.r. 



2. To find BC 

^^ = sin A ; therefore lU'- A(" sin A 

- 324 sill 48” 17' ; 

therefore L IIC L 324 n-L sin 48 ' 17'- 10 
-=2 r)1054r>0 i 9-8729976-10 
=2 3835426 
= L 241-848. 


therefore 


AB 

AC 


3. To find AB 

= coH A ; therefore AB - A(’ eos A 

V 324 cos 48 17' j 
LAB-L. 324+ Loos 48’ 17' U) 

- 2 -510,1450 + 9 -8231 138 - 10 


2,3336588 
- L 215 -605. 


'riiese sides may also he found by natural sines, independently 
of logarithms ; tlms, 


1. To find BC 


^J-^ = .sin A; therefore BC = A sin A 


.324 sin 48" 17' 
= 324 / -746446 
: 241-848. 


2. To And AB 
AB 

^ .s=cos A; therefore AB=AC cos A 
AC 


= 3-24 cos 48" 17' 
= .324/ (>654475 
=216-605. 
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Kxkucihks 

1. Til a rigiit an^led triAnj^le, tlie hypotenuHe is 1246, and one 

of tlie oblique unifies 25' 30'; find tlie other ai);(lo and the two 
Hides. . . . . . ;=G4“ 30', 5.36’416S, and 1124 021. 

2. The hypotenuse is 645, and an oblique aii'^de 30“ 10' ; find the 

other sides. ...... -500 070, and 407*368. 

3. In a trian;.de li^dit-nu^'led at 11, given the side All 125, and 
angle A 51“ 10', to iind the other parts. 

C-^38’4r, IK':-- 1.56*1 ISO, A(:= 1090040. 

4. In a right-angled triangle AllC, having a right angle at 11, 
the side All is 180, and angle A 62" 40', lind other parts. 

(*=27' 20', AC = 302 0147, lUV-348*2464. 

5. In a right-anghsl triangle AIKJ, given the hypotenuse A(.J 045, 
and the base vMl .5(M) ; required the other ])arts. 

11(:= 107*450, .angle A=30' 10' 38", and .angle C r.50 40' 22". 

0. (liven the hase ainl hypotenuse 288 and 480, to lind the other 
parts. 

'rho per|icndieular=384, and the oblique angles =.53“ T 48", 
and 36“ 52' 12". 

7. 'I’lie two sides about the right angle of a riglit-angled triajigl(; 
are 360 and 270; required the h}qmteiiuse and tlie oblique angles. 

=400, 36“ .52' 12", and 53 7' 48". 

8. What arc the hypotenuse and oblique angles in a right auglcd 
triangle, of Avhieh the two sides are ,'180 and 467 ? 

=607*70, 30' 47' 37", and .50' 12' 23". 

0. (liven the luisc=,5,30, the perpendicular -670, to find the hypo- 
tenuse aiul the acute augles. =854*284, 51' .*10' 16", 38“ 20' 44". 

COMPUTATION OF THE SIDES AND ANGLES OP 
OBLIQUE-ANGLED TRIANGLES 

213. Cask 1. AVhen two angles and a side opposite to one of 
them arc given. 

1UJLK.--The sides arc proportional to the sines of the opposite 
angles. Ileiiee, 

To find a side, begin with an angle— namely, the angle opj) 0 . 
site to the given side; thus, the sine of the angle opposite to the 
given side is to the .sine of the angle opposite to the required side 
as the given side to the required side. 
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When two angles of a triangle are known, the third 
is found by subtracting their siun from two right 
angles. 

Lot tlie three angles of any (lianglc Iks re|>rosented by the lettci-s 
A, II, C, ivwl the siiles op)msite to these angles rospeetively hy the 
letters a, 6, c; ainl let A, 11, ami n he given, to llml the other 
parts. 


1. To And angrle O 

C=-1S0 ( A 4 II). 

2. To find the aide h or AO 

Sin A : sin II a : h. 

II V iiaiiiral sineH, o— . . * 

* sin A 

lly logarithms, \ih~\ia t L sin 11 L sin A. 

lly the same means, the side v ean he haiml. 'I’lie two pieeeiliiig 
formnlje can ho adojitetl for timlingr, hy merely »‘lianging h into e, 
ami 11 into (.' ; thus, 

. . . 1 '' ^i'‘ 1’ 

sin A : sin ( -o : e, ami C- . , > 

sin A 

or f f. sin (• L sin A ; 

also Le - L eosec A + L sin (’ } Lo 20, 

wliieli is the most eonveniciit formula for ealenlating this e.oso. 

Kx AM rue. — In the triangle AIK’, there are given angle 
A-G.T 48', angle 11=49!'’ 25', ami IK - -275. 

1. To And angle C 
C=180‘’~(A 4 II) - 
180° - (G.r 48' I 40° ‘i*")') 

180° ll.r 13'- t)0'47'. 

2. To And the side A 
Sin A : sin 11= !K’ : Af’ = 

I. cosco A 63° 48', .... 

L sin 15 40° 25', .... 

L lie 275, 

LAC 232 7665, .... 



r: 10 0470825 

0*8805052 
2*4303327 

= 2.36139204 
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3. To find AB 

Sin A : sin C = BC ; AB=a ; c. 

L cosec A 63M8', . . . . = 10 0470825 

L sin 66** 47' = 9 9633253 

LBC275, = 2-4393327 

L AB 281()7, = 2-4497405 

214. Cask 2 — Wlien two sides and an angle opijosite to one of 
them are given. 

liULE.~Tlie sides are proportional to the sines of the opposite 
angles. Hence, 

To find an angle, begin with a side— namely, the side opposite 
to the given angle ; thus, the side opposite to the given angle is to 
the side opposite to the required angle as the sine of the given 
angle to the sine of the required angle. 

When two of the angles are known, the third is found 
by subtracting their sum from two right angles. 

Let n, bj and A be given, to tind the other parts. 


To find angle B 
a : 6=.sin A : sin B, 

and by natural sines, sin B= 

a 


By logarithms, L sin B = L sin A + hb - La, 
or L sin B= ar. co. La + Lfe + L sin A - 10, 

which is the m(»t convenient formula for calculating this case. 


Example.— In the triangle ABC are given the .sides AB and BC 



345 and 232 feet, and angle A 37*’ 20'. 

In this case, when the side opposite to 
the given angle is greater than the other 
given side, only one triangle can be formed; 
but when less, there can be two con* 
structed. 


1. In the triangle ABC. 


or 


1. To find angle G 
BC : AB=sin A : sin C, 
a : <?=8in A : sin C. 
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Ar. CO. L BC 232, - 7 *6343120 

LAB .345, 2*53781111 

Lain A 37® 20', 9*78279r)S 

L sin C 64" 24' 1", . . . . = 9 0551269 

2. To find angrlo B 

B=180“-(A + C) = 180“-I01' 44' l'' = 78‘’ IS' 59", 

3. To ilnd the side AC 
Sin A : sill H = BC : A(\ 
or sin A : sin B=« ; b. 

L cosec A .37® 20', . . . , = 10 ‘21 72042 

L sin B 78® 15' 59", . . . . 9 1^8287 

LBC232, = 2*3654880 

L AC 374*559, = 2*5735209 

2. In the triangle ABC'. 

The first proportion aiiove gave angle C, hut it gives also angle 
C' in triangle ABC', observing that, instead of the angle 64" 24' 1", 
its siippleincnt must be taken ; for angle AC'H is the suppleinent 
of BC'C, whicli is equal to C. Hence angle C' = 180 - 64" 24' 1" 
= 115" 35' 59". 

Then angle ABC'=180-(A + C') = 180"- 152" 55' 59"=27® 4' 1". 

The last proportion will then give A(V, if for angle ABC 
78" 16' 59" the angle ABC' 27® 4' 1" is substituted. The student 
will find, by making this substitution, that AC' = 174 0738. 

Kxeucises. 

1. In a triangle ABC are given the angles A ainl C 59" and 52 ' 15', 
and also the side AB 276*5, to find its other imrts. 

AC = .325*918.3, BC = 299-7469. and Angle B = 68" 4.5'. 

2. In a triangle ABC, the angles A and B are respectively .54' 20' 

and 62" .36', and the side AB is 245 ; re<jniie<l the other i)arts of the 
triangle. AC = 24.3 978, BC = 22.3 26, and angle C = 63" 4'. 

3. In a triangle ABC, the angles A and B arc = ,56' 6' 13" ami 

59" 50' 27", and the side AB is=1.3() ; required the remaining parts 
of the triangle. Angle C = 64" .3' 20", AC = 125, and BC= 120. 

4. In a triangle ABC are given the side AH = 142*02, A<J= KH, 
and angle B = 44" 12'. 

BC = 1,3.3*639 or 69*992, and angle C = 72" 10' .5.5", or 107" 49' 5". 

5. In a triangle ABC are given the side AB=466, AC = 780, and 
angle B = 125" 40' ; required the other parts. 

Angle C=28" 21' 23", A=25" 58' 37", and BC=420*629. 
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6. Ill A triangle ABC are given AB=520, BCe394| and the 
angle 20' ; required the other parts. 

A =43’ 4' 23", B=72“ 35' 37", and AC=650 507. 

215. Cask 3.--(.iiven two sides and the contained angle. 

Let tlie given sides bo a and 5, and C tlio given contained 
angle. 

I To And the sum of the angles opposite to the given 
sides, or A+B. 

Ki;r.K.--'J'ho sum of the angles opposite to the given sides is 
found by subtracting t he given angle from two right angles. 

Ur, A4*B = 180’-C. and i(A + B)=90’-iC. 

2. To find the angles opposite to the given sides, or 
A and B. 

Bulk. —The smu of the two sides is to their ditference as the 
tangent of half the sum of the angles at the base to the tangent of 
half their dlfleirnce. 

Or <1 + A : a - i = tan J( A -f B) : tan J( A - B). 

By natttial sines, tan A - B) « ^ 

and hy logarithms, 

L tan i(A- B) = L tan i(A f-B) + L(r<-/>)- L(rt + ft), 
or L tan |( A - B)aar. eo. L(o + 6) + L(o ~ fj) + L tan i(A + B) - 10. 

When A - B is thus found, Iheti 

Half the dilFerenco of tl>e two angles, addeil to half their 
sum, gives the greater; and taken from half the sum, gives 
the less. 

Or ^ A=i(A4B)+J(A-B), 

and B=J(A + B)-J(A-B). 

216. When only the third shle C is wantal, it can be found by 
the formula 

. 008 0 * 

When 0 is ohtuse, the upper sign + is to he used ; and when C is 
aoute, the lower sign - is to l)e taken. 

The natural cosine of C is of course to be used. The third term 
of the value of may be found by iogaritbnis ; thus, let it = M,... 
then L « L« + hb + L cos C - 10. 

Examplk.— O f a triangle ABC, given the sides AC, BC re- 
spectively « 170 and 133« and the contained angle C«73’. 
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1. To find the angles A and B 

The side AC being greater tlian BC, angle B opiK)sito to the 
former exceeds angle A opposite t^) the latter; 
also A + B=:180'*-C = 180“-73"=107", ami ^(A-f B) 

= 53" 30'. 

And AC -h BC : AC - RC = tan A + B) *. tan i(B - A), 
or 6 + « : ft - rt = tan 4(B + A) ; tan i( B ~ A ). 

Ar. CO. L (AC f BC) .309, . ... ^ 7-5100415 

L (AC - B(^) 4.3, . . . = 1*()33I0S5 

L tan i(A -f- B) 53" 30', . . ^ 10-1.30791 1 



L tan i(B- A) 10" 30' 3" . . = 9 ‘2743()ll 

Hence, angle B = 04" 0' 3" 

.1 A ^42 50 57 


2. To find AB 
Sill B : sill (? = AC : AB. 


h cosec B 04" 9' 3 ', 
L sin C 73®, 

L AC 170, . 


10-<1457840 
0 '9805903 
2 -2155 127 


L AB 187-022, 


2-2718930 


Wlion the tliir<l side AB only is wanted, it may he foiiml thus 
AB- -=BC^ 4- A(;» - 2BC . AC . cos 0, 
or r* =5 o'* 4- ft'* “ 2<ift . cos (5 = 133* 4 170'* - 2 x 133 x 170 x cos 73 - 
17689430y70-40SlOx -2923717 ^48005-1308707=-34977-3.3, and 
\/34977-.3.3 = 187 022. 

The sign - is used above Ixjcause C is acute. 


KXKHOfSKH 

1. In a triangle ABC, given AB ami BC respectively *=180 and 
200, and angle B = 69*, to find the olhrr j>ai'ts. 

Angle A = .59" 52' 45", 0 = 51 7' 15", ami AC=2ir)-804. 

2. 'Two sides of a triangle are respectively = 240 and 18t), and 
the con taineil angle is =2.5' 40'; required the other angles and the 
third side. 

Tlie angles are = 109" 15' 30" and 46" 4' 30", and the third 
8ide = 110*ll4. 

3. Two sides of a triangle are respectively = 3754 ami .T22G-4, 
and the contained angle =58" 63'; required the other angles, and 
the third sida 

The angles =68" 1 1' 8" and 52" 55' 62" ; third side = 3461 *75. 
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4. Two sides of a triangle are respectively =375 *4 and 327*763, 
and tlm contained angle =57** 53* ; required the other parts. 

Tlio third 8ide=342-818, and the angle8=68* 2' 35" and 54"4'25". 

217. Case 4.— When the three sides of a triangle are given. 

This case may l)e solved by any of the following five rules ; — 

Rule I.— Draw a perpendicular from one of the angles uimn 
the opposite side, or this side produced ; tlien— calling this side 
the base— twice the base is to the sum of the two .sides as the 
iliderence of these sides to the distance of the perpendicular 
from thC' middle of tlie base ; then the sum of half the base 
and this distance is = the greater segment, and their difference 
is = the less. 

The given triangle is thus divided by the perpendicular into two 
right-angled triangles, in each of which two sides are known ; and 
hence the angles at the base can be found, and consequently the 
third angle. 

Rule If. —From half the sum of the three sides subtract each 
of the sides containing the required angle ; then add together the 
logarithms of the two remaindei's, and the arithmetical comple* 
tuents of the logarithms of these two sides, and half the sum is 
the logarithmic sine of half the required angle. 

Let C be the required angle, and 5=i(a + 5 + c) ; 

then, by natural sines, sin^i C= 
and by logarithms, 

2LsiniC = L(« - a) -f L(« - 5) -f (10 - La) -f ( 10 - L5). 

Rule HI.— From half the sum of the three sides subtract the 
side opposite to the required angle ; then add together the loga- 
rithms of the half sum and of this difference, and the arithmetical 
complements of the logarithms of the other two sides, and half the 
sum is the logarithmic cosine of half the required angle. 

By natural sines, cos* J logarithms, 

2LcosiC = L j? + L(« - c) -f ( 10 - La) -f ( 10 - L6). 

Rule IV.— From half the sum of the three sides subtract each 
side separately; then subtract the logarithm of the half sum 
from 20, and under the result write the logarithms of the three 
remainder; half t.he sum of these will be a constant, from 
which, if the logarithms of the three remainders be successively 
subtracted, the new remainders will be the logarithmic tangents 
of half the angles of the triangle. 
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By natural tangeiiiai tnn^ 

Rule V. — The angle may also he found by the formula, 
c«sC= 2., A • 

This method is gimple when the sides are small numl>ers ; when 
c* is less tlian a* +6*, angle C is acute ; but when gi eater, this angle 
is obtuse. When + angle C is a right angle. 

The proof of these rules is given in the articles ‘201-205. 

The .second method ought not to be u.se«l when the angle is a 
large obtu.se angle, for then ^ C will l>o nearly a (piadrant, and the 
sines of angles near 90' vary slowly, and the seconds will not Im 
accurately obtaiiie<l. For a .similar rea.son, the third method ought 
not to bo used when is very small. When all the angles are 
required, the fourth method is much more 
expeditious than any of the others. 

Kxamplk. — I n the triangle AH(J there 
are given the three .sides AH, HC, and A(' 
respectively = 150, 130, and 140, to lind the 
angles. 

Hy Hulk I 

1. To find the difference of the segments AD, DB 
2 AH : A(' + CB = AC - ( H : 1)E. 

30():270-rlO:9=I)K; and 
A1) = A AHh I)K = 7r> f 9 = H4 
HD = i AH I)i: = 75 9 = 06. 

2. To find angle A 
AD H4 ^ 

Air 140^ 

therefore L cos A = 10 + L 84 - L 1 40 

= 11 •924*2793 2 14G1280 
= 9-7781513 
= L cos 5.3^ 7' 48". 



Cos A = 


3. To find angle B 

therefore L cos B = 10 + 66 - L 1 30 

= 1 1 -81954.39 - 2i 1.39434 
= 9*70.56005 
= L cos 59“ 29' 2.3". 

Vnc. MaUi. F 
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4. To find angle ACB 

A CB = 1 80 - ( A + B) = 180 - 1 12* 37' 1 1" = 07* 22' 49". 

Bv Kitlk II 

Tlii« rule may lie used exactly os tlie followinj;, taking {s-a) and 
(« ~ b) instead of 8 and (« *• c), ami sin ^ C for cos ^ C. 

By Kuu: III 
To find angle C 

«=i(r( + Hc):=:i(130f 140 ^-l^)0)^ix 420 ^210, 
j-(;=:210- 150^00. 

L«210, = 2 3222193 


L(s-c)60, .... 

= 1 ’7781.313 

10-Lr«130, .... 

= 7 ’8860566 

10 -li/j 140 

= 7-8538720 


2jl9’8402992 

L cos i C .33’ 41' 24"’2 . . 

= 9’920r490 

2 


48~'’4 


By Bale IV. all iho angles may ke 

found, ami heing 

together, when the work is correct, their 

sum will he =180". 

By Kur.E IV 


ft -1.30 


6 = 140 


c=1.70 


2.v=420 


5=210, and 20-L.y = 

17 ’6777807 

s-n- 80 B(5-o) = 

1-9030900 

s~b~ 70 L(5“6) = 

1-84.30980 

s-c z= 60 Ii(.? - c) = 

’7781513 


2)23-2041200 

(constant = 

iy’C020600 


Tan ^ .33' 54 *2" =9 ’6989700 {coni. - L(.v-n)}. 

Tan ill =29 44 41 ’6 =9’7669620{cont. -L(5- 6)}. 
Tan i C =33 41 24-2 = 9-8239087 jcont. - L(s- c)}. 


Hence A= 53“ 7'48’4" 

B= 69“ 29' 23 -2" 

C= 67“ 22' 48-4"; and adding 

A+B+C= 180 ^ ^ 
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By Rule V.,...Nat. cos O 


+ 1302 + 1402 - ir»0* 

^th “ 2 X 130 X 140 


36500-22500 14000 5 

~ 2x 130 X 140 “2x KWx 140 13 


•3846154 --=iiat. cos 07“ 22' 48 " -5. 


When the ftiOes nre small numlx'rs, as in (he present example, 
this iiK^thod is very expeditions. The aii^^le C heiiij^ fonml, A ami 
B may l)e similarly calenlate<l by these foriniihe, 

Wc 


cos A ~ 


, ami cos B 


ExKunsKH 

1. The three sides of a triaii^de AH, U(\ A(' are -100, SO, and 
60; find (he an"les. A - 53" 7' 4S", H -36’ 5*2 12", ami (’ (KV. 

2. 'riie. three sides of a (rian'^le AB, AC', lU' are = 457, 368, and 
325 j limi the angles. 

A = 44“ 48' 15", B = r>‘2“ 55' 56". an.l (V82’ 15' 40". 

3. 'Fho three sides of a triangle are AB-562, BC = 320, and 
AC = 8lX)j required the angles. 

A = 18" 21' 24", B 128" 3' 41) ', C- 33" 34' 47". 


PROMISCUOUS EXERCISES IN TRIGONOMETRY 

1. Ciiven the hyj)otenusc of a right-angled triangle 774, and one 
of the ohli({ne angles -57" 8' ; to find the other parts. 

'J’he other acute angle is=:3*2® 52', and the other two sides 
ai e = 42( i O.SO an d 65< » * 1 1 . 

2. (liven one of the sides about the right angle of a tri.'ingle 
= 2450, and the o])j)osite angle -44' 26' ; to fiml the j)ther parts. 

'Fhe other aciite angle is --4.5" 34', and the other siiles are 
- 2505 ()68 and 3508 1 76. 

3. (liven the hypotenuse and another sidc-.3604’5 and 29.35*2; 
to find the other parts. 

The angles are = 3.5° 28' 48" *8 and .54° .31' 11*2", and the other 
aide is = 2092-1.3. 

4. (iiven the two sides .about the right angle = 1200 and 19.50; to 
find the other parts. 

The angles are =57“ 7' 53" and 32“ 52' 7", and the hypotenuse 
is = 2321 *66. 

5. Given two angles, A and C, of a triangle = 32° 42' and 28° 58', 
and the aide AC = 6.364; to find the other parts. 

The angle B i« = 118° 20', the aide AB=3501*57, and BC 
18=3906*02. 
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6. The 8ide8 AB, BC of a triangle are =: 1000 and 1200, and angle 
A 18 = 36 ® 50' ; required the other partf*. 

Angle B i8=lhT 11' 41", angle C=29® 68' 19"; and the side 
AC is= 1839-909. 

7. Tiie two sides AC, BC of a triangle are =281*67 and 275, and 
angle C 18=49'' 25' ; requiretl the other parts. 

Angles A and B are = 63® 48' and 66® 47', and the side BC 
i8= 232*7665. 

8. The three sides of a triangle are =133, 176, and 187-022; 
required the angles. 

The angles are =73®. 64® O' 3", and 42® 50' 57". 


MENSURATION OF HEIGHTS AND DISTANCES 

218. For the measurement of lines, some line of a de- 
terminate leiigtli is assumed — as an inch, a foot, a yard, t^e. 
The assumed line is called the lineal unit. The number 
of lineal units contained in a line is its measure or numerical 
value. 

The heights and distances of objects are represented by 
lines, and are therefore expressed in terms of some lineal 
unit. 

The measure of any height or distance might bo ascertained 
by applying the lineal unit to its length, were it possible to 
reach it ; but many heights and distances arc of such a 
nature that their measures can be obtained only by the 
application of the principles of trigonometry. 

219. Heights and distances are said to be accessible or 
inaccessible according as it is possible or not to reach the 
base of tlie perpendiculars that measure the heights, or accord- 
ing as the distance between two objects can be directly measured 
or not. 

220. A vertical line is the direction of the plumb-line. 

221. A vertical plane is a plane passing through a vertical 
line. 

222. A horizontal plane is perpendicular to a vertical line. 
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223. A horisontal line is one in a liorizontal plane. 

224. An oblique plane is one that in neither vertical nor 
horizontal. 

225. A vertical angle is an angle in a vertical plane. 

226. A horizontal angle is an angle in a horizontal plane. 

227. An inclined angle is an angle in an ohliquo plane. 

228. An angle of elevation of one point above another is 
the vertical angle forinetl hy a line joining the two points and a 
horizontal line pas.Ming through the latter 

An angle of elevation is also called an angle of altitude. 

229. An angle of depression of one point below another 

is the vertical angle contained hy a line joining the two poinU 
and a horizontal line passing through the latter point. 

2.30. The angular distance lietween two ohj<‘c,ts at any jmint is 
the angle fornie<l at that point hy two lines <)rawn from it t(» the 
objects ; this angle is therefore the angle of a triangle opposite to 
the line joining the objects. 

Horizontal nrnl vertical angles can he measnred most conveni* 
ently by means of the Theodolite; for an account and engraving 
of which, see Lani)-.s!’RVKYIN«. 

When niiich accuracy is not required, vertical angles can bo 
measured by means of a quadrant of sim])le construction, repre- 
sented in the a<ljoining lignre. The arc AH is a quadrant, 
gratliiated into degrees from H to A ; C, the point from which the 
pluininct P is suspended, 
being the centre of the 
qua<lrant. 

When the sights A, C 
are directed towards any 
object, S, the degrees in 
the arc Hl^ are the measure 
of the angle of elevation 
S.VD of the object. For 
AD being a horizontal line, 
and SD (supposing S ami 
D joined) a verlical line, 
and therefore CP parallel 
to SD, the angle A(’P = ASD; now HCP is the eomplcnicnt of 
ACP, and SAD of ASD; therefore angle SAD = HCP, which ia 
measured hy the arc HP. 
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231. Problem I.— To compute the height of an accessible 
object. 

Let the olijcct wliose licyit is required be a tower JIC. 

Measure a horizontal line AB from tlie base of the object to any 
^ convenient distance A, and thcfi measure 
the angle of elevation of the top of the 
object at A. 

Then if Al) denote the height of the 
eye, the angle CDK is the given angle, 
DK being jiarallel to AB. Hence, in the 
triangle DEC, the side DE=AB, and 
angle D are given ; therefore CE can be fonml by 180. 

Examplk.— U equired the hciglitof tlie tower BC, having given 
the horizontal line DE-120 feet, the angle of elevation CDE 
=39'" 49', and the height of the eye =5 feet 2 inches. 



therefore 


To find CE in triangle CDS 
CK 

j^-g=lanD, 

CE=DE tan D. 


Tan D 39" 49', . 
DE 120, . . 


CE 100 039, 
Height of eye =_ 5 ■ 1 00 
M tower- 105 '205 


9*9209898 

2*0791812 

12*0001710 

W 

2*0001710 


Exercises 

1. The breadth of a ditcli in front of a tower is =48 feet; and 
from the outer edge of the ditch the angle of elevation of the top 
of the tower is =53" 13' ; what is the height of the tower? 

= 64 *20184 feet. 

2. Required the height of an accessible building, the angle of 

elevation of its top being=4r 4' .34" at a point = 101 *76 feet distant 
from it, the height of the eye being =5 feet . . =93*696 feet. 

3. At the top of a .ship’s mast =120 feet high, the angle of de- 

pression of another ship’s hull was= 15“ 45' ; what is the distance 
between the ships ? =425*49 feet. 

4. Required the height of a tower, a horizontal base of 245 feet 
being measured, and the angle of elevation being =35“ 24^ 

=174*112 feet 
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232. Problem IL — To compute an inaccessible height, 
when a liorizontal line in the same level with its base, 
and in the same vertical plane with its top, can be 
found. 

Let the object whose height is wanted i>e a hill, CDK, such that 
the foot D of the vertical line CD that iiieasurea its altitude is 
inaccessible. 

Measure a horizontal base 
AB, and the angles of elevation 
of tiio top C at A and B— namely, 
a and m. 

Ill the triangle ABC angle C = m-n (Kucl. I. 3‘i), and is hence 
known. Then to find BC in the same triangle, sin C : sin a- 

AB : BC ; thus BC is found to be . Again, to find Cl) 

sin 

in the triangle BCD : 

CD 

m\ therefore CD=BC sin m. 

DC 



Hence, using the value of BC, 


AB sin n sin m . . . r. 

CDs: — -~AB sin n sin in cosec C , 

"‘I C 


CDs: 


sill i 

AB win n . sin in 
K sin C 


Cl)= AB sin n . sin m . cosec C ; 


. L . CD = L . AB + L sin n + L . sin m + L cosec (/n *- n) - 30. 

Since C = (m-n) ; 30 has to be subtracted, because each of 

the logarithmic tvigoiioinetritjal fuiictious is 10 greater than the 
logarithm of the natural function. 

Examtlk. — From the base of a hill a horizontal line of 384 feet 
was measured in a direction from the hill, and such that the line 
and the top of the hill were in one vertical plane, the angles of 
elevation of the top of tlio hill, taken at two statioiis at the 
extremities of this base-line, were =40“* 12' and 50' 42' ; required 
the height of tlie hill. 

Hero C = m - 50* 42' - 40* 12' = 10* 30'. 


LAB 384, . 

L sin n 40® 12*, 

L sin m 50* 42', 

L cosec (m - n) 10® 30', . 


2-5843312 

9-8098()78 

9-8886513 

10*7393670 


L . CD, . 


3-0222173 


CD =1052-488. 
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The two proiwrtions may alao be wrought separately. 

In tlie following exercises the base-line is measured as in the 
almve example 

Exercises 

1. In order to find the height of a hill, a base-line was measured 

= 130 feet, and the angles of elevation of the top of the bill, 
measured at the extremities of the base, were =31“ and 46“ ; 
required its height. =186 089 feet. 

2. Required tlie height of an inaccessible tower on the opposite 

side of a river, the length of the bitse l)eing=170 feet, ami the 
angles of elevation at its extremities =32“ and 58“ ; the height of 
tlie eye being = 5 feet =1 79-276 feet. 

3. Required the height of a hill from these measurements : AR 

= 1356, angle ni=36“ 50', and m= 25“ 36'. . . = 1803 06 feet. 


233. Problem III. —To measure tue height of an object 
situated on an inaccessible height, when a horizontal base 



can be measured in the same 
vertical plane with the top 
of the objedj. 

Let EC l)e the object situated 
on the hill ET), AB the horizon- 
tal ba.se; measure the angles of 


elevation CBI), EBI) of the t<q) and bottom of the lower at 


B; then metusure at A, the angle of elevation of the top of the 


tower C. 


Find BC in the triangle ABC thus:~Anglc C = CBI)-A, and 
sin C : sin A= AB : BC. Then find EC in triangle BCE thus 
Angle BEC = D+EBD=90“+EB1), and angle ' b=CBD-EBD, 
then sin BEC : sin CBE=BC : CE. 


Example.— Required the height of a fort CE, sitiiated on the 
top of a hill, the angles of elevation of the top of the hill and the 
top of the fort at B being=48“ 20' and 61“ 25'; at A, the elevation 
of the top of the fort, being =,38“ 19' ; and the base AB=.360 feet. 


1. To find BC in triangle ABC 

C = CBD- A=61“ 25'-38“ 19'=23“ 6'. 

L cosec C 23“ 6', . . . . = 10-4063406 

L sin A 38“ 19', . . . . = 9 7923968 

L AB 360, 2-5563025 

. L BC, 


2-7550399 
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2. To find CE in triangrle BCE 
E = 90“ + EBD = 90 V 48“ 20' - 1 38" 20\ 
B = CBD - DBE=6l“ 25' - 48“ 20' = 13’ 5'. 


L cosec E 138“ 20' (41“ 40'), . 
L sill B 13“ 5', 

L BC 


10 1773117 
9-3548150 
2-7550399 


L CE, 2-2871006 

('K- 193-7165. 

Tliese two calculations may also he easily cimihineO into one hy 
coiiii>oiin(lin^ the two proportioii.s from which they ari.se. 


Exekcisks 

1. Kind the heir'll t of a tower on the t/op of a hill from these 
measurements : — 'riio an;(le.s of elevation of the top of the hill, and 
the top of the tower at the nearer station, are -dt)’ and 51 ' ; at the 
farther station, the auj^le of elevation of the top of the towi'r is 

-33’ 45', and the horizontal base = 240 feet. . . - Ill 9978, 

2. In order to determine the hei»,dit of a li^^hthon.se, situated 
on the top of an inacce.ssihlc eminence, the following jlata were 
ohtaiiie<l A hase-line = 3G8 feet, the an^^les of (devation at the 
nearer station of the lop and hottom of the lij;ht house - 36' 24', 
and 24“ 36', and the anj^le of elevation of the top of the light- 
house at the farther station = 16“ 40' ; what was its hei|;ht? 

= 70-304 feet. 

234. Problem IV.— To calculate the height of an object 
standing on an inclined plane. 

Let CD he the object, and AC 
the inclined plane. 

Mea.snre a base AB on the jdaiie, 
ami the angles of elevation DBK, 

DA hi of the top of the steeple, 
taken at the extremities of the base, 
and also the angle of inclination t 
of the plane with the horizon. 

To find the angles n, r, and v 
m - DBF - f, n - DAE - 1, and r = m - n ; 
also v=F-f t=90“ + f. 

To find BD in triangle ABD, sin rrsin 7 i = AB:BD; and to 
find CD hv triangle BCD, sin v : sin wi = BD : CD. 
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Example.— Required the heigiit of tlie steeple CD, situated on 
the inclined plane AC, from these ineasurenients:— AB=112, the 
angles of elevation at A and B=;44° 25' and 63'’ 40', and the 
inclinatioii of the plane = 15'’ 20'. 

To find angles m, u, /*, and v 

?/i = l)BK -t=6:r40' 1;V20'= 4S" 20'. 

?t = D A E - i = 4r 25' - hV 20' = 20’ 5'. 
r=iii -^a_-48"20' ‘iO" 5'= 15'. 

u = 90'’ f i - 90“ ^ 15“ 20' = 105“ 20'. 

To find BD To find CD 

L cosec r 19“ 15', = 10'4818934 E cosec v 105“ 20', =10*0157411 

L sin n 29“ 5', . = 9*6807088 h sin m 48“ 20', = 9*8733352 

LAB 112, . = 2*0492180 L BI) 165*12, . = 2*2178202 

L BD . 106*12, . =! 2*2178202 L CD, . . = 2*1068965 

.*. CD = 127*9077. 

Exercise 

Required the height of an object standing on an inclined plane 
from tliese data AB= 124 feet, angle DBF =68“ 20', DAE =40“ 30'* 
and the inclination of the plnue=i4“ 10'. . . =129*068 feet. 


235. Problem V.— To find the height of an inaccessible 
object, when only one station can be taken on the same 
horizontal plane with its base, and a base-line on an 
inclined plane, and in the same vertical plane with 
its top; and also to find the distances of the stations 
from the object. 


Let DE be the inaccessible object; A, the station in a horizontal 



plane wiih D; AB, the 
acclivity. 

Measure a base AB in 
the same vertical plane 
with DE ; and BP being 
a horizontal line, measure 
the angles of depression 
FBA, FBD, and FBE. 


' Then in triangle ABD, angle D=FBD (End. I. 29), and angle 


B = FBA - FBD, and A = 180“ - ABF ; for ABF = BAC. Again, in 


triangle BDE, B = FBD -FBE, and E = F + FBE = 90“+FBE. 
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Hence, in trianj^le ABU, fiml BU from mIii U:»iii A=rAB:BI); 
then in triangle BUK, tiiul UK from sin K : sin B ^ BU : 1)15. 

If the distance of A from U wore re«iuirod, it could also 1 k^ found 
from sin U : sin B = AB ; AU. 

Example. — In order to lind the lioiglit of a tower on llie other 
side of a river, a Imso of 204 feet was ineasnred up an acclivity from 
a station on tlio same horizontal plane with the hottom of the 
object, and at the upper station the angles of depreHsioii (»f the 
first station, and of the bottom ami top of the (»hject, were~ l7’ *2', 
17^ 52', and 11® 40'; recpiired the height of the tower, ami the 
distance of the two stations from its botlotu. 

In triangle AUB, angle U = FBU= 17" 52', and B - KBA - FBI) . 
47" 42'- 17® 52' = 29® 50', and A=:180' ABF r ISO* 47" 42' i:t2* 

18'. And in triangle BU15, angle B~ FBI) FB15- 17® 52' - U® 40' 
=6® 12', and E = F + FBE=:90® + ir 40'-10r 40'. 

1. To find BD in triangle ABD 


Ij coscc I) 1 7“ 0*2' 


10-5131405 

Lsiii A 132“ 18'(47M2'), . 

=s 

9-86901.52 

L AU 204 

= 

2:3096.302 

BD 491-797, 


2-69178.59 

2. To find DB In trlanerla DBB 
L cosec E 101“ 40' (78“ •20'), . 

100090662 

L sin B 6' 12', .... 

— 

9-0:3.31212 

LBU 491*797, .... 


2-6917859 

UE 54*2342, 


1 -7342733 

3. To find AD in triangle 
L cosec I) 17® 52', .... 

Ads 

1O-.5I31405 

L sill B 29® 50', .... 


9 G96774.5 

L AB 204, 


2 -.3096.302 

AU 3:30*7846, .... 


2.5195452 


Exercise 

Kequired the height of an inaccessible object from ineasu remen t« 
similar to those in the above example, and also the distance of the 
lower station from the object, the angles of depression of the first 
station, and of the bottom and top of the object, taken from the 
upper station, heing=42®, 27 % and 19®, and the dlsU-nce between 
the stations - 165 yards. 

The height =35*796, and distance =94*066 yards. 
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236. Problem VI.— To measure an inaccessible height 
when a horizontal base can be obtained, but not in the 
same vertical plane with the top of the object. 

Let DC, tile altitude of a hill, l)e the inaccessible height, and 
AD the hoiizuiital base. 


Measure the ba.se AD and the 
angle of elevation of the top 0 of 
the hill at the station A ; let AB, 
DB be horizontal to the vertical 
line CB ; and measure the horizon- 
tal angles ADB and DAB with the 
theodolite, as well as the vertical 
angle GAB. 

In the triangle ADB the angles at A and I) are known, and the 
side AD; hence angle B = 180“ -(A + D), and AB is found by the 
proportion .sin B:sin 1)=AD:AB. Then in the triangle ABC, 

BO 

having the right angle B, BC is found from ^|j=tan A. 



Using the value fouml for AB, we obtain 
Al) sin D tan A 

iJu = — 15 ; 

sin B 

hence L . BC = L . A B -h L sin D + L tan A + L cosec B - 30. 


Example.— Uequi red the height of a hill from these measure- 
ments :-A I) =1284, angle ADB=74'’ 15', DAB=85“ 40', and 
angle BAG =25*' 56'. 

In triangle ADB 

Angle B = 180V(A + D) = 180"- 65'=20" 6'. 


L AB 1284, . 

L cosec B 20® 5', 
L sin D 74° 15', 

L tan A 25° 56', 

To find BO 

= 3T085650 
= 10-4642168 
= 9-98.33805 
= 9-6868981 

L BC, . . 

BC= 175009. 

= 3-2430604 


Exercises 



1. In order to find the height of a mountain, a base of 1648 feet 
was measured in a valley, and at the station at one of its ex- 
tremities, the angle of elevation of the top of the hill was found to 
bo =32'* 25'; and the horizontal angle at it, formed by the base, 
and a horizontal line drawm from this station to the vertical line 
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from the top of the hill, wa8=78“ 16^ also tho horizontal anglo, 
Biinilarly formed at the other station, 12'; what is the 

height of the liill ? .... Tlie altitude is™ 2S00 t):i feet. 

2. Find the Iieight of a mountain lU- from these meitsme. 
menu In the horizontal triangle AHI), tho hjme .\l)=124r> 
feet, angle A = 74'’ 12', I>=:84‘‘ 20', and the angle of elevation 
CAB— 2.5 45'. ...... Heiglit— 1{W2'02 feet. 

If the base AD (bust ligure) were not horizontal, and if .\K is a 
horizontal line, and DE a vertical one, the angle of acclivity D.VK 
could be measured, and the base AD ; and then tlie hori/ontal base 
AE could 1)6 found thus: AE = AI) cos DAE; then the bjise AK 
is known, and the horizontal angle measured at 1), as formerly 
descril)ed, is -to the horizontal angle contained by AE, and a 
horizontal line from E to a point in (’B. Considering, therefore, 
AE as the base, the height of the hill couhl be found exactly as 
before. 


2.17. Problem VII.— To measure a distance inaccessible at 
one extremity. 

Let AD be the inaccessible <listance 
l)etween two objects at A ami 1), on 
opposite sides of a river. 

Measure a base AB, and the angles 
A and B at its extremities. 

Angle D = 180® - ( A + B) ; and AD is 
hmnd by the proportion 

Sin I): sin B = AB; AD. 

Example.— R equired the ilistance between a tree and a wind- 
mill on the other side of a river, a base of 1 140 feet l>eing mcasuicd 
from the tree to another station; the angular «listance of the tree 
and windmill, measured at the latter station, being - 4.T; ami the 
angular distance of the windmill ami second stplion, measured at 
the tree, being =60®. 

Angle D = 1 80® - ( A + B) = 1 80® - 1 03® = IT. 



To find AD 

L cosec D 77", 

L sin B 43® 

LAB 1140, 

AD 797-929 


100112761 

9«,3.178.1.1 

.10.')69049 

2*9019643 
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Exercises 

1. Having taken two Htation» on the side of a river, and 

nicaHiired a hasc l)et\vccn them of 440 yards, and also the angles 
at the stations forinc<l by the base and lines drawn from the 
stations to a house on the other side of a river, which were 
= 73“ 16' and 68“ 2'j what are the distances of the stations from 
the house? = 673 624 and 662-4 yards. 

2. A line was measured on the side of a lake of 600 yards, and 

the angles at its extremities conttiined by it ami lines drawn to 
A castle on the other side of tlie lake M'ere = 70' 23' and 64“ 22'; 
what is the distance of the castle from the extremities of the 
base? =680-323 and 662 57 yards. 

238. Problem VIIL To find the distance between two 
objects that are either invisible from each other or inac> 
cessible in a straight line. 

Let A and C be the two objects, 
® inaccessilde in a straight line from each 
other on account of a marsh. 

Measure two lines All, BO to the 
objects and the contained angle B. 

In the triangle ABC, two .sidas AB, BC, and tlic contained angle 
B, are known ; hence AC may be found. 

Example,— Given the two lines AB, BC, 662 and 320, and the 
contained angle B 128“ 4', to iiiid A(J, 



1. To find the angles at A and 0 


A ^ C--180“- 128“ 4'=5r 66'. 


Ar. 00 . L (AB + ]iC) S8 l', 

7-064.6.314 

L(AB-Jir)242, 

2-3838164 

Tdii J(A + C)2.r58', . 

= . 9-6876402 

TanJ(A~C) 7” 30’ 40’’, . 

9-1258870 

Angles C= ,3.3“ .34' 40" 

.1 A= 18 21 20 



2. To find AC 
L cosec C 3,3“ 34' 40", . 

L sin B 128“ 4', . 

I 4 AB 662, 

AC 800-008 


= 10-2572213 

= 9-8961.369 

= 2-7497,36.3 

= 2-9030946 
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Exercises 

1. Find tlie distance lietween two objects llmt are invisible from 

each otlior, having given their distances from a station at wldcli 
they are vi8ible = 882 and 1008 yards, ami the angle at this station, 
subtended by the distance of the objects--.')")* 40'. =8S9’4r) yards. 

2. The distance of a given station from two objecU sitiiaied at 
opposite sides of a hill are =564 and 468 fathoms, ami the angle 
at the station, subtended by their distance, is=64'’ 28'; wluit is 
their distance? ..... Distance -556 :104 fathoms. 

239. Problem IX.— To find the distance between two 
inaccessible objects. 

Let M and K be the two objects 
on the opposite side of a river from 
tbe observer. 

iVft'asure a base A 15 ; and at 
each station measure the angular 
distances between ibe other station 
and the two objects — namely, the 
angles BAK, 15 AM, AH.M, and 
AliK. 

Then in the triangle AHK, angle K - 180'’- (A -til), and the side 
All is known ; hence liml AK tliiis : sin K : sin 11 :AI1 : AK. 

Again, in triangle AM 11, angle M -iso - (A H 11), and A.M is 
found by the proportion sin M : sin 11 =AJ1 : AM. 

Hence, in triangle AMK, the two sides AM, AK are known, and 
the contained angle A = BAM - BA K ; t licrcfoi t* K ^ A M : A K A M 
= iaii i(M + K) ; tan ^(M'^K) ; and M being thus foumi, each 
of the angles M and K can then he found. Hence .MK will now l»e 
foumi in triangle AMK by tbe jirojmrtion sin K : sin A - AM : MK. 

Ex AMPLE. —Ueqniretl tbe distance between the two ob jects M 
and K in the preceding figure from tiie following ilata: — 

BAK = 64* 25', A]1M = 56° 15', BAM-- 101 25'. AHK - 106“ 2.3', and 
tbe base All = 520 yards. 

In triangle ABK, angle K^ISO'’ {A-l-B) = 180“- 170“ 4H' = 9” l^T. 

In triangleABM, angle M = 180 “ -(A + 11) = 180“- 160“ 40'- 19 20'. 

And in triangle AMK, angle A=Bv\M-BAK --=40“. 

1, To find AK In triangle ABK 
L cosec K 9“ 12', . . . = 10*7962026 

L sin B 106* 2.3' (73“ 37'), . . = 9 0819979 

L AB 520, =- 2’71fk)03 3 

LAK 3120*3.1 = 3*4942038 
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2. To find AM In triangle AMB 

L cosec M ir iW, 

= 10-4800888 

L sin B 58“ 15', . . . 

9-9198464 

L AB 520 

2-7160033 

LAMISOS-OS, . . . 

3-1159385 

3. To find the angles M and K in triangle AMK 

M+K = 180“-A = 180 

"-40^.140'. 

Ar. CO. MAK + A.M) 442(i';i3, . 

6-;i539563 

L(AK-AM) I814-.37, . . 

3-2587259 

L Un J(M + K) 70", 

= 10-4.389341 

Tihi i(M -K)48"2.r48", . 

= 10-a516163 

Hence K= 21“ 36' 12" 


4. To find MK in triangle AMK 

I, eosec K 21" 36' 12", . 

= 10-4339415 

I. sin A 40°, 

9-8080675 

li AM 1.305-98, . . . 

3-1159385 

L MK 2280-06, . 

3-3579475 

It is eviilent that if tlie sitles MB, BK luul been found in8teA<l 
of MA, AK, the distance MK could have l>een found in a similar 

manner in the triangle MBK. 


Exercises 


1. Fiml the distance Iwtwcen two 
example, from those measurements : - 

objects situated as in last 

BAK =58" 20', 

ABM = 5.r 30', 

BAM =95" 20', 

ABK =98" 45', and 

the base AB =875 yards ; 

li 

2. Find the distance iKjtween the two oldects M and K from 

these (lata:— 


In trlontrle MAB, 

In triangle KAB, 

A =120" 40', 

> 

II 

B = 4.5° 30', 

B =98° 1.5', 

AB = 1248 feet: 

. MK=. 3581 -2 feet. 

Problem X.— To find the distance between two objects, 
having given the angles formed at each of them by lines 
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drawn to the other, and to two given stations, the distance 
between which is also given. 

Lot C an<l n 1)0 the two objects, anti A and 11 the two stations 
whieli may be invisible from each other. 

Metustire the aii;(les at C ainl 1), formed by lines joining them 
with the two stations, and with each 
other. 

The an;'lc.s at and D are known, 
and were the distance CD known. All 
could be found by calculation by the 
liLst problem. Cl), howevm*, is un- 
known : itssnme it equal to some 
number, as lOtK), and compute by the 
j)rece<liii;' problem tlu‘ value of All 
on this supposition; then the lenj^dh of C’l) will be found by 
ibis proportion— t lie computed value of All is to its real value 
as the assumed value of <M) to its real value. 

Tlie distance Inutween A and II, .suppoHin;^ ('D -DJCO, can ho 
lirst found hy means of l*rol). IX. 



EXKWTSES 

1. Hequired the distance between the two objects (1 and 1) 
from these measurements; — 

Angle ACIl .'Mr 1;V .r, ADll^LT^ V .T, 

IlCI) r 40", ADC -:i0” 2' 0", 

All =1410'4; .-.CD r:2080'HS. 


2. Fiinl the di.stance l)etween the objects V. and D from tlm 
following measurements ; — 


In triangle ACD, 
C ^=110 ’ 60', 

D - ;18'45', 
All-- 1540; 


In triangle BCD, 

c 4:c:io', 

D ---115 21', 

*. CD-60C78. 


tMi. Problem XI.— To find the distance between two 
inaccessible objects, so situated that a base cannot be 
obtained from the extremities of which both objects are 
visible, but which are both visible from one point. 

Let A and 11 \ye the two objects, and C the point from whicIi 
both are visible. 

Pne MaOi 


G 
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Measure two bases DC, CE, and the anjjles at their ex- 
trejuities. 

In triangle ADC, angle A=180"- (C + D) ; hence find AC 
thus sin A : sin 1) = CD : CA. In the triangle BCE, find 
BC in a similar manner. Then in the triangle ABC are given 
AC, CB, and angle C ; lienee 
find the angles at A and B by 
AC + CB : AC - CB = Ian i(A +B) : 
tan i(A^B); then find A and B; 
and AB is found thus: — sin A: 
sin C = B(v : AB. 

After finding AC and CB in 
triangle ABC, AB jiiay also be 
found indei»eudently of the angles 
A and B, for AB^^ ACHCBH2AB. BC . cos C. 

E.KAM1‘LJ<:.--Find the distance between the two objects A and 
B, and their tlislances from C, from these measurements 



In triangle ADC, 
CD =456 links, 
C =44’’20', 

D =87^5G', 
ACB=88"50'. 


In triangle BCE, 
CE=r)‘i4, 

C =50^*24', 

E =8^40', 


1. In triangle ADC, 

A=180"-(C l-D)=180"-132" 16'=47'’ 44'. 


To find AC 

L cosec A 47° 44', . 

L sin D 87° 56', . 

L Cl) 456, .... 


10 1307551 
9-9907174 
2-GrxS9648 


L AC 615*797, 


2*7804373 


2 . In triangle BCE, 

B = 180"-(C + E) = 180°- 140° 4'=39° 56'. 


To find BC 

L cosec B 39° 56', . 

L sin E 89“ 40', 

L CE 524 


= 10*1925354 
= 9-9999927 
= 2*719,3313 


L BC 816*318, 


2*9118594 
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3. To find AB in trlanerle ABO 
By Art. 189. AH* - AC* j- CB* - 2AC . B(^ . ciw C. 

L AC*:=:‘2L AC, . . ^ 5*.’>7SS:4G -L. *1:9206 

LBC*=2LB(\ . . ^ 5-82871SS CtMMWTr) 

()-30lo:i(K) 
rr70l2067 
8:i0S704I 
10- 

4 :n 11208 •20470*14 

Horico AB*, . . . ™ 10‘2;-»U0\S6 

Ana AB~ V192.J110-86 1012*48. 

KxKm'iSKS 

1. Kind the (Hstanoe of the two inncceRftihle ohject.« A and B, 
/uid their aistunces from the Mtatioii (-\ from IheHo data : -~ 

In triangle ADC, In triangle BCE, 

(’I) 424, CK 040, 

C =::40^ 10', C -m‘ 

I) 8:)*’2.v, K ^ 84 :io', 

A(*B 89 *20'; 

AB =1120*1, AC --019*685, and BC = 0)05*08. 

2. Ueqnired the distance of the two inaccessilde ohjccts, A and 
B, from thcjii* data : — 

In triangle ADC, In triangle BCE, 

C = 40" *20', C . 30" ‘25', 

1) =112 40', K -IIS' 15', 

CD =1*250, CK 1480, 

and angle ACB= 108' 24' ; . * . AB = 4650*92. 

242. Problem XlI.-^Qiven the distances between three 
objects, and the angles subtended by them at a station, 
to find the relative position of the station, and its dis- 
tance firom the objects. 

Cask 1.— When the ntation is out of the triangle formed by 
linc^H joining the given objects, and' tbc middle object is bcyon<I 
the line joining the other two. 

Let A, B, C 1)6 the three objects, E the station, and w, 7i the 
given angles. 


Hence AC* J BC*, . 

L ‘2 

L AC. BC-L AC + LBC, 
L cos C 88' r)!)', 
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Describe the triangle ABC with the given distances, and make 
the angles m', n' respectively equal to the given angles m, n. Then, 
througli ABD, describe a circle ABE ; draw CD, and produce it 
to E, and tliis point will be the station. Draw AE and BE. 



In triangle ACB the there sides are given ; 
hence angle A can be found. 

In triangle ADB the angles and AB are 
given ; hence AD can be found. 

In triangle ADC, AC and AD are given, 
and angle A=CAB - DAB ; lienee angle v can 
be found. 

In triangle ACE the angles and AC are 
known ; hence AE and CE can be found ; 
tlien in triangle ABE the sides AB, AE and 


the angles are known ; and hence BE can be found. 


Exami'LE.— L et the distances AB, BC, and CA be respectively 
= 1727, 1793, and 1540, and the angles subtended at the station E 
by BC and AB respectively =25" 40' and 53° 24'; what is the 
distance between the station and each of the objects ? 

Angle w=25" 40', and ?»=63" 24' -25" 40'=27“ 44'. 


1. To find angle A in triangle ABC 
rt = 1793, 5 = 1540, c=1727, a=2530. 


L a 25;») 

3-4031205 

L(«-«)737, . . . 

2-8674675 

10-L4 1540, . . . 

6-8124793 

10-Lcl727. . . . 

6-7627077 


2)19-8457750 

LcogJASS- 8' 33", . 

9-9228875 


.•.A=6(i"17' 6" 


2. To find AD in triangle ADB 
Angle D = 180-(w'+w') = 180"-53" 24'=126" 36'. 

L cosec D 126" 36', . . . = 10 0953832 

L sin B 27" 44', .... - 9 6677863 

LAB 1727, = 3-2372923 

L AD 1001-06, 


3-0004618 
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3. To find angle C In triangle ADC 
r = A - = 66M 7 6" ~ ‘25 40' ^ 40" 37' C 

(’ f I) -- 180" r^- 139' 22' 54". 


CO. L(A(’ + AI))2.T4I 0«, . 

= 6-59498.50 


2 73E5404 

I, t«ii J((,; + I>)(i9 -tt'aT ", . 

10-4316890 

L tan 4(0 0) 29“ 4S' ns", . 

9-7.582144 

c=:i9' r>‘>' 29 " 


4. To find AE and CE in triangle ACE 

L cosec wt 27 44', 

10.3.322137 

sin e 39' .52' 2i)", 

9'S(Mi93.33 

L AC 1540, . . . . 

31 875207 

EAE 212162, . . . . 

.3;i266677 

Angle A = 180 -* {m + r)~ 180" - 67" 

36' ‘29" ^112 *23' 31". 

L cosec HI *27" 44', 

10-;i;i221.37 

Esin A 112 23' 31", . 

9-9659537 

E AC 1540, . . . . 

3-1875*207 

E CE .3059-76, . . . . 

3-4Kr»6HHl 

5. To find BE in triangle ABE 

Angle A- (WE (AH - 112 23' 31 " 

-66 17' 6" 46 6' 2i 

E cospc E 53' 24', 

H)-09538.3‘2 

E sill A 46' 6' 25", 

9 '8577 155 

E AH 17*27 

3 2.372!1‘23 

E HE E5.50 21, . . . . 

= 31?K)3910 


TIm» «UhUiicos, tlieiefore, are AE -212102, (’E - .'{059 *76, aii<l 
in: - 155021. 

Exkkcisk 

A, II, anil ( ’ are three conj^pienoiiM ohjeeU in three townn. 'The 
distance of A from l‘A5‘6 furloiif^s, II from C ~ l.*I0'4, and C fnmi 
A- 112 fiirlon^fs; and at a station E, the distances AH and AC 
subtend an^^les =48" 58' and 25" 52' ; recjuired the distances of the 
station from the three ohj<fcts. 

AE-=165-357, IIE=123-25, and CE = 234-462 furlongs. 

Cask 2. — When the station is outside the triangle, and the 
middle object is on the same side of the line joining the other two. 
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Let the middle object C 1)e l)etween the ntation £ and the lino 
AH ; then the pointe E and D will ho both outside the triangle 
AHC, and on opposite sides of it, and the solution will be analogous 
to that of the first case.* 

Exerci.se 

Let the distances of the objects l>e AH = 106, AC = 65 ‘.I, and 
HC=53“25, angle HEC=?i = 13'' 30', and AEC = ?a 29'’ 50'; what 
are the distance.s of E from A, H, and C? 

= 131*06, 151*428, and 107 ‘42. 

Case 3.— When the station i.s inside tlie triangle. 

Let 1) be the station, then the angles ADC, HDC being given, 
their supplements ADE, HDE are also given. 

Make angles ABE, HAE respectively = ADE and HDE; then 
describe a circle about AHE ; dnaw CE, and it will cut the circle 
in the station D. 

If the station 1) is now marked E, and E is change<l to D, the 
method describe<l in the preceding case is exactly applicable to 
this; excepting that now angle CAD = C AH + DAH, and angle 
CAE = 180’ - (ACE + AE(^), and angle HAE = CAH CAE. 

Exercise 

The distances between three objects, taken in order, are H(^ = 
.5340, AC=6920, and AB=4180 feet; and the angles, subtended by 
these distances at a point inside the triangle formed by them, are 
respectively HEC = 128“ 40', AEC=140\ and AKH=9r 20'; what 
are the distances of the objects from the station ? 

AE = 3r>77*l, CE = 3786*2, and BE = 2080. 


Additional Exercises in Mensuration of Heights and 
Distances 

1. From the bottom of a tower a horizontal line w'as measured 
=2.30 links, and at its extremity the angle of elevation of the top 
of the tower was=4,3'’ 30' ; requiretl its height? . =218*262 links. 

2. At a horizontal distance of 170 feet from the bottom of a 

steeple, the angle of elevation of its top was =.52^ 30'; what Wti-s 
the height of the steeple? =221*548 feet. 

3. Find the height of a precipice, its angle of elevation at two 
stations in a hoi-izontal line with its base, and in the same vertical 
plane with its top, bciiig=39‘’ 30' and .34" 1.5', and the ilistance 
lietween the stations =145 feet. .... =.567*293 feet. 


The student may draw a diagram to enable him to understand this case. 
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4 . In oriler t4> finci the hoij>;ht of a steople, ineaBiirementA were 
taken aa in the preciMiiii^ example ; the ha<»o wjia-lK) feet, ainl tlie 
anglen of elevation were -‘28* 34' ami 50** 9' ; reqnireil it« height, 
ami the <H«taiice of the nearer Ktation from it. 

Height-89 H1K feet, ami iHstanre -74'tM)00. 

5. From the top of a tower I.‘W)*5 feet high, the angle of 

<lcprc»hion of the ro<»t of a tree at a distanco i>n the same plane 
was : *2*2 ' 40' ; what wa.s tlie distanoe <»f the tree from the hottom 
of the tower? . . - 3*2()-848 feet. 

t>. From the suiiiinit of a hill, 360 f»‘et high ahove a plain, the 
angles of depression of the t4»p ami Isgtom of Ji lower stamling 
on the wune plain wore-~4r ami 54* : rerpiired tlie height of the 
t4>wer ^ - 13*2 ‘63 feet. 

7. From the summit of a lighthouse 85 feet high, standing fui a 
io<‘k, the angle of depression of a ship waa ~3* 38', and at the 
iMittom of the lightliouse tlie angle of depression wasr=*2' 43' ; find 
the horizontal distance of the vessel ami the height of the najk. 

=T,5‘2tMH7 anil ‘251*311) feet. 

8. In onler to find the ilistance hetwecii two ohjeets, A and 11, 

and their distanees from a station the following meJV*nrementM 
were taken, as in l*roh. XI. — namely, (^1) -200 yards, (!K = *200 
yards, angle ACI) = 89*, AI)<’==53^:iO', n(;Kr:=r>4':K>', -88’ 30', 

and At’ll -7*2* 31/ : what are the distances? 

AU-3.76 H6, *264 ‘096, and HC ''33*2 ‘214 yards. 

9. The distances lietween three ohjeets, A, II, (!>, are known 
namely, AH- 1*2 miles, UC = 7 ‘2 miles, and A(^-8 miles; and at a 
station hetweeii A and H, in the line joining them, from which 
the three ohjeets were visihle, the distann* A(’ suhlended an 
angle of 107' 56'; reipiired the distances of this station from the 
three ohjeets. . HI) -6*9984, I)A--5*001C, and IH.’ f*S908 miles. 

10. Three con.spicnous objects. A, H, C, whos<? distances are 
AH -9, Hf' 6, and A(! =1‘2 miles, were observed from a Htatioii 
I), from whieli H appeared to he the middle object, and lay la^yond 

^the line joining \ and at this station the distances AH, lU- 
snhtondeil respeetively angles of 33' 45' and 22' 30' ; what is the 
distance of the station from the ohjeets? 

AI> =10'6ti3, HI> -15*041, and d) ^ 14*Olf)7 miles. 

11. From the top of a mountain I ohservo two milestones on the 

level ground in a straight line from one another, and I find their 
angles of dcprc'^sioii to he 5* and 15* respectively. Determine the 
height of the mountain. .-2*28*61 yards. 

12. The cone of di«*|>ersif>n of a shrapnel-shell hursling 100 yaids 
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short of an object is found to he 30^ Wlmt is the front covered ? 
Neglect height of hurst above horizontal plane. . =53‘72 yards. 

13. A castle is situated on tlie top of a hill whose angle of in- 
clination to the horizon is 30° ; the angle subtended by the castle 
to the foot of the hill is found to be 15°, and on ascending 485 feet 
up the hill the castle is found to subtend an angle of 30°. Find the 
height of the castle, and the distance of its base from the foot of 
the hill. 

Height of castle =280*02 feet. Distance of its base from foot 
of hill = 705 01 feet. 

14. A and 11 are two stations on a hillside ; the inclination of the 
hill to the horizon is .30°; the distance between A and B is 500 
yards. C is the summit of another hill in the same horizontal 
plane ns A an<l B, and on a level with A ; but at B its elevation 
above the horizon is 15°. Find the distance between A and C. 

= 1366 025 yards. 

15. A man standing at a certain station on a straight sea-wall 
oljserves that the straight lines drawn from that station to two 
boats lying at anchor are each inclined at 4.5° to the direction of 
the wall, and when he walks 400 yards along the wall to another 
station he finds that the former angles of inclination are changed 
to 15° and 75° respectively. Find the distance between the boats, 
and the perpendicular distance of each from the sea-wall. 

= 156*4 yards ; 5.56*4 yards. 

16. Tf the r.atio of two sides of a triangle is 2-f ft^^d the 

included angle is 60°, find the other angles. . =105° and 15°. 


MENSURATION OF SURFACES 

243. The length and breadth of a surface are called its 
dimensions. 

The dimensions of a surface arc straight lines, and are 
therefore measured by some lineal unit — as an inch, a foot, a 
yard (Art. 218). 

244. The unit of measure of surfaces, called the unit of 
superficial measure, or the superficial unit, is the square 
of the lineal unit. 

Thus, if an inch is the lineal unit, a square inch— that is 
(Art. 44), a square whoso sides are each one inch— is the 
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superficial unit; when the HiumiI unit is a font, the super- 
licial unit is a sijuare foot ; so if the former unit is a yanl, 
the latter unit is a scpiare yanl. 

245. The quantity of surface of a figure is called its area 
or superficial content, and is the number of superficial units 
it contains. 

If a surface is —20 square feet —that is, 20 times a Sfj\iai*o 
whose side is olie foot — its content is -- 20 scpiare feet. The 
superlicial content of any plane figure is not immediately 
found, however, by applying to it the superficial unit ; as, for 
instance*, a sejuaro foot, in the way that a lint*, is measured hy 
directly applying to it the lineal unit; for this method would 
he very tedious, ancl incapahle of mu(4i accuracy ; hut the 
content can be computed by ccutaiu rules, given in the f<»llow- 
ing problems, with the greatest precision, when the dimensions 
of the jigure are accurately known. 

240. It is necessary to make a distinction between some 
expressions relating to superficial measure that on first con- 
sideration appear to be e(juivalent. Thus, 2 square inches and 
2 inches scpiare arc very dilferent ; for the former expression 
can mc^au only one scpiarc3 inch taken twice, whercjis the 
latter means a sc[uare dc*seribed on a lino 2 inches long, so 
that its sides are each 2 inches, and its content, as will bo 
found by rrobleiu IV., is 4 square inches. 8o 10 scpiare 
inclms are very diflerent from 10 ineh(‘s scjiiare, which, 
according to the same proldem, contains 100 square inclujs. 

247. Problem I.— To find the area of a rectangle when 
its length and breadth are given. 

lii'LE. — Multiply the base by the perpendicular height, and the 
prmluct is the area. 

Let yK- the area, />=:the base, and A = tlie lieigiit ; 
then JR - bh, or L/K = Lb H- IJt. 

lh‘nce and 

h h 

if CE is a rectangle, and M the lineal unit -as, for example, 
a foot— and if the base CD contains M 4 times, and the side DK 
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contaiiiH it 3 timcn, tlio number of Hqiiares d&scrilted on M tliat are 
contained in CK \h just =4 x 3 = 12 flquare feet. 

g For, by laying ofl* parts on CD, DE equal to 
M, and drawing tbrough tbc points of division 

lines parallcd to the sides of tbo figure, it will 

evidently be diviiled into 3 rows of squares, each 
containing 4 squares; that is, 3x4 = 12 squares 
— . or square feet. 

If tlic side CD containeil 4^ inches, and DE 
3 inches, it would similarly bo found that the number of square 
inches in the figure would bc=4^ x 3= !| x 3= 13A square inches; 
or 4*5x3 = 1.3*5 square inches; and whatever is the length of the 
sides, the area is found always in the same manner. 


ExamiUiKS. — 1. How many square inches are in a leaf of paper 
which is= 10 inches long and 0^ broad ? 

vU ~l)h. = 10 X G-i = 65 square inches. 

2. How many square feet are there in a table which is =10 feet 
5 inches long and 3 fe(*t 8 inches broad ? 

b - 10 ft. 5 in. = 10, '■’.2 ft, and 4 = 3 ft 8 in. =31i ft 
X .3/1 :• X -V-= =38*194 sq. feet 

=.38 s<j. feet 28 sq. inches. 

For *19.1x144 = 28. 

Or /j = 125 inches, an<l 4=44 inches. 

i'll = 64 = 1 25 X 44 = 5500 sq. in. =-Y4V=38 sq. ft 28 sq. in. 

3. Find the numher of square yards in the ceiling of a room 
whicli is = 24 feet 9 inches long and 15 feet 6 indies hroad. 

6 =24 ft. 9 in. =24*75, and 4 = 15 ft 6 in. = 15*5. 
vTl = 64 = 24 *75 X 15*5 = 383*625 sq. ft. =.383 sq. ft. 90 sq. in. 

= 42 sq. yd. 5 sq. ft 90 sq. in. 

Or L.ll = L6 fL4 = L 24*75 + Ii 15*5 = 1-.3935752 + 1*1903317 

= 2*5839069; .*. ^11=383*625 sq. ft=383sq. ft 90 sq. in. 

4. Ecqnired the area of a rectangular field whose length is = 24*5 
chains and breadth = 8*5 chains. 

.11 = 64=24*5 X 8 *5 =208 *25 sq. chains = 20 *825 acres 
=20 acres 3 romls 12 sq. poles. 

Or ^11=2450 x 850 sq. links = 2082500 sq. linlvs = 20*825 ac. ; for 10 
square chains or 100,000 square links make one acre. 


Exercises 

1. Requireil tlic numher of square inches in a sheet of paper 
which is =20 inches long and 15 inches hroad. =300 square inches. 
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2. How many square feet arc in a rcctanj^ular table, the Icnj'th 
of which i9= 10 feet 6 indies and breadth = 4 feet 3 inches ? 

= 44 square feet (X) square iiicbes. 

3. Required the number of square feet in a rectanjjfular Iniard 
whoso leiij^tli is = 12 feet 6 indies ami brcatlth=9 indies. 

= 9’37<’> square feet. 

4. What is the number of square feet in a piece of carpeting 
=- 14 feet 6 indies long ami 4 feet 9 indies broad ? 

~GS s<iuare feet 120 square inches. 

o. How many square yards of painting are (here in tlie ceiling 
of ji room whoso length is — 24 feet and brea<ltli = l.“> b*et (» inches? 

= 41 square yanls 3 square feet. 

0. Required the iiuinbcr of square yards in a floor 10], yards 
long and 10^ yanls broad. .... = 1(>S 3 square yanls. 

7. Find the area of a rectangle = 27 feet 3 inches long and 1 foot 
G inches broad. . . . =40 square feet 12(5 square inches. 

5. Find the number of Sipiare yanls in a rectangular piece of 
greund - 1G2 feet 3 inches long and 32 feet 5 inches broad. 

= 584 square yards .3 square feet 87 sejnaro indies. 

9. What is the number of square yards of painting in the side 
ami en<l walls of a room, the circumference of the room being = 103 
feet 2 indies and height - 10 feet? 

= 114 square yards 5 square feet 96 square indies. 

10. Find the area of a rectangular field whose length is =33*4 

chains and hrea<lth = 7’5 diaitis. . =25 acres S s<|iiare poles. 

11. How' many acres are in a rectangular field, the length of 
which is = 2750 links and breadth = 190 links? 

= 5 acres .36 square poles. 

24S. Problem II. To find the area of a rectangle when 
the base and diagonal are given. 

Hulk. Find the other side (Art. 1S2), and then find the area by 
last problem. 

Ret the diagonal AI') = rf ; 
t hen h ~ ' \!{iP - or h — \J(d + - h). 

Then Al - hh = h\J{d f h){d - h) ; 

or L.R == \M i- L{d^- b) j- L{d - b)}. 

Example. -Find the area of a rectangle ivliose base and 
diagonal are respectively' = 100 ami 125 feet. 

h = - //^) = - 100'^) - V(loh25 - lOTHX)) 

= >/'W25=75, 

and vR = 6/t = 100 x 75 = 7500 sq. feet = 833 sq. yanls 3 sq. feet. 
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Or hM^Lb + iiiUd-hb) + Ud - b)} 

= L. 100 + i{L 225 + L 25} =2 + i(2*3r)21825 + 1*3979400) 

= 2 + ix3*7501225 = 3*8750612 = L 7500. 

Hence /R=7500 sq. feet =833 sq. yards 3 sq. feet. 

Exkrcisks 

1. Find the area of a rectan^^le whose base and diagonal are 

respectively = 21 and .35 feet =588 s<piare feet. 

2. How many acres are contained in a rectangle whose diagonal 
is =320 yards and base = 240 yards? 

= 10 acres 1 rood 39*28 square poles. 

3. Find the area of a rectangular field whose base and diagonal 

are = 480 and 720 links. . =2 acres 2 roods 12152 square poles. 

249. Problem IIL— To find the area of a rectangle when 
a side, or the diagonal, and the inclination of the diagonal 
and a side are given. 

Uui.K. — Find the other side or the other two sides by Art. 180, 
and then find the area by Vroh. I. 

Let angle l)AIl = v (fig. to Proh. II.), and let the other symbols 
remain as before. 

1. To find h when b and v are given. 

Taking natural tangents ((^haiiihens’s Math. Tables, Art. 29), 

1 : tan e=5 : A, and 4 = 6 tan v ; 

then M-bh-lt^ tan v [1], 

or Li1t=2L6 fL tan n- 10 [2]. 

2. To find b and h when ^/aiid v are given. 

By iiiitiiral sines, b = d cos and h — d sin v ; 

tlien M = bh = sin v . cos 'V=lfP sin 2o (Art. 204, a) ... [3], 

or L2.R=2Lfn Lsin2/>-10 [4]. 

Use the formula [1] or [2j when b and v are given, and [3] or 
[4] when d and v are given. 

Examples. — 1. Find the area of a rectangle, the base of which 
is 36 feet, and the inclination of the base and diagonal =32“ 25'. 

By [1], .R = 6- tan /? = .362 tan .32“ 25' = .362 x *6,350274 
= 1296x •6.35(J274 = 822*99 .m sq. feet. 

Or by [2], L.,R=2L6 -f-L tan o - 10=2L 36 t- L tan 32“ 25' - 10 
= 3*1126050 + 9*8027925-10 = 2*915.3975 ; 
hence At = 822 *995 sq. feet. 

2. Fi»id the area of a rectangular field, the diagonal of which is 
=475 links, and it.s inclination to the longer side = 36“ 4.5'. 
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Here ^=475, and 45', or 2y=7.r 30'. 

By [3], ^ = sin 2o==^x475‘^x -OoSSlO? 

= ix225625x*9588197 = 1081C6-85 sq. links. 

Or L 2ifl.=2L</ + L sin 2o- 10 =5 *3533872 + 9 98 17370 - 10 
= 5 *3.351242 = L 21G334 ; 

And = 108167 sq. links^l ac. 13 sq. polos. 

Exkucises 

1. Wliat is the area of a rectangle, the base of which is -14-4 
yards, and the inclintation of the base and diagonal =35° 40'? 

= 148 82 .s»iuare yards. 

2. Find the number of acres in a rectangular litdd, its diagonal 
being = 470 links, and its inclination to the longer side - 42° 45'. 

= 1 ueie 16*17 square poles. 

250. Problem IV.— To find the area of a square when the 
side of it is given. 

Hulk. — The square of the side is the area, or twice the logaritinu 
t)f the side is the logarithm of the area. 

I^et ^ = a side of a square, 

llieii i5l = .s‘-*, or LyH = 2L.v. 

Examples. — 1. Required the area of a square whose sitle is 
- 25 feet 

iR=«2_25»=:625 sq. feet. 

2. What is the area of a square whose sole is = 425 links? 
iR=«2_425'^= 180625 .sq. liiik.s=l ac. 3 ro. 9 s<|. poles. 

Or L^K=2Ls = 5*2567778 = L 180625. 


Exercises 

1. What is the area of a square, the side of which is=ll feet 
6 inches? ....... A rea = 132.1 square feet. 

2. What is the number of square yards in «*i square wliose sitle 
is = 16 feet 8 inches ? 

= 30 square yards 7 square feet 1 12 square iiiclies. 

3. How many square yards are contained in a sf|uarc, the side of 

which is = 31 feet? . . . =106 square yards 7 square feet. 

4. What is the area of a square whose siile is= 12 feet 6 inclif*s? 

= 156 square feet .36 square inches. 

5. Find the number of square yards in a square court, the si<le of 

which is = 160 feet 6 inches. . . . ~2862.f square yards. 

6. How many acres are in a square field whose side is = 705 

links? .... =4 acres 3 roods 35*24 square poles. 
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7. Find ilie nutnl>er of aciOK in a farm of a square form, tlie side 

of wliicli is = l mile =640 acres. 

2.)i. Problem V.— To find the area of a square when its 
diagonal is given. 

Hulk. -Tlie area is equal to half the square of its <lia;,^onal ; or 
the lo;;arithm of twice the area is equal to twice the lo^^arithm of 
the dia^'onal. 

For (Fuel. T. 47). 

or Ai = and I i 2.41 = 2Lr/. 

FiXAMrLES,— 1. Find the area of a square whose diagonal is 

mmrn 

X4r»2=jx202r)r.l012i sq. feet. 

2. Firul the area of a s(|uare licld, its diagonal being --524 links. 
Ai == I X r)242z: \ X 274r)7<) = i;i72S8 sq. links. 

Or L 2.11 2 T>/-;)*1!IS()()2() ; 

hence 2.41=274576, and .41= 1872HS sq. Ik. = 1 ac. 1 ro. 19 66 sq. j)o. 

KXKUCISI'I.S 

1, What is the area of a square whose diagonal is =25 yards? 

=312i square yards. 

2. How many s(iuare yards in a courtyard, the diagonal of which 

is - 124 feel? .... =854 square yards 2 square feet. 

8. How many acres are in a .square held, the diagonal of which 

is = 786 links? .... 3 acres 14’2368 square poles. 

252. Problem VI, -To find the area of a parallelogram 
when its base and altitude are given. 

Rule.— M ultiply the biuso by the height, and the product is 
=thc area. 

This is evident from Eucl. I. 35. 

or L.R = U^ L/<. 

Examples.—!. Find the area of a parallelogmm whose base and 
perpendicular breadth are respectively =24 and 18 feet. 

.R=iA=24x 18 = 432 sq. feet =48 sq. yards. 

2. Find the area of a lichl in the form of a parallelogram whoso 
base and height are respectively =428 and 369 links. 

.<R=6/t=428x369 = 1579:!2sq. links. 

Or L*K = L6 + L4 = 2-6314438 + 2 *5670264 = 6-1984702 ; 

hence ^41= 157032 sq. links =1 acre 2 roods 12-6912 sq. poles. 
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Exercises 

1. Wliat in the area of a paniHelogram wliosc length i8~‘25 feet 

3 inches, and lieight — 13 feet? . . . =3‘28| nipiare feet. 

2. How many square yards in a j>ara]lel»>grain whose lengtii is 

;=4;1 feet, and bread th = 24 feet ? . . ---120 siiuaro yards. 

3. What is the area of a parallelogram uin»s(s huse ami height 

010 = 020 and 240 link.s? ..... - 1 acre 2 roods. 

4. How many atnes are cont.ained in a farm of the form of a 

]>arallelogram, the length ami hreadth of whieh ani = 4S and 28 
chains? .... = 134 acres 1 rood 24 square poles. 

What is the area of a liehl in the form of a parallelogram 
whose length and perpendicular hre.adth are = 2102 and 1284 links'? 

= 20 .acres 3 roods 3S'3488 square j»oh*s. 

The examples under IVoh. I. are performeil hy the same rule, 
for parallelograms and rectangles whose hnigths ami tu'ipemlieular 
breadths arc equal have equal aiea.s. (Kucl. f. Prop. 3r), 30.) 

2,j3. Problem VII.'— To find the area of a parallelogram, 
when there are given two of its adjacent sides and the 
contained angle. 

Itt’l.K. — The area is e<|ual to the eontiumal product of the two 
sides and the natural sine of the contained angle ; or, 

The logaritlim of the area is equal to the sum of the logarithms 
of the two sides ami of the sine of the contained angle diminished 
by 10. 

Let AH = />, A(>=.v; if these and the contained 
angle i arc ^iven, Mhui 

.1 V - bs sin ?, 

or L.'ll = LI/ -f- L? + L sin i - 10. 

For if CE -A, then 7t = .y sin i. 

Hut ( Art . 2ry2), .-K = M = 7>.v sin i f 1 ], 

from which L/K = L/> + Lv + L siii r - 10 [2]. 

Example. -What is the number of square feet in a parallelo- 
gram W'hose length iH~42 feet G inches, the adjacent sidess2l feet 
3 inches, and the coiitiiined angle = 53 * 30' ? 

Here 6 = 42 feet 6 inches -- 42 '5, 

s=2l feet 3 inches =21 *2.5. 

Hence .1l=/w sin * =42*5 x 21*25 x *8038509 = 725*98.3 sq. feet. 

Or L.H = L6-i-U + Lsiii A -10 = 1*628.38894-1*3273589 
4 9*9051787 - 10 = 2*8609265 ; 

=72.5 '983 sq. feet. 



hence 
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Exercises 

1. Find tlie area of a rlioiiiboid, two of whose adjacent sides are 
= 18 feet and 23 feet 6 inches, and the contained anj,de = 38“. 

= 389*254 square feet. 

2. What is tbe area of a held of the form of a [>arallelo^,Tam, 

two of whoso adjacent kUIch are- 1200 and C40 links, and the 
contained angle = 30' ? . . =3 acres 3 roods 14*4 square poles. 

3. What is the area of a rhoinhus whose sides are = 42 feet 

0 inches, ami tlie acute angles = 53' 20' ? = 1448*833 square feet. 

4. Find the area of a field in tlie form of a rhoinhus, the sides of 
which are = 420 links, and the acute angles = .34' 30'. 

= I acre I rood 29*770 s(piare poles. 

5. Find the area of a field in the form of a parallelogram, two of 

whose adjacent siiles are = 7i>0 ami 373 links, and the included 
angle =00^ -2 acres 1 rood 2f)*7 S([uare poles. 

0. What is the area of a rhomlMudal field whose sides are = 5070 
and 1040 links, and the acute angles = 30“? 

=2U acr«*s I rood 18*24 square jioles. 

7. Find the area of a field in the form of a iiarallelogram, two of 
whose adjacent sides are =1243 ami 864 links, and the containeil 
angle = 63' 40'. . . . =9 acres 3 roods 8*192 square poles. 

254. Problem VIIL—GiTen the diagonals of a parallelo- 
gram and their inclination, to find its area. 

Hulk.— -H alf the coiitinue<l product of the diagonals and the 
natural sine of the contained angle is equal to the area ; or, 

A<ld together tlie logarithms of the two iliagonals and the 
logarithmic sine of the contained angle, and from their sum 
subtract 10 ; the remainder will be the logarithm of twice the area. 

Let the diagonals AD, CIJ be denoted by d 
and d\ and their inclination or angle DIB by 
then A = sill i ... [1], 

or L 2A = L(/ f ltd' + L sin t - 10 ... [2], 

Examples.—!. Find the area of a square whose diagonal is 
=20 feet 3 inches. 

Hei*e d--=^d' =20*25 feet, and t = 90“ ; 

hence sin 90“ = i^f*x l = i x 20*25«= 205 *03125 s^p feet 

Or L 2-R=2Lf/ + L sin i- 10*=2*6128500 + 10- 10 

=2*6128500= L 410*0625, and .R=205 *03125 sq. feet 

2. What Ls the area of a parallelogram whose iliagonals are 
= 1245 and 1040 links, and the contained angle =28“ 45' ? 
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/K = sin i-hx x HUO x 

= 311.*tR2 S4|. links, 

h 2/H = L4/ f Lr/' + L sin / - 10^ 3 tH)r»ltK)4 i 3 0l70;m 
+ 9-6821349 - 10^r>*7943376 - h 62*2784, 
and yK = 31 139*2* sq. links=:3 iicros IS ‘23 sq. pidos. 

The diagonals AD, HC Insect each other; and hence AI = TD, 
ainl thevefore (Kucl. I. 38) the triangles Alt’, IDC an* equal, and 
also AID ainl IDII ; hut (Eucl. I. 34) the diagonal AD hiseeU 
the parallelograin, ami therefore these four triangles are eijual. 
But (Proh. X.) the area of. the triangle DIB is-iHI.Il) sin i 
d d' 

= o sin / ; hence the area of the four triangles is four limes 

this quantity, or Ai~kdd' sin i ; 

hence L 2/11 = hd + IaV + L sin i - 10. 

Exercises 

1. Fiml the number of square yanls of ]>avenicnt in a square 
court, the diagonal of u hich is“30 feet 8 indies. 

-74-69 square yanls. 

2. How many square yanls are contained in a rectangular tiehl 
whoso iliagonals are each = 96 feet, and contain an angle =30 ? 

= 2o6 s4juar(3 yards. 

3. Fiml the area of a rlioiubus whose diagonals are 75 ami 

60 feet 250 stjuare yanls. 

4. What is the number of .square feet in a rliomlioidal i>ieee of 

grouml, the diagonals of which are -90 and 50 feet, ami their 
incdination =0(F ? -- 1948 -ori? square feet. 

5. How many acres are contained in a rlioniboidal liehl whosi; 

diagonals are indine<l at an angle of 36" 40', ami their lengths 
= 875 and 480 links? . . =1 acre 1 rood 0-615 square jude. 

255. Problem IX.— To find the area of a triangle when 
its base and altitude are given. 

Rule. — The area is equal to half the prcsluct of the base ami 
height; or, 

The logarithm of twice the area is equal to the sum of the 
logarithms of the base and height. 

Let 5 = the base, and /i = the altitude ; 
t hen iR = ^6/* , and L 2/U -= L5 t- \Ji, 

The truth of the rule is evident from the rule in Prob. VI., an<l 
the fact that a triangle is half of a parallelogram of the same base 
and altitude. (Eucl. I. 41.) 

Fim. lUUk 


H 
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Examples.—!. Keqniteil the nuinher of square feet in a triangle 
whose base is -2.') feet am! altitude -36 feet. 

= J X 25 X 36 = 25 X 1 8 = 450 sq. feet. 

2. Find the nuiii!>cr of square yards in a triangular field, one of 
whose sides is =240 feet, and the perpendicular upon it from the 
opposite angle = 125 feet. 

^lr=||6A=i x240x 125=15000 sq. feet=1666§ sq. yards. 

3. How many acres are contained in a triangular field, one of its 
sides heing=1248 links, and the perpendicular upon it from the 
opposite corner =945 links? 

= J X 1248 x 945 = 589680 sq. links 
= 5 acres 3 rooils 23 ‘488 sq. poles. 

Or L 2yll =U x U =30962146 + 2-9754318 

= 6-0716464 = L 1179.360, 

and ili = 589680 =5 acres 3 roods 23*488 sq. poles. 


Exkrclses 

1. What is the area of a triangle whose base is = 128 feet, and 

height = 40 feet ? = 2560 square feet. 

2. What is the area of a triangle whose base is =21 feet 6 inches, 
and height = 14 feet 6 inches? = 155 square feet 126 square inches. 

3. Required the number of square yards in a triangle, the base of 
which is =49 feet 6 inches, and the perpendicular =42 feet 9 inches. 

= 117-5625 square yards. 

4. Find the area of a triangle whose base is =60 feet, and 

perpendicular^ 10-2() feet =.307*5 square feet. 

5. The length of one side of a triangular field is = 160 yards, and 

the perpemlicular on it from the opposite angle is = 140 yards; 
re(]uire(i its area 11200 square yards. 

6. Required the area of a right-angled triangle whose base is 
=225 foot, and perpendicular = 160 feet. =2000 square yards. 

7. Row many acres are contained in a triangular field whose 
base and height are= 1225 and 425 links? 

=2 acres 2 roods 16*5 square poles. 

8. Required the area of a triangular field whose base is =10 
chains, and height = 726*184 links. 

=3 acres 2 i-oods 20*9472 square poles. 

9. One side of a triangular court is =97 feet, and the perpendicular 

on it from the opposite angle is =61 feet; required the expense of 
paving it, at 28. 3d. the square yard. . . . =£.36, IQs. 7id. 
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256. Problem X.— To find tbe area of a triangle when 
two of its sides and the contained angle are given. 

Rule.— T he area is eijual to half tlie product of tlie two Kides 
and the natural sine of the containtsl angle ; or, 

The logarithm of twice the area is equal to tlic sum of the 
logarithiDH of the two sides, and of the sine of the contained angle, 
diminishe<l by 10. 

Or if 5=:l>ase, « = a side, and 1 = included angle, then 
. sin I. 

Or L 2.R » \M f Ls + L sin i - 10. 

The rule is evident from IVob. V'll., for the area of the triangle 
A lit.’ is half that of the parallelogram Al). 

Kxamim.ks. — 1. Find the area of a triangle which has two sides 
= 125 and 80 feet, and the contained angle = 28' .V>'. 

sin i = i x 125 x 80 x *4784.364 = 2302 182 feet. 

2. How many acres are contained in a triangular field, two of 
whose sides are =625 and 610 links, and the contained angle = 
40^25'? 

M=rib$ sin t = i X 625 x 640 x *6483414= 129668 sq. links 
= 1 acre 1 rood 7*460 sq. jioles. 

Or L2Al=L6 -i-Ls+L sin i 10 =2-70.58800 + 2 -8061 800 + 9 81 18038 
10=5'41386.38 = L 259.336; 

hence /K= 129668 *5 = 1 acre I roo<l 7*469 sq. poles. 

EXERCISE.S 

1. Required the area in square yards of a triangle, two of whoso 
sides are =50 feet and 42 feet 6 inches, and the contained angle 

= 45' =83 '47788 square yards. 

. 2. How many srjiiare yards are contained in an isosceles 
triangle, the equal sides l>eing= 50-49 feet, and the contained 
angle =45®? .... = 100 square yards I *29 square feet. 

3. Find the area of a triangle, two of whose sides are =80 and 90 

feet, and the contained angle =28® 57' 18". =1742'84 square feet. 

4. How many si|uarc yards are contained in a triangle, two of 
whose sides are=4’2i and 75 yards, and the included angle =.50®? 

= 1220-88 square yards. 

5. How many square yards are contained in a triangtilar field, 

two of whose sides arG=204i and 1461 yards, and the contained 
angle = 30® ? = 7498J square yards. 

6 . How many acres are contained in a triangular field, two of 
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Avhose Hides are = 1500 and 6400 links, and the contained angle 
=39'* 36'? . . . . =30 acres 2 roo<ls 15*416 square poles. 

257. Problem XI. —To find the area of a triangle when 
the three sides are given. 

Hulk.— Find half tlie sum of the three sides, and also the differ- 
ence between tlie half-sum and each of the sides ; then find the 
continued product of tlie half-sum ami the three ilifferences, and 
the square root of the product will be the area ; or, 

Add together the logarithms of the half-sum and of the three 
differences, and half tlie sum will be the logarithm of the area. 

Let the three shies be denoted by «, 5, and c, and half their sum 
by H ; that is, s ~ ^{a + 5 + c) ; 

tiieri Al " \/{.v(.s* - rt)(A' - b)(s - c)}. 

Or L, .11 = \.s + Us - a) -I- L(.v - b) + L(« - c)}. 

Examplk.- -F ind the area of a triangular field whose three sides 
arc -4236, and 36.'50 links. 


Let 

n = 4236 

then s 

= 5215 


b 2544 

s~a 

= 979 


c = 3650 

s~b 

= 2671 


2^ = 104:k) 

s-c 

= 1565 


And Ai= V4 V-o)( 6*-V0(^ - c)- V52ir)x079x‘2^^^^^ x 1565 
= \/‘^i:i41514430775 = 46196S7. 


Or Ls5215, 

= 3*7172iH3 

L(5- 0)979, 

= 2*9907827 

L(,s*-5)2671, 

= 3*4266739 

L(5-c)1565, 

= 3*1945143 

LJR 4619687, .... 

2)13*3292252 

= 6*6646126 

Hence area = 46 acres 31*5 sq. poles. 

For the demonstration, 

see End. IT. 13, ] 


^ Or if the sides and angles of the triangle ABC 

/ iX be denoted, as in Art. 210, and CD=/t, it is 

/ ' \ proved in Trigonometry (Art. 215, c) that 

/ \ 2 

/ \ sin A = |- \/{«(« - “ c)}. 

Butif CD=/<, then A=5sin A, 
and JR = ]IAB . CD = Ich = \bc . sin A ; 

hence, substituting for .sin A the above value, 

JR = - a){8 - b)(s - c)}. 
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Exercises 

1. What is the nuinl>er of square yanis in a triangle whoso sides 

are = 90, 120, and 150 feet? .... =(>00 s<ju are yards, 

2. Find the area of a triangle whose shies are -2<K), 150, anil 

250 feet. ........ = 15<KH) square feet. 

li. IIf>\v many .square yards are in a triangular lield whose sides 
are = 120, 247, and 290 3 *a ids ? . . . = 15528 .square yards. 

4. Find the iiumher of .square yard.s in a triangular eonrt who.so 

sides are - 4.5, 42, and 59 yard.s. . . . =750 .»*qnare yards. 

5. What is the area of a triangular held whose sides an* --KkK), 

15(X), and 2000 links? . . =7 aere.s I rood 189 square jioles. 

0. Find the area of a triangular field whose sides aie=12()0, 
1800, and 24(K) links. . -10 acres 1 rood 55*128 square poles. 

7. Wliat is the area of a triangular iield who.se sides are = 2509, 
.5(^25, and 4900 links? . . =01 acres 1 rood 59*08 .square ))olcs. 

2.58. When the triangle is equilateral, if 5 = its base, tlien 
s = 1 5, .V - (I = s - b ~ ^5, a* - r = y/ ; 

hence '45.5/^ nearly. 

And if .H the area, 5 = ij 1 ’•'>2\/Al, nearly. 

Find the area of an equilateral triangle whose side is 10. 

.H= *45.5//^= *455 x lO^^ *455 x 2r>0= 1 10*848. 

Find the area of a field in the form of an cqiiilateial triangle, tliii 
hide of which i«= 12*5 yard.s. . . . =07 "0.58 sr|nare yards. 


259. Problem XII. - To find the area of a trapezium. 

UrLK.—Multiply the sum of the parallel sides by the ]>erpendicu- 
lar distance between them, and half the product is the area ; or, 

Add together the logarithms of the sum of the parallel sides and 
of the perpendicular distance between them, and the sum is the 
logarithm of twice the area. 

Let ABDC Is? a trapezium, and let the 
parallel sides AB, Cl) l)e denoted by b and 
and their |>er}>endiculai’ distance CII by h ; 
then = + 

or L2.H = L(5 f#)+LA. 

Exampi.e. 8. — 1. What is the area of a trapezium wlio.se parallel 
sides are = .34 and 20 feet, and their perpendicular distance = 25 feet ? 

= 4(5 + «)A = 4(34 f 26)25 = 4 x 00 x 25 = 750 sq. feet. 
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2. What i.s tlie area of a trapemim of whicli tlie parallel sides 
are = 102i> and 836, ami their i)erpendiciilar distance =650 links? 

+ s)h = J X 1861 X 650= 1861 x 325 = 604825 sq. links. 

Or L 2^ = L 1861 f L 650 = 3*2697464 + 2 8129134 

=60826598 = L 1209650; 

and hence i4i= 604825 sq. links =6 acres 7*72 sq. poles. 

If I)H he hisected in E, and FG he tirawn parallel to AC, then 
GB will l>e e<inal to DF, and triangle DEF to BEG (Euclid I. 15, 
29, and 26) ; and hence AG is half the sum of AB and CD, and the 
area of the parallelogram AF is equal to that of the trapezium. 
But the area qf AF is= AG . CH ; hence the rule is evident. 


Exkrcisks 

1. Find the area of a trapezium whose parallel sides are = 30 and 

40 feet, and perpendicular breadth = 15 feet. . =525 square feet. 

2. How many square yards of paving are contained in a court 

of the form of a tra])ezium, the parallel sides being =45 and 63, and 
their perpendicular distance =25? . . . = 150 square yards. 

3. How many square feet are there in a trapezium whose parallel 
sides are =643 *02, 428*48, and perpendicular distance 342*32? 

= 183397*95 square feet . 

4. Find the area of a trapezium whose parallel sides are =41 ami 

24*5 feet, and perpendicular distance =43. = 1408*25 square feet. 

5. How many .square feet are contained in a trapezium wdiose 

parallel sides =-24 feet and 36 feet 8 inches, and the perpendicular 
distance between them =21 feet? . . . =637 square feet. 

6. How many square yards arc contained in a trapezium whose 

parallel .side.s are =54 and 60 feet, and their perpendicular di.stance 
= 30 feet ? =190 square yards. 

7. The parallel sides of a trapezium are =45 and 50 feet, and their 

perpendicular distance =25 feet; how many square yards does it 
contain ? =131 .square yard.s 8*5 square feet. 

8. The parallel sides of a trapezoidal field are =2482 and 1644 

links, and its peqiendiculai* breadth is =1030 links; what is its 
area? . . . . . =21 acres ,39*824 square poles. 

9. Find the area of a trapezoidal field whose parallel sides are 
= 1500 and 2450 links, and breadth 770 links. 

= 15 acres 33*2 square poles. 

10. What is the area of a trapezoidal field whose parallel sides 
are =750 and 075 links, and perpendicular breadth = 700 links? 

=6 acres 6 square ])oles. 
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260. Problem XIII.-' To find the axea of any quadrilateral 
when its diagonals and their inclination are given. 

liULE. — Multiply half the product of the diat^ouals hy the natural 
sine of their inclination ; or, 

Add togetlier the logarithms of the two diagonals and of the 
sine of the contained angle; from the sum subtract 10, ami the 
remainder will bo the logarithm of twice the area. 

Let d and d* be the diagonals, and i the included angle ; 
then /H — \(hV sin #, 

or L 2.R - \A + \jV + L sin i 10. 

Example. — Eind the nnniber of square yards in a f|iiadri]ateral 
whose diagonals are — 4*20 and lV2o feel, and the contaiiuMl angle 
= 40" 25'. 

/H sin i‘— i X 4*20 x .*V25 x *648:1414 44‘240*;i sq. feet. 

Or L ‘lK = r^rf IW' + L sin 10 ^‘2*6‘2:V240;i i ‘2 o 1 188:14 
+ 9-81lS0.‘18- 10 4*0469:i6.'» L8S40S-6; 

.and yK-44*249*:i s<|. feet 1916 s<|. yards 5 :i sq. feet. 

Let AlllX’ be the givim quadrilateral, anti AD, lit.’ its diagonals. 

Through its angular points tlraw lines paralhd to its diagimals, 
and they will form the parallelogram E(l, which is evidently 
double of the quadrilat<;ral ; for the parallelogram Itl is double 
of the triangle A 111 (End. 1. .'14), and so of the other four 
parallelograms that compose K(» ; also angle E 1)111 t. 

Now, the urea of K( J (Article 25:i) is-. EE . EtJ . sin E ; 
hence AIlDC = iAI)#(’ll. sin f, 

f.»r AD -EE, and IK’ EtJ (End. I. ,34). 

Ileiii'e ..K sin / ; 

or L ‘2. U - Ld f Ld' + L sin i - 10. 

E:xerci.sk.s 

1. What is the area of a ciuatlrilateral whose 

diagonals are -50 and 40 feet, and the ineduded 
angle = 00" ? ' tiOO *0*254 sejuare feet. 

2. How many square yards are contained in a court, th€» diagonals 
of which are= ISO and 210 feet, and the coiitaiiHMl angle .'KE? 

- lt>50 square yards. 

3. Find the number of acres contained in a quadrilateral field 

whose diagonals arc=1500 and 2<XK) links, and their inclination 
= 48" - 1 1 acres 2.3*55 H(|uare iM>les. 

4 . How. many a<'rcs are containe<l in a qua<lrilateral field whose 
diagonals are = 30 and 40 diaiiis, and the containc«l angle -60'? 

= 51 acres 3 roods .3.3*84 square poles. 
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261 . Problem XIV.— To find the area of a quadrilateral 
that can be inscribed in a circle ; that is, one whose oppo- 
site angles are supplementary. 


Rule. — F rom half tlie sum of the four sides siihtract each side 
separately ; lind the continued product of the four remainders, and 
the square root of this product is the area ; or, 

Add to^'ether the logarithms of the four remainders, and half 
their sum is the logarithm of the area. 

Let rt, A, c, d denote the sides, and s half their sum ; 
then l-6+c+ff), 

and Al = s/{(.? - a){s - h){8 - c){s ~ r/)} ; 

or L, vll - I,(.y a) t- \j{s -b) + L(.s - r) i- L(.s* - d)\. 

Kxamtek. -What is the area of a quadrilateral inscrihed in a 
circle whose four sidles are -24, 26, 28, and .‘10 chains? 


a 


24 

s - 

(1 = 

b 


26 

A* - 

h ^ 28 

c 

= 

28 

8 - 

<• 20 

d 

= 

30 

.9 - 

d = 24 


O 

)108 



s 

= 

54 



and area= 

\/50 

A 28 ^ 

2(5x24= v5-*H 60 

= 723-989 811. 


— 72 acres 1 rood 23*824 sq. poles. 


chains 


Exehcisi-:s 

1. The four shies of a <|uadrilaterjil inscrihed in a circle are = 40, 

75, 55, and 60 feet ; required its area. . =;1146*4265 square feet. 

2. How niany acres are contained in a quadrilateral field whose 

opposite angles are supplementary, its sides being = C(X), 650, 700, 
and 750 links? . . . :^4 acres 2 roods 3*088 square poles. 


262. Problem XV.— To find the area of a quadrilateral 
when one of its diagonals and the perpendiculars on it 
from the opposite angles are given. 

Rule.— M ultiply the diagonal by the .sum of the perpendiculars, 
and half the product is the area ; or, 

Atld the logarithms of the diagonal and of the sum of the per- 
pendicular ; the sum will 1)€ the logarithm of twice the area. 

Let d be the diagonal, and j/ the two perpendicular on it ; 
then = 

or L 2.41 =L<f+L(/^ +/>'). 
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Example. — How many acvca arc oontaine<l in a rpiatlrilateml 
a diagonal of which is™ 1245 links, and tlie pciiiendiculai-H 
on it from the opposite angles =675 and 450 links? 

/R = l(i{p f //) = ^ X 1245(675 + 450) = J x 1215 x 1 125 - 700312-5 Ik. 
Or L2.R = Lff+L(;i+;/) = L 1245+1, 1125 

= 3 0951694 + 3-051 1525 = 6 1463219 = I, U(H)625, 
and iR=700312-5 sq. links -7 acres 0*5 sq. pole. 

Let A BCD be the qmulrilateral, l)B its diagonal, and CK, 
AK the two perpendiculars on it; tlien (Art. 

• 255), 

triangle AT)B = l)Bx ^AE, 
and triangle DlHl = DB x ^CF ; 

hence ABCI) = i x 1)B(AE + CF). 

Exekcisk.s 

1. How many squ.are yards arc contained in a quadrilateral, one 

of its diagonals being -60 yards, and the perpendiculars upon it 
= 12-0 and 1 1 *4 yards ? - 720 square yards. 

2. Find the area of a quadrilateral, one of its diagonals and the 
perpeiidiculai-s on it being respectively = 168, 42, ami 56 feel. 

= 8232 SI pi are feed. 

3. Find the number of .square yarils in a quadrilateral which has 
a diagonal = 70 feet, and the perpendiculars upon it = 28 and 35 feet. 

= 245 square yards. 

4. How many square yards in a quadrilateral, one of its diagonals 
l)eing = 40 feet, and the pcrpendiciilai-s on it =21 *6 and 13 feet? 

= 76 square yards 8 .square feet. 

5. Find the number of acre.s in a qiimlrilatiMal held, one of whoso 
diagonals Is =4025, and the perpendiculars on it -1225 and 1505 
links. ..... =54 acres 3 roods .30 6 .square poles. 

263. Problem XVI.— To And the area of a quadrilateral 
when the four sides and the inclination of the diagonals 
are given. 

Hulk. — A dd the squares of each i>aii- of opposite sides together; 
subtract the less sum from the greater ; thou multiply the diir»»rcn< e 
by the tangent of the angle formed by the diagonals, and one-fourth 

this product is the area ; or, 

^ Add the logarithm of the remainder to the logarithmic tangent 
of the inclination of the diagonals, and the sum diminished by 10 
will l)e the logarithm of four times the area. 

Let the sides Ijc denoted by a, 6, c, c/, and the inclination of the 
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diagonals by t ; then if a and d are the opposite sides whose squares 
exceed those of the other two, 

{(a* + </»)- (6* +c*)} . J taut; 
or L AM = L{(a* + ef*) - (6* + c^)} + L tan t ~ 10. 

Ex AMPLE. —Find tlie area of a quadrilateral figure, two of whose 
opposite sides are = 10 and 12 chains, the other two 8ide8=9 and 18, 
and the inclination of the diagonals = 84*" 25'. 

a* + ff* = 8 1 + 324 = 405, + c» = 1 00 + 1 44 = 244 ; 

hence (^2^.^2)^405-244 = 161, 

and M=i x 181 tan 84“ 25'= J x 161 x 10*229428= J x 1646*9379 

=411-7345. 

Or L 4iR= L 161 + L tan 84“ 25' - 10 = 2*2068259 + 1 1 *0098513 - 10 
= 3*2166772 = L 1646*94; 

and ill=4ir735 sq. chains =41 acres 27*76 sq. poles. 

Exercises 

1. Find the area of a quadrilateral, two of whose opposite sides 

are = 500 and 400 links, the other two =450 and 350 links, and the 
inclination of the diagonals =80“. . = 1 acre 32*8 square poles. 

2. What is the area of a quadrilateral field, two of whose opposite 
sides are = 450 and 900 links; the other two = 600 and 500 links; 
and the inclination of its diagonals =78“ 40'? 

= 5 acres 3*29 square poles. 

264. Problem XVIL— To find tbe area of any quadri- 
lateral. 

Kule.— Divide the quadrilateral into triangles, or triangles and 
trapeziums, calculate the areas of these conq)onent hgures by 
fornier rules, and the sum of these partial areas will be the area 
of the whole figure. 

Exercises 

1. Find the area of the quadrilateral ABDC, the lines AE, EF, 

FB being =40, 64, and 28 feet, and the perpen- 
diculars CE, DF=50 and 40 feet. 

A ^ Calculate the area of AEC by Prob. IX., that 

/ I i\ of CEFD by Prob. XII., and of DFB also by 

t ^ Prob. IX. ; and the sum is =4440 square feet, the 

area of ABDC. 

2. What is the iiunilier of acres in a quadrilateral field ABDC, 
the distances AE, AF, AB being=420, 1160, and 1380 links, and 
the perpendiculai*s CE, DF=840 and 680 links? 

=8 acres 21*76 square poles. 



MBN8URATI0N OP SURFACES 111 

3. Given the four sides AB. BC. CD, DA of a quadnlttioral 

field =650, 425, 470, and 680 ; tlie angle A = 85“ 40' q 

and C = 112“ 15' ; to find its area. ^ 

Find the area of the triangle ADB by l*rob. X., / \ 

an<l also that of DCB, and the sum of their / ‘ ' 

areas is the area required. A “ B 

=2 acres 3 roods 8*6 square poles. 

4. Find the area of the quadrilateral ABCD, its sides AB, BC, 
CD, and AD being =720, 540, 520, and 600 links, an«l the angles A 

• and C = 72® 40' and 102® 20'. =3 acres 1 rood 2t>*36 square imles. 

5. Required the area of the quadrilateral figure ABCD, the sides 
AB, BC, CD, and AD beiiig=1600, 1160, 1500, and 1660 links, and 
the diagonal AC = 1800 links. 

Find the areas of the two triangles ABC and ACD separately by 
Frob. XL, and their sum will Ims the area of the quiulrilateral. 

=20 acres 2 r<MKls 24*2 square poles. 

6. Find the area of the quadrilateral ABCD from these data: — 

AB=548 links. Cl) =751 links, 

BC=715 n Al)=82l M 

and the diagonal AC =967 links. 

= 4 acres 3 roods 27*67 square |H>les. 

7. Find the area of tlie qua<lrilateral field ABt^), having given 

AB=205 links. Cl) = I(K)0 links, 

BC = 700 M Al)= 600 

and the diagonal AC = 800 links. . =3 acres 10*37 square poles. 

8. How many acres are contained in a quadrilatenil liehl, from 
these measurements : — 

, AB= 15 chains, CD = 14 chains, 

BC = 13 M AD=12 n 

and the diagonal AC = 16 chains? 

= 17 acres 1 rood 0*396 square p<»lc. 

9. Find the area of the quadrilateral fiehl ABCD, having given 

AB=2000, AD =1500, and AC the diagonal =2390 links; and each 
of the angles BAC, DAC=30®. =20 acres 3 rmwls 26 square poles. 

In this example, find the areas of the triangles BAC, CAD 
separately by Proh. X. 

10. Find the area of the quadrilateral ABCD from these measure* 
men is : — 

AB=468 links, * Angle ABC = 73®, 

BC=395 M , .. BCD=87'‘30'; 

CD=410 ,, , 

Find the side DB and angle B in triangle DCB by Tiigo- 
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noiiieiiy; then angle ABD=ABC-T)HC is known. Hence the 
areas of the two iiiangles ABD, 1)B(J can now be found l)y 
Ihob. X. I as in tlie preceding ninth cxtuciso. 

= 1 acre 1 rood 19 6 square poles. 

11, Find the area of the qiiadrilatcra] field ABCI), tlie four sitles 
AB, BC, Cl), DA being reH|iectively = 750, 700, 650, and 600 links, 
and the angle A=8.T ,30'. 

In the triangle ADB tind the angle at 1) or B, and then the side 
DB (Art. 187) ; next liiid the area of triangle ADB by Prob. X., and 
that of DBG by Prob. XI. . =4 acres 1 rood 39 ’4 square poles. 


266. Problem XVIII.-T0 find tbe interior and central 
angle of any regular polygon. 

Rule.— F rom double the number of the sides of the polygon 
subtract 4 ; tiiulti[dy the remainder by 90 ; ilivide the product 
by the number of sides, and the quotient is the number of degrees 

Divide four right angles, or .360", by the 
nutiilMU* of sides, and the quotient is the 
central angle. 

Let «™one of the interior angles DAB, 
c=one of the central angles at C, and n - the 
number of sides of the ])olygon. 


in the interior angle. 


c 



Then 


i = %•>«- 4) = 
n 


180“ . 360“ 

— (n-2). and r- — . 
n n 


Example.— F ind the interior and central angles of a regular 
pentagon. 


180“, 


180“,, 


j=*"^-(H-‘2)=‘g''(5-2) = 108“; c- 


360" 360“ 


Exekcise.s 

1. Find the interior and central angles of a regular hexagon. 

Interior = 120", and central =60“. 

2. What is the number of degrees contained in the interior and 
central angles of a regular heptagon ? 

Interior =128“ 34' 17V\ central =51“ 25' 42^". 

3. Find the number of degrees in the interior and central angles 

of a dodecagon Interior = 1.50“, and central = ,30“. 


266. Problem XES!.~To find the apothem of a regular 
polygon, its side being given. 

Rule. —M ultiply half the side of the polygon by the tangent of 
half its interior angle, and the product is the apothem ; or, . 
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Add the logariUini of half the side to the logarithmic tangent 
of half the interior angle, and the sum, diminished by 10, is the 
logarithm of the apotheiii. 

Let jt? = the apothem CF, 

5= one of the sides AB, 
i = the interior angle DAB; 
then . tan ^ /, and Ly> = L + L tan Jt - 10. 

Ill the right-angled triangle AFC (tig. to Proh. Will.) 

1 : tiMi CAF=: AF : FC - U : p ; 
therefore p-\s. tan Ai-, or \*p~V, tan y - 10. 

Kx AMPLE. — Find the apothem of a regular hexagon whose side 
is = 120. 

^1 = 4^. tan 4« = 60 tan 00'’ = 60 x l'7m^>0S = 103-9*23048. 

Or Lp = L 60 4 h tan 60° - 10 

= 1-7781513 + 10*2:i8r)606 - 10 = 201671 19 ; 
hence = 103*923. 

Exercises 

1. Find the apothem of a regular pentagon whose side is = 10. 

= 6*8819. 

2. Wliat is the length of the apothem of a regular heptagon 

whose side is 80? . -83*(MHJ8 

267. Problem XX. —Given a side of a regular polygon 
and its apothem, to find its area. 

Ht'LE. — Find the conliniicd pimlnct of tlie side, the niimher of 
sides, and the apothem ami half tliis product is the area; or. 

Add togetlier the logarithms of the shle, the niimher of sides, and 
the apothem, and the sum is the logarithm of twice the area. 

Let s, 71, ami j) denote the .same quantities as in the two preced- 
ing problems ; 

then Al = yips, or L 2JR = L.v + hn 4 hp. 

The area of the triangle ABC (fig, to Proh. XVIII.) i8 = 4-^^l* 
-yp. And there are as many triangles equal to ABC as the 
polygon has sides ; hence its area is = M . yp- yisp. 

Example.— The side of a regular hexagon is = 10, and its 
apothem 18 = 8*66 ; what is its area? 

Ai = 4 = 4 X 6 X 1 0 X 8 *66 = 259 *8. 

£xercise.s 

1. The side of a regular pentagon is =5, and its apothem 18 = 3*44 ; 
what U the area? =43. 
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2. Find the area of a park in the form of a regular octagon wiiose 
side is =12 chains, and aiiotheiii = 14*485 chains. 

=69 acres 2 roods 4*48 square poles. 

268. Problem XXI.— To find the area of a regular polygon 
when only a side is given. 

Rule.— Find tlie interior angle, and then the apothem by 
Prob. XVIII. and XIX. ; then find the area by last problem. 

Or, by substituting the value of p in the expression for the area, 
we have /A* ^ , 

Whence LJR = \m + 2L + L tan - 10. 

Example. —Find the area of a regular hexagon whose side is = 10. 
LM = Lw + 2 Ly f L tan it - 10= L 6 + 2L 5 + L tan 60" - 10 = *7781513 
+ 1*3979400+ 10*2.38.5606 - 10 = 2*4146519 ; 
hence iR=259*808. 

Exercises 

1. Find the area of a regular pentagon wJiose side is = .30 feet. 

= 1548*4275 square feet. 

2. What is the number of square yards in a regular heptagon 

whose side is =20 yards? . . . =1453*564 square yards. 

3. How many acres are contained in a held of the form of a 
regular octagon whose side is =5 chain.<«? 

= 12 acres 1 1 *37 square poles. 


By means of the preceding problems regarding regular polygons, 
the following Table may lie constructed : — 


Nsiiie of 
Polygon 

No. of 
Sides 

Ajiotliein 
when SWe^l 

Area 

when Side = 1 

Interior 

Anglo 

Central 

Angle 

Triangle 

3 

0*2886751 

0-4330127 

60" 0' 

120" 0' 

Square 

4 

0*5 

1* 

90 

90 

Pentagon 

5 

0*6881910 

1*7204774 

108 

72 

Hexagon 

6 

0*8660254 

2*5980762 

120 

60 

Heptagon 

7 

1*0382607 

3*6.339124 

128 .34f 

51 25f 

Octagon 

8 

1*2071068 

4*8284271 

1.35 

45 

Nonagon 

9 

1*3737387 

6*1818242 

140 

40 

Decagon 

10 

1 *5.388418 

7*6942088 

144 

.36 

ITndecagon 

11 

1*70284.36 

9*3656,399 

147 16i*r 

.32 43/x 

Dodecagon 

12 

1*8660254 

11*1961524 

150 

30 
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1S69. Problem XXII.— To find the area of a reffolar poly- 
gon of not more than twelve sides, by the preceding Table. 

Kule.— M ultiply the tAhular area for the correRi>on<ling polygon, 
whose side i8 = l, by the square of the Ride of the given polygon, 
and the product will )je the required area; or, 

To the logarithm of the tabular area add twice the logarithm of 
the given side, and the sum is the logarithm of the required area. 

liCt M! = the tabular area ; 

then JR 

and L/K =2 U \ LJR\ 

The areas of similar {Hilygoiis are to one another as the 
squares of their sides (Eucl. VI. 20); hence /K': there* 

foi-e JR^^Ai\ 

Example. —Find the area of a regular heptagon whose side is 
— 1 5 feel . 

/K^jrMV=15‘^x3 0339 = 22r>x.3-6339=:817*6275 sq. feet. 

Or L 3*6339 + 2 L 15=0*.'>603730 + 2*3521826 = 2*9125666, and 

= 8 1 7 *628 square feet. 

Exercises 

1. How many square yards are contained in a regular hexagon 

wliose side i8=50 feet ? . . . =721*688 square yards. 

2. Required the area of a regular pentagon whose side is ==60 

feet = 4:101*1935 square feet. 

What is the area of a regular pentagon whose sitlc is = 45 
feet? =3483*9667 square feet. 

4. What is the area of a regular hexagon whose side is = 40 

yards? =41.56*92102 square yards. 

5. Find the area of a pentagon whose side is =60 feet. 

= 6193*71864 square feet. 

6. Find the area of a regular octagon whose si<fc is = 80 yards. 

= .30901 *93 square yards. 

7. How many square yards are contained in a regular decagon 

whose side is = 12 feet? . . . = 123*107.34 square yards. 

8. How many acres arc contained in a f.arni of the form of a 
regular decagon whose side is =20.50 links ? 

=.323 acres 1 rood 15*86 square poles. 

270. Problem XXin. -Given the diameter of a circle, to 
find the circumference. 

Rule.— M ultiply the diameUn* by 3*1416, and the protluct is the 
circumference; or, 
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Add the constant logaritliin 0*497 1509 to that of the diameter, 
and the aum is the loganthm of the circumference. 

Let r, an<l c denote the diameter, radius, and circumference 
of a circle, and 3*1416 ; 

then c=3*14l6r/=Tc?, or c-2x 3*1416r=2Tr. 

Or Lc=0*4971509 + L(/. 

When greater accuracy is required, the number 3*14159 may be 
used instead of 3*1416; or, for still greater accuracy, the number 
3*1415926536. This number is nearly the length of the circum- 
ference of a circle whose diameter is 1. When less accuracy is 
required, the ratio of 1 to Sf, or 7 to 22, or of 113 to 355, may be 
taken for the ratio of the diameter to the circumference of a circle. 

Example.— R equired the circumference of a circle who.se dia- 
meter is =25 feet. 

c=«/ = 3 1416x25=78*54 feet. 

Exercises 

1. Find the circumference of a circle whose diameter is =28 feet. 

?= 87 *9648 feet. 

2. What is the circumference of a circle whose diameter is =24 

feet 3 inches ? =76 feet 2 2 inches. 

3. Find the circumference of a circle whose iliametcr is = 120 

feet =376*992 feet. 

4. If the mean diameter of the earth be = 7912 miles, what is 

its mean circumference ? =24856 miles. 

271. Problem XXlV.-Given tbe circumference of a circle, 
to find the diameter. 

Rule.— D ivide the circumference by 3*1416, or multiply it by 
*3183, and the result is the diameter; or, 

From the logarithm of the circumference subtract the constant 
logarithm 0*4971509, and the remainder is the logaritlim of the 
diameter. 

For d--= or d - •3183c. 

T «i’141o 

Example.— Find the diameter of a circle whose circumference 
is = 45 feet. 

-SlHSc = *3183 X 45 = 14*3235 = 14 feet 3*882 inche.s. 
Exercises 

1. Find the diameter of a circle whose circumference is = 177 
feet =56*3391 feet. 
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2. What is the diaineterof a circle whose circuiiifiMcnce is:r:3i2 

feet? - 101850 feet. 

3. What is the diameter of a wheel whose rim is - 1 1 feet? 

3-5013 feet. 

4. What is the diameter of a circular poml whose circumferenoo 

is 200 feet ? - 63-00 feet. 

5. What is the diameter of a circular plautation whose circum- 
ference is = 1250 yards ? - 397-875 yanls. 

272. Problem XXV.- To find the area of a circle when 
the diameter and circumference are given. 

Kulk.— M ultiply the diameter hy the circu inference, and one* 
fourth of the ju-oduct will he the area ; or, 

Adil the lo^^arithm of the diameter to that of the circumference, 
and the sum is the logarithm of four times the area. 

< )r /K -- and L/ll - hd Lc - '00206(K). 

Exami’LK. — Find the area of a circle whose diameter is = 12-732 
feet, and circumference — 40 feet. 

Ai = ii d=^k X “iO X 12-732 = 127 *32 sq. feet. 

Exercises 

1. Find the area of a circle whose <liamoter is = 21, and circum- 
ference ^ 0.5 973 3 40 -.358. 

2. What is the area of a circle whose diameter is = 20, and 

circumference -02-8318 ? 314-159. 

,3. Fiinl the area of a circle whose diameter is -226 links, ami 
circu mference =710 -- 401 15 square links. 

4. Fiml the area of a circular plantation whose diameter is 040 
links, and circumference 2010'6. . =3 acres ,34-71 square poles. 

273. Problem XXVI.- To find the area of a circle when 
the diameter is given. 

Ul’LE.— Multiply the square of the diameter hy -7854, or the 
square of the radius by 3*1416, and the pnaluct is the area. 
yK= 7854<f* = J^r/», or /K=:31416r2-= rr*; 



Example.. - What is the area of a circle whose diameter is 120 
feet? 

i4l = -7854<r= '78.'>4xl20»= *7854 x 14400 = 11309-76 sq. feet. 

Or .at = 'ri-2 = 314l6 x 60* = 3 1416x .3600= 11309-76 sq. feet. 

PiM lUih. 1 
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For by last problem, M=lcd; and by Prob. XXIIL, c=31416rf 
therefore iii=J X 3*1416</c?=;7854cP. 

And since rf=2r, or eP=4^r^ ; therefore At=3 1416^=!ir2. 

Exercises 

1. What is the area of a circle whose diainetei; is = 60 feet ? 

=2827 ’44 square feet 

2. Find the area of a circle whose diameter is =35 feet 

=962115 square feet 

3. Find the area of a circle whose diameter is =397 *885 feet. 

= 124338*4 square feet. 

4. What is the area of a circle whose diameter is =50 yards ? 

= 1963*5 square yards. 

5. Find tlje aim of a circle whose diameter is =450 links. 

= 1 acre 2 roods 14*5 square poles. 

6. How many stpiare yards are contained in a circle whose 

diameter is -350 feet? . . . =10690*16 square yards. 

274. Problem XXVII.— To find the area of a circle when 
the circumference is gitren. 

Itui.K.— Mnltii)ly the square of the circumference by *0795775, 
and the product is the area. 

Or ill= 0795775c®=|^. 

If no ^jroat accuracy he required, Al= *07960®. 

Examplk. -'\V hat is the area of a circle whose circumference 
is =20 feet 3 inches? 

M= *07957750®= *0795775 x 410^’o = 32*63 square feet. 

By the former problems, and c = rd, hence d=~ ; 

AT 

Rnd the^fm-e ^=1-^^5=41=4^3^4,59=1^-36= ^95773^ 
Exercises 

1. Find the area of a circle whose circumference is =25 feet. 

=49*73594 square feet. 

2. What is the area of a circle whose circumference is = 15 *708? 

= 19*635. 

3. Find the area of a circular field whose circumference is =60 

chains =19 acre.s 3 roods 23*1 square poles. 

'4. Kind the area of a circle whose circumference is =200 yards. 

=3183*1 square yards. 
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5. W'liAt i» the namher of square yanls in a cii-cle 'uiiose ciiriim- 
lerence is 25*1328 yanis? .... -50*2656 square yanls. 

275. Problem XXVIIL- To find the area of a circular 
annulus or ring. 

Rule.— M ultiply the sum of the diameters by tlieir difrei*ence, 
and this pro<lnct hy *7854, and the result will be the area ; or, 

Multiply the sum of the circumferences by their difference, and 
this pnHluct by *0795775, an<l the result will be the area ; or. 

Multiply the sum of the circumferences hy the difference of the 
diameters, and one-fourth of the product will be 
the area. 

I^t d and cT l)e the <liametci*s AB, A'B' of the 
greater and less circle, ami c, c* their circum- 
ferences ; thou 

ifl=*7854(^/-f-^/')(<f-<f') 

Ai = *0796(0 + c')(c - c') 

Kxampi.Ks. — 1. Find the area of a circular annulus coiitnined 
Ijctween two concentric circles whose diameters are =10 and 12. 

/K=*7H54(I() \ 12)(12- 10)= •78.54x22x2 = 34 *5576. 

2. Find the area of a circular aniiultiH, the circumferenceH of the 
containing circles Ixdng =30 and 40. 

•079<)(c + c')(c - c')^ *0796 x 70 x 10 = 55*72. 

.3. Find the area of a circular annulus, the diameters of the con- 
taining circles l»eiiig = 50 and 00, ami their circumferenceH = 157*08 
and 188*496. 

/ll = Rc I ^f') = ix 345*570 X 10 803 94. 

If M" l>e the areas of the greater and le.ss circle.s, and A\ 
that of the aiinulus, then is Ai - AV /IV'= *7854f/*- *7854^/'* = 
•7854(f/® - c/'* ) = *78.54(t/ f d*){d - d') ; since tP - = {d + d'){d - d'). 

Again : Ai' - Ai" = •0796c‘^ - •0796c"^ = 0790(c^-c'«) = •0796(c^ c') 

(c ■o') = J^((! + c')(c-c'). 

Al»o jR - i(c+ /•')(« -• e”) =i(c+(!') X -(e - c') = J(c + c')(rf - d'). 

4^ ST 

EXKRCI.SRa 

1. What is the area of a circular annulus, the diameters of the 
containing circles being =30 and 40 feet? =549*78 square feet. 
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2. The circumferences of two concentric circles are =62 *832 and 
37*6992 ; required the area of the annulus contained by them. 

=201*063. 

3. The diameters of two concentric circles are =20 and 32, ami 

their circniiiferenceH are = 62*832 and 100*531 ; what is the area of 
the annulus contained 1)etween them ? . . . . =490*089. 

4. The diameters of two concentric circles are = 19 and 43*5 feet ; 
what is the area of the included annulus? =1202*64 square feet. 

5. The circumferences of two circles are =62*832 and 94*248 feet ; 

what is the area of the contained annulus ? =392*7 square feet. 


276. Problem XXIX.— Of the chord, height, and apothem 
of an arc of a circle, any two being given, to fijid the 
radius of the circle. 

Let MN=c, PK = //, and the aimthem RQ=;?. 

1. When PR and RQ, or h and /^, are {^dven, then PQ = QR + RP, 
or r=;j+A. 

2. In the trianj^le M(^R, when MR and RQ are given, MQ 

p can I)e found by Trigonometry. 

Thus, MQ^=MR2.hRQ2, 

■■ . ■■ • AN 3. When MR and RP, or c and //, are 

ai 1 given, then (Eucl. III. 35) RS.PR=MR^ or 

\ / 

. , o JL I 4/i2 

hence 2r - a = , , ; hence r = — — , and ct = - - - * 

s Ah 8a 4a 


277. If the chord of MP, half the arc, is given, and the height 
PR, then PS. PR = MP-; or if chord MP=c', then since PS=2r, 


therefore 



Examples.—!. Given the apothem ami height of an arc =3*5 
and 8*7, to lind the radius of the circle. 

r =^; + A = 8*7 + 3 *5 = 12*2. 

2. Given the chord =20 and apothem = 12 of an arc, to find the 
radius of the circle. 

r ' = i c- + = i X 20* + 1 2* = 1 00 + 1 44 = 244, 
and r = V244= 15*6204994. 

3. Given the height and chord of an arc =4 and 30 respectively, 
to find the radius of the circle. 

r‘^ + 442 900 1 64 964 
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4. The height of 
find the radiiiH. 


an arc is = 4, and the chord of its half is =20; 


r 


<•'’ 2«T^ 400 

2/i“ 8 " 8 


Exercises 

1. What is the radius of a circle, the height of an arc of wliich 

i.s = rr6, ami apotheiii -8-4 ? - 14. 

2. What is the ra<lius of a circle, the chord of an arc of which 

is - 12, and the ai>othcm -10? ..... -U tHllO. 

.3. The chortl of an arc is -36, and its apotheiii is 2.*); find the 
rmlius of the circle. :=r3() Htir)H. 

4. The height and chord i»f an arc are 10 and 24 respectively ; 

find the ratlins of the circle. ....... 12’2. 

5. Find the radius of a circle, the chortl and hei'^ht of an arc of it 

being ‘24 anti 4 20. 

6. The height tif an arc is~2, anti its chttrtl is - 13 ; fiml the 

tlianietcr of the circle 30*1 23. 

7. What is the tlianietcr when the height is- 1 ami the chtntl 

^12? 37. 

S. Fiml the radius when the cht)rtl is - 40 and the hidght 
= 3 42 3. 

9. What is the ratlins of an arc whose height is-xO, ami the 
chord of its half 13? 18*73. 


278. Problem XXX.— Of the chord, height, and apothem 
of an arc, and the radius of the circle, any two being 
given, to find the number of degrees in the arc. 

1. In the triangle MUQ, when any two of its sitles r, 
anti are given, the angle Mt^ll, or i/t"', can he ftniml by 
Trigonometry. 

2. When and UP— that is, p and /t— are given, then, since 
p + h^r, in tliis case r and /?, or MQ ami (^H, are given, ami this 
ca.se is retlucetl to the former. 

3. W’hen MQ ami PU— that is, r ami /t— arc given, then, since 

QR-QP~ 1*K. or A ; thereftirc r and p are again known, and 

this case is reduced to the first. 

4. W^heii any tw'o sides of the triangle MPIl are given— that is, 

any two of the quantities c\ and A— angle M, which can 

be found by Trigonometry. 
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: Examples.— 1. Tlio chord of an arc in =40, and the raditis of 
the circle =60 ; how many degrce.s does it contain ? 

MQ:MR=l;sinQ. 

Or r : Jc=l:sin 

hence, sin = 

=::sin 19" 28' 16". 

Or L sin Jm = L I- 10 - Lr 

= 1-3010300+10- l-778l513 = 9-5228787 ; 
and iM= 19’ 28' 16", and n=38'’ 56' 32". 

2. Find the number of degrees in a circular arc who.se a))othcni 
and height are =24 and 6. 

Here /)=24, /i=6 ; therefore r=;) + /i = 30 ; 

licnco cos 4tt=^=^=g=-8=cos 36' 52* 12", 

and h=73’44'24". 

3. The radius of a circle is =25, and the height of an arc of it 
is =5; required the nunilxjr of degrees in it. 

;> = r-/t=25 - 5 = 20, 

and cos i(i=^=,p=^=8=cos 36' 62" 12", 

and M =73" 44' 24". 

4. The chord of an arc Is =36, and its height i.s = 4; how many 
degrees are contained in it? 

tanin = i=^=1.2^-2=tanl2'31'43"7, 

and n=50"6'54"-8. 



Exerci.sks 

1. The chord of an arc is =36, and the radius of the circle is 
=54 ; what is the number of degrees in the arc? . =.38" .56' 32". 

2. The apothem and height of an arc are =50 and 12; required 

the numl>er of degrees in it =72" 29' .55" -2. 

3. What is the number of degrees in an arc whose height is =12, 

the radius of the circle being =.56? .... =76" 25' 6. 

4. How many degrees are contained in an arc whose chord is =40, 

andheight=6? =56" 8' *7. 

. ' 5. The chord of half an arc is = 20, and the height of the arc i.s = 2 ; 
how many degrees are contained in it? » . . =22" 57' *2. 
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279. Problem XXXI. -To find the length of a circular 
arc, the number of degrees in it and the diameter being 
given. 

Rule. — M ultiply the nuinher of «lo{^rce.s in it hy the diaiueter, 
ainl the product hy UOHT'JT ; the rcMult will Ins the leiifrth of the urc. 

Let w = tlie niiiiiber of deforces in the arc, 

/ = the lens'll! of the urc ; 
then /= *0()S7‘27/o/. 

Or I - ‘OnLVh'b/r, where i* — radius. 

For c = 3*141(W, and .'{(KF : : I ; 

hence /= ^•(K)8/27arf. 

3b(J 

280. When, instead <d the diameter hoinj^ ^Iven, the chord or 
a}>othcin is ^(ivcn, the ra<lius can he found. For 
in the triangle Mt^U a side is then given, and 
angle Q = iw, to find the radius M(^. Also, wlien 
the chord and apothem are given, two sidt^s of 
the triangle AfOK arc given; and hence the 
ra<liuH and nunilwr of degrees ciiii Ik; found hy 
Trigonometry, 

Examclks. 1. Find the lengtli of a circular arc contaiiiitig 30’, 
the diameter being -50. 

! 008727/0/ : 008727 x 30 x 50 - 13 0905. 

2. The number of degrees in the arc of a circle, whose radius 
is = 25, is 25' 30' ; what is the length of the arc? 

I Ol74533;ir = 0174533 x 25 5 x 25 - 1 11 26. 

EXKKri.SK.S 

1. What is the length of a circular arc of 4.5', the diameter being 

:^12? -4-7125S. 

2. What is the length of a circular arc of .32^, the radius of the 

circle lieing — 20? —11*17. 

.3. Find the length of a circular arc containing 120' 40', the radius 
of the circle l>eing - .50 =’ 105 *.3. 

4. Required the length of an .arc of a circle whose diameter is 
= 12.5, and the niimlier of degrees in the arc --54" *6, or 54' 30'. 

59 .559. 

6. Find the lengtli of an arc whose chord iR= 12, and radius = 18. 

= 12*2.34. 
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6. What i8 the length of an arc whose chord ia=26‘4, and the 

chord of its half = 15’3? . =32*461. 

7. Find the length of an arc whose chord is =4 *8, and that of its 

half=2*443 =4*9159. 

281. The lengths of arcs may also he easily computed by means 
of a Table containing the lengths of arcs of any number of degrees 
belonging to a circle whose radius is=l. Such a Table can be 
calculated by this problem. The rule by this metlnxl is 

Multiply the tabular length of the arc of the same number of 
degrees by the radius of the given arc, and the product will be 
its length. 

Let /' = length of arc in Table ; then 

Thus, for the first example given alxive, where ?r=30^ and r^=50, 
it is found that /'= *5235088 ; 
hence / = rV - 25 x *52.35988 = 1 3 *08997. 

And, for the second example, where w = 25^ /'= *4363325, and for 
30', /' = *(X187260 ; hence, for 25" .30', I* is the sum 4 )f these two, or 
= *4450591 ; 

hence I = 25 x *4450591 = 11*12648. 

282. Problem XXXIL — To find the area of a circular 
sector. 

Rule. — Multiply the length of the arc of the sector by the radius, 
and half the product will be the area. 

Or .‘K=^//*. 

For the area of the whole circle is equal to the pro»luct of its 
circumference into the radius divided hy two ; ami hence the area 
of the sector is also the prwluct of its arc into the radius divided 
by two. 

Examples.— 1. The length of a circular arc is =24, and the 
diameter of the circle is = 30 ; find its area. 

• = ix24x30 = 180. 

2. The number of degrees in a circular arc is =30, and the radius 
is =25 ; what is its area? 

/ = •0l74533wr = *0174533 x 30 x 25 = 13 08997, 
and /ll=yr=^ x 13*08997 x 25= 163*62468. 

283. When the number of degrees in the arc is given, as in the 
last example, the formula may be a little improved. 

Thus, if in the value of I found in Art. 279 be substi- 

tuted, it becomes x •0174533/in*=*008727nr*. 
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Tlie last example, calculated l»y this formula, j?ives 
yK=r 008727 x 30 x 1G3-625. 

When the radius and the length of the are, or the numher of 
ilegrces in it, are not given, they must be found by preceding 
problems. 

Exkrcises 

1. The length of a circular arc is -50, and its radius is ^30; 

what is the area of the sector? - 750. 

2. The length of a circular arc is- 10-75, and its radius -12*5; 

what is the area of the sector? -67-1875. 

,3. The number (»f degrees in a circular arc is -40’, aiul the 
diameter is -60 ; liml the area of the sector. . . -314-172. 

4. What is the area of a sector, the arc of which contains 50’ 42', 

the radius of the circle being -28? .... 346-8877. 

5. What is the area of a sector, the length of its arc being 78*14, 

and the* diameter of the circle 70? .... 1367-45. 

6. What is the area of a sector whoso radius is ~ 18, and its cln>i-d 

= 12? 110-106. 

7. Find the area of a sector who.HC arc contains 27 , its radins 

being 6 feet. ...... 8*4826 sqnare feet. 

S. Find the area of a sector whose arc cotitains 30’, its radius 
being- 50 -78.’»*4. 

0. Fiml the area of a circular sector, the chord of the arc being 
= 8, and that of lialf the are "5 22-344. 

10. What is tlic area of a sector whose chonl is .30, and licight 

= 4? -473 015. 

1 1. The height of the arc of a .sector is = 2-5, and the chonl of its 

half is -5; what is its area? ...... -26*18. 

284. Problem XXXIII. To find the area of a circular 
segment. 

UULE 1. — Find the area of the sector that has the same arc as 
the segment; find also the area of the triangle whose vertex is 
the centre aiul who.se base is the chord of the segment ; then the 
area of the segment is the tliflTerence or sum of these two areas, 
according ns tlie segment is less or greater than a semicircle. 

Exampi.k. -The chord and height of a segment are = 24 and 6; 
find its area. 

By Art. 278, tan -5 ^ (nn 26' 3.1' H " ; 

and hence « = 106° J.V .36" rr loO -26. 
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^3 \ AA 

Also (Art. 276), 2r - 4.= j^= — =24, and r= 15. 

Then (Art. 283), 8ector= •008727m-®= *008727 x 106*26 x 226 = 208*64 ; 

also, triangle = icp = J x 24 x 9 = 108 ; 

hence segment = sector - triangle = 208 *64 - 108 =100*64. 

285. When either the chord or apothem is unknown, and the 
radius is either given or found, and also the number of degiees 
in the drc, the area of the triangle is to be found by Prob. X. 

Exercises 

1. Find the area of a circular segment, its chord being =40, and 

height =4. =107*56. 

2. The cliord of a segment is=20, and its hcight=5; what is 

its area? =69*896. 

3. Find the area of a segment whose chord is =24 feet, and 

hcight=9 =159*1 square feet. 

4. What is the area of a segment whose chord is =30, and 

diameter=50? =102*188. 

5. Required the area of a segment whose chord is =16, and 

diameter =20 =44*7293. 

6. The chord of a segment is =24, and the radius =20; what is 

its area? . =65*401. 

7. What is the area of a segment, the arc of which is a quadrant, 

and the diameter = 12 feet ? . . . . =10*274 square feet. 

8. Find the area of a segment whose arc contains 280®, the 

diameter being =10 feet. . . . . =73*3066 square feet. 

9. The height of a segment is =18, and the diameter of the 

circle =50 ; what is the area of the segment? . . . =636*376. 

10. The diameter of a circle is =100 feet, and the height of a 

segment of it is 6*5 ; what is its area? . =216*597 square feet. 

286. The area may also be found by means of a Table containing 
the areas of segments of a circle, whose diameter is=l, and whose 
heights aro all the numbers lietween 0 and *5 carried to any 
number of decimal places, as to two or four, or any other number, 
According to the degree of accuracy required. Such a Table can 
be calculated by means of the preceding rule. The rule by this 
method is 

Rule II. —Divide the height by the diameter, the quotient is 
the'hmghtof the similar segment when the diameter is=l ; take 
the tabular area con-esponding to this height, and multiply it 
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by the square of tlie diameter, and the product is the area of the 
given segment. 

Example.— For the above example, 4'=^=^= *2. 

The tabular area is then *111824 ; 

and M = (PM'=^x •111824 = 100-6416. 

The exercises given above may he performed in the same manner 
to exemplify this rule. 

Before this method can lie used, h must be known. 

When r and c are known, then from wliicli p is found, 

then 

When the chord of half the arc is given and the diameter, then 
(Art. 277) 2rA=c'^, where c' is the chord of half the arc ; and from this. 



When the chord of the arc and that of half the are arc given, 
or c and c'; then in triangle MPll (lig. to Prob. XXX.), 1*1P-- 


287. Problem XXXIV.— To find tbe area of a circular 
zone— that is, the figure contained by two parallel chords 
and the intercepted arcs. 

Find the area of the trapezium ACGF, and 
of the segment AIC, and double their sum will 
be the area of the zone ABDC ; or. 

Find the areas of the two segments AIIH, 

(.'HD (Art. 286), and their difference will Ikj the 
area of the zone A BD(^. 

Let the chord AB=r, CD = c', and AC = ^"; 
and the distance OF = 6. 

When 6, c, and & are given, the diameter d will Iks foun<l thus - 

Let CL = iw, then ?ii = 6 + ^ ^ ^ ^ 

and «P=m’+c'’ [2]. 

For CK . KL = AK . KB (Eucl. III. 35) ; hence 



KL= 


AK. KB 
CK 


that U, = 

b 4o 


But LCD being a right angle, LD is the diameter, and 
DL*=CL* + CD». 

Also c"*=6*+Kc-c')* 

For AC*=CK*+AK», and AK=i(e-«'). 


[ 3 ]. 



128 


MENSURATION OF SURFACES 


The diameter d and c*' }>eiiig known » the area of the segment 
AIC can lie found hy Prob. XXXIII. ; and if f = the area of the 
trapezium ACGF, it is 

= J( AF + CG)CK, or ^ = J(c + c*)b . . . [4]. 

The diameter and the chords c and r' ]»eing known, the areas of 
the segments AHU, CIID can Imj found by Prob. XXXIII. 

Hence, if n, a\ and a" denote the areas of the segments, whose 
chords are c, c\ and and Al that of the zone, tlien 

M = + a% or Al = « - [5]. 

288. Instead of fimling the areas of the segments by the first rule 
of Prob. XXXIII., they may he found by tlie second -tliat is, hy 
means of a Table. Tiie heights, however, of the .segments must 
he known before the rule can be ap|>lic<l. For the methods of 
finding A, see end of Art. 286. 

When the zone contains the centre of the circle, the areas of the 
two segments on its opposite .sides may be found, and their sum 
being taken from the area of the whole circle, will give that of the 
zone. 


Example.— F ind the area of a circular zone, the parallel choixls 
of which are = 90 and 50, and the distance between tlicm -20. 

The areas of the segments may be calculated by either of the 
two rules of the last problem. They are calculated here ])y the 
second rule. 

Here c=90, c'=50, and A =20. 

By [1], '*“=20 + 70 =90 ; 

by [2], rf»=»t»+c'*=902+60»=10600, ami il= 102-956. 

Let pt p' and A, A' be the apothems and heights of these tw'o 
segments, then (Prob, XXXIII.) 

y,'a = H-(icT=2650 - 252=2025, and ;/=45; 
hence A' = r-;>'=51*478 -45=6*478. 

Also A=A+A'=20+ 6-478=26*478. 

7 / 

The tabular height for h' is=-y=-_^^= 06292. 

a 102 'yoo 


II II for A is=- 
< 

Tabular area for *0629 is = -020642 
H I. for *2672 is =-15981 1 


. 26-478 _ 

■ 102-956 ~ ' 


DifTerence, =*139169 

Hence Al= •139169flP= 139169 x 10600= 1475 19. 
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EXERnSES 

1. The chorda of a circular zone are = 30 and 48, and the distance 

between thcMu is = 13 ; required its area. . . . =534* 19. 

2. The chords of a zone that contains within it the centre of tlie 
circle are =30 and 40, and their distance is = 35 ; what is its area? 

-1581-7475. 

3. Tlie diameter of a circle is = 25, and two parallel chords in it, 

on the same side of the centre, are = 20 and 15 ; liud the area of the 
zone contained by them. -44-343. 

289. Problem XXXV. —To find the area of a lime that 
is, the space contained between the arcs of two circles 
that have a common chord. 

UuLE.— Find the areas of the two segments that stand on the 
same side of the chord, and their diirercnce is the area of the lune. 

Exercises 

1. The length of the common chonl Allis =40, the heights CK 

and Cl) = 10 and 4 ; what is the area of the lune t 

AEHD? =172-05. 

2. The chord is = 30, and the heights = 3 and 

15 ; find the area of the lune . . =292-954. 

3. The chord is =48, and the lieights are =7 

and 18 ; what is the area? =408-609. 

290. Problem XXXVI.— To find the area of any irregular 
polygon. 

Hulk.— D ivide the polygon, by means of diagonals, into tri- 
angles, or into triangles and trapeziums, and fiml the areas of 
those component figures by former [uoblems, and the sum of their 
areas will be the area requiretl. 

1. Find the area of a hexagonal figure from these measure- 
ments 

AC =525 links 

BG =100 M 

DF =490 M 

FH =210 M 

El =100 M 

CK =300 M 

= 1 acre 3 roods .32*2 poles. 




0 
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2. Required tiie area of the irregular hexagon ABCDEF from 
these data 

The side AB= 690. links the side FA = 630 links 

M II BC=870 M the diagonal AE= 1210 m 

II ft CD =770 M It II AD =1634 n 

II II DE=510 II It It BD = 1486 n 

.1 I. EF=670 I. 

^11 acres 18*46 square i)ole.s. 

In this example the polygon is divided into triangles of 
which the three sides are known ; an<l their areas are found by 
Prob. XI. 

3. Find the area of the figure ABCDEF fi*om tliese measure- 
ments 

The side AB= 2000 links the angle B AC =40® 

M I. AF=1800 II „ „ CAD=43“ 

the diagonal AC =2500 n h n DAE =40® .30' 

I. II AD=2760 II .1 II EAF=48®20' 

11 II AE=3450 II 

=93 acres 2 roods 2*67 square poles. 

The area^ of the triangles in the preceding question are to be 
found by Prob. X. 


4. Find the area of the held ABCDE from these data 




Divide the polygon into triangles by means of the diagonals AC 
and CE. In triangle ABC, calculate the angle C and side AC 
(Art. 187) ; and similarly in tnangle EDC, calculate angle C 
and side EC ; then, if the sum of these hvo angles be subtractetl 
from the whole angle BCD, the remainder is angle ACE. Two 
sides and a contained angle ara then known in each of the three 
triangles ; and hence their areas can be found (Art. 256) 


291. When all the sides but one of any polygon are known, and 
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alfto all the aiigleH except the two at the extreniiticfl of that 8hle» 
the area may Ije calciilate<] in a manner similar to tlie method nseti 
in the solution of tlie preceding example. 

292. Problem XXXVII.— To find the area of any curri- 
lineal space by means of equidistant ordinates. 

Let ACDB be the given space. 

Draw the per()endiculAi‘s or ordinates CSC, HD, &c. ; then, if 
the curves AC, CD, DE, &c. are sntti- c o ^ 

ciently short, they may be considered 
as straight lines without any tiiaterial / ; i ; 

error, and then the figure will l»e divided a c h i k b 

into triangles and trapeziums, whose areas can be found as 
formerly. 

I. When the curve meets the base at lioth extremities, and the 
base is divided into a number of equal parts, and ordiiiatcs arc 
drawn from the points of division, multiply the sum of the ordi- 
nates by the common distance between them, and the pnxliict is 
the area. 

Or, if the common distance^/, and the sum of the pcr]>endiculArs 
=.», then — 

For let the perpendiculars be ci, 6, c, rf, taken in order ; then 
the areas of the triangle AGC, of the trapeziums, and of triangle 
FKB are 

= \ fil + + hi)l + c)l + ^{c tl)l 4 - f 

that is, / is multiplie<l twice by Ja, twice by &c., or by the sum 
of o, ft, r, and f/. 

When the figure is l>oundcd by two perpendiculars, as by C(t 
and KF, let them lie denoted by a and and the sum of all the 
{leriiendiculars by s\ as aliove ; then if 

8=g'-i(a+z}f M—ls, 

Example. — Let the perpendiculars of the figure ABD lie =-10, 
12, 13, and 11, and the equal divisions of AB=9, what is its area? 

j = 10+124 13 + 11=46; 
hence Al-/j? = 9x 46 = 414. 


Exerciskh 

1. The perpendiculars are = 12, 20, 28, 30, and 24, and the 
common distance is/s 14 ; find the area. • =1668. 
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2. Wliiit is the area of the figure COKF, terminated by the 
perpendiculars CG and FK, the ioiir perpendiculars being=14, 16, 
16, and 18, and the common distance = 12? . . . =564. 

H. When the surface is terminated at its two extremities by 
ordinates, divide the base into an even number of equal parts ; 
find the sum of the first and last ordinates ; also the sum of the 
even ordinates — that is, the second, fourth, &c. — and also the sum 
of the remaining ordinates ; then add together the first sum, four 
times the second, and twice the third ; and the resulting sum, 
multiplied by one-third of the common distance of the ordinates, 
will give the area. 

Let A = the sum of the fh'st and last ordinates, 

B= II II even ordinates, the second, fourth, &c., 

C = II M remaining ordinates, 

and 13 = the common distance between the ordinates ; 
then the area= J(A + 4B+2C)I3. 

For twice the area by last case=(A-f 2B + 2C)D ; and supposing 
the secoml ordinate to be equal to half the first and third, the 
fourth e(|ual to half the third and fifth, and so on, the area will 
equal 2BD ; and adding these two, gives 

3i^K= (A-f4B + 2C)D; 
hence the At = i(A+4B + 2C)D. 

Example. Find the area of a surface, the ordinates being in 
order = 10, 11, 14, 16, and 16, and the common distance between 
them =5. 

Here A = 26, B = 27, and C = 14, 

and area = + 108 -f 28) x 5 = g x 162 = 270. 

Exercises 

I. What is the area of a surface, the common distance between 

the ordinates being =10, and the ordinates in order =20, 22, 28, 32, 
and 32? =1080. 

2. Find the area of a field, one side of it being=198 links, and 
seven ordinates to it measured at equal distances to the opposite 
curvilineal boundary being in order =60, 75, 80, 82, 76, 63, and 50. 

= 14.322 square links. 

3. One side of a field is =60, and 6ve equidistant ordinates are 

measured perpendicular to it, extending to the curvilineal boun- 
dary, which are -30, 33, 42, 48, and 48; what is the area of the 
field? =2430. 
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4. Pintl the area of a ficUli oiio sulc of it I>eing -'1KH) links, jiinl 
aevoti cc|UuHstant ordinates front it to (lie opposite otirvilineal 
iMiindary being ~ 300, 375, 400, 410, 380, 315, and ‘250. 

~3 acres 2 roods 1‘2‘H8 sipiare poles. 


LAND-SURVEYING 

293. Liiiul-survoyiiig is the nndlnul of measuring ami 
comimtiiig the* area ijf any small jiortinn of the eartirs 
surface — as a lieUl, a farm, an estate, or ilistrict of moileraU^ 
extent. 

294. The quantity of surface to ho ascortaineil in any case 
by this species of .surveying is comparatively so limited 
that tho spherical form of the earth i.s seldom taken in(>) 
consideration. 

295. The surfaces to Ikmu eji.su re< I are dividi‘d info triangles 
and trapeziums, as in Articles 290 and 292 in ‘ Menstindion 
of Kurfm’cs.’ Various instruments are ustid for (dihiining the 
mea.su rements nece.ssary for the comjmlation of th(3 aroa.s, 
and for the construction of plans of tho surfaces. The* most 
comiimn instrumeiit.s are the clnrin, the surveying-cn»ss, a 
theoihdite, ami a jdanc table. 

29G. 4'he chain, called also Gunter's chain, is 22 y.ards or 
66 feet long, ami is cornpo.sod of 100 erpial lifdis, the length 
pf each being 7*02 inches. At every tenth liidc i.s a mark 
^ado of bras.**, to a.‘<.sist tho eye in reckoning the number of 

[ Inks measureil olf'. An aero con.si.sts of 10 .sipiaro chains, or 
00,000 fKjuaro links. There arc ^0 chains in a mile, and 
40 acre.s in a .sipiarc mile. 

297. Ten iron pins, called arrows, with [lieccs of rc<l 
Woth attached to tliem, are used for sticking in tho grouml 

rm-. Kjab. J 
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at the end of eacli chain-length when measuring in the 
field. 

298. Offset-stafffl arc wooden rods ten links long divided 
into links for measuring offsets (Art. 305). 

299. Other staffs, al)out six feet long, called picket-staffs 
or station-staffs, with small red flags attached, are used for 
marks to ho placed at the corners of fields and other places 
called stations (Art. 303). 

300. The surveying-cross, or cross-staff, consists of two 
bars of brass placed at right angles, w’ith sights at tlieir 
extremities, j)erpen(licular to the plane of the bars. There are 

narrow slits at A ami C, to which the eye is 
applied, and wider openings at B and D, 
g with a fine wire fixed vertically in the 
middle of them. The cross is supported- on 
a staff E, about 4| feet high, which at the 
lower end is pointed and shod with brass, so 
that it can be easily stuck in the ground. 
The sights are placed on the top of tlie staff, and fixed in any 
position by a screw F. 

301. A simple cross-staff may be made by cutting two 
grooves with a saw along the diagonals of a square board, to 
be fixed on the top of the staff. 

302. It can easily be ascertained if the sights are at right 
angles, by directing one pair of tliem, as AB, to one object, 
and observing to what object the other pair, CD, are then 
directed ; then by turning the sights till the second object is 
seen through the first pair of sights AB, if the first object is 
then visible through the second pair of sights and is exactly 
in apparent coincidence with the wire, the sights are at right 
angles ; if not, they must be adjusted. 

303. The angular points of the large triangles or polygons 
into which a field is to be divided for the purpose of takihg 
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its dimensions are called stations, and arc denoted by the 
mark O; thus, is the liwt station, t)., the second, and 
so on. 

304. The stations arc joined by lines, which an*, measured 
by the chain ; hence called chain-llnes or stationdines. 

305. Lines measured perpendicularly to cliain-lines, to tlio 
angular points, and other points of the lK)umlary t)f a field 
are called offsets. 

30G. The cross-stafF is used for finding the position of 
olfsets. Tlie point in the chain-line from which an offset is 
to he measure<l to any j)oint in the Ixmndary is hnind by 
fixing the stall* in the chain-line so that one pair of sights 
may coinciile witli it ; then, if tin* point in the boundary 
<‘oincide*3 with the other sight, the cross is at the proper 
j>oint fnr an oifset. Thus, the cross being plac(id at tj (lig. to 
Art. 310), and one pair of sights coinciding with All, the 
other will coincide with f/C. 

307. Tbo theodolite is one of the moat common and ns(‘ful 
angular instruments. It consists of two gmduated circles 
pcrj)en<licular to each other, one of which is fixed in a 
horizontal and the other in a vertical plane, and is used fuv 
measuring horizontal and vertical 
angles. 

In the figure, AVPB represents a 
.sicle view of the horizontal circle, 
and PTP a direct view of the ver- 
tical one, whi(h extends to little 
more than a semicircle. The vertical 
circle is movable alxnit an axis, 
coinciding with the centre of the 
circular arc I^'P. 

On the vertical circle is fixed a 
telescope, W, furnished with a sjurit-level, X ; the tele- 
scope moves vertically about a horizontal axis which 
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passes' through the centre of the vertical arc; and it 
'moves horizontally by turning the upper horizontal plate 
on which it is supported, the lower plate 13 remaining 
fixed. 

Both the horizontal and vertical circles arc graduated 
to half-degrees, and by means of verniers, wliich are applied 
to them, angles can bo read to minutes. Two levels are 
placed on the top of the horizontal plate, and when the 
instrument is to Ijo used it is placed on a tripod stand, the 
horizontal circle being brought to ji horizontal position by 
means of adjusting screws. If, and two spirit-levels, 7 /, fixed 
on the circular plate. 

308. To measure a horizontal angle subtended at the 
instrument by the horizontal distances of two objects : direct 
the telescope to one of the objects, and observe the number of 
degrees at the vernier on the horizontal circle ; then turn the 
vortical circle, which is supported on the upper horizontal 
plate, till the other object is visible through the telescope, and 
in apparent coincidence with the intersection of the cross 
wires, and note the number of degrees on the horizontal 
circle ; then the dilfcrence between this and the former 
number is the required horizontal angle. 

309. To measure a vertical angle : direct the telescope to 
the object wliosc angle of elevation is required ; then the arc 
intercepted between the zero of the arc and that of the 
vernier is the required angle. An angle of depression is 
similarly measured. 

310. Problem I.— To survey with the chain and cross- 
staff. 

Rule.— Divide the field into triangles, or into triangles and 
quadrilaterals, the principal triangles or trapeziums occupying 
Die great body of the field, and the rest of it containing 
, secondary triangles and trapeziums formed by offsets from 
the chain-lines. Measure the base and height, or else the three 
sides of each of the principal triangles, then calculate their 
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ftieas by the rules in * MeiiMiiniti«in of Siirfuces,* ami alno tlio 
offset spaces, niul the sum of all the amis will Ihj that of the 
entire fieUl. 


Example. — F iml the contents of the mljoinin;' liehl from 
these measurements, A the rn“st ami H the second 

station 


On cliaiit-liiie 
\if 150 
Ah 32;} 
Ai - 507 
Ak tV24 
All 709 


OITsota 

tjV. 141 to left 
/lE ISCMo i i);ht 
fl) 107 to h*ft 
/» K - 17‘2 to rif(ht 



r/. 


The doiihles of the areas of the component triauf^les and trape- 
ziums are found, in order that there may he only one division by 2 
>- namely, that of their sum. 


fji 

\/-A.// 447, iB^^AB- 

Ai - 

72, and A A ~ A A 

AA- 30J, 

15/, All A/, 145. 





't 1 inngle Af/< ' Atj . fji < 

l.'lO V 

141, . . . 

21 150 

Tw ii’c 

liapeziuin ( V’l) <//(( V/ 

{ lb) 

447 X (141 + 167), . 

137<»70 

the 

tiiaiigle I)/li Ih </n- 

172x 107, 

28724 

area 

( 1 ianglo A/t K A/t x A E 

:123 > 

180, . 

.78140 

of the 

trapezium AKhV.* AA(Af 

: 1 /.F) 

- 301(1 80 M 72), . 

105952 


, triangle lUF llA* x AF - 

145 X 

172, . . . 

24940 


Twice area 



:i705H2 


therefore area - 188291 -1 acre 3 roo<lM 21 square poles. 


311. Instea<l of writin*' the nieasurcmentH an above, they nr«! 
usually re)ristere<l in a tabular f<irm, called a field*book, as 
follow.s. The lH*;finnin;' of the (lebl-lMiok is at the lower end 
of the table, as this arrangement suKK^‘'ts im)re readily the 
clireetion *>f the mc^isnremeiits. The middle eolnnin of the fiehl- 
brmk contains the len^^ths measured on the chain-lines, ami the 
cfdumn.s to the ri^^ht and left of it contain rosjKJctively the right 
and left offsets. 

The station from which the measunuiicnts arc be;<un is called 
the first station; that next arrived at, the second; and so 
:in. 

The GelddKMk of the measurements of a fitdd similar t/O that of 
die Inst example is ^'iven l>elow in the following exercise, in which 
\ is Oi and B is 
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Exercises 

I. Fin«l the area of a field, the dimensions of which are given in 
the following field-book 


l/ift OffNcts 

Chaiii-lliio 

Right Offsets 


1538 to Oi 



1248 

344 

334 

1194 

1 


646 

360 to road. 

To fence, 282 

i 300 



From Oi 



=7 acres ‘2 roods 5*06 square poles. 


2. Find tlie area of the subjoined field from the following 
jneasu remen ts 



AO=2dl links 
An -430 II 
AC =450 II 
1)/)= 65 II 
I>Y=210 II 
DA =325 II 
A,i)r=180 II 
Ai =410 „ 
AB=460 II 


OlTsetn 
}hi =155 
DO = 160 
ps = 30 
qr = 25 
gh = 50 
tk = 55 


quadrilateral ABCD 

=AC(Bw -f-DO)=450(l55 + 160), =141750 


Twice triangle A^/t=A^. ^4=180 x 50, . . . . 9000 

the trape/inni < 7 / 0 =230(55 -f 50), . . = 24150 

area triangle B/4 = IM . t’/j =50 x 55 = 2750 

of the triangle Dj 35 = D;) .;w= 65 x 30, . . . . = 1950 

trapezium 5-0 = 145(30 + 25), . . = 7975 

^triangle A</r=A</ . jr= 115 x 25, . , . . = 2875 


Twice area = 190450 

therefore area =95225 square links =3 roods 32*36 s<inare poles. 

3. Find the area of a field similar to the preceding from the 
measurements given in the subjoined field-l)ook. 

>1 acre 1*3184 square poles. 
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T.oft OffseU 

Ghaiti-liiie 

UiK'til OlfM'ts 


308 to O4 



328 

44 V 


144 

40/ 


From (), on K of O.^ 

11 

1 3(i0t<»(), 


{ 108 

20 j:. to gate 

1 32 

24 

; From ( on of ( 



:Ui() to O 2 



34^4 

10*2 7 toO. 

Tot)., 270 

248 

/ 


From (>, 



312. TIio iiiitial lettor« K and L are used for right and left, to 

denote tlio in which a line is to ho measured. Sometimes 

the marks [ and 1 are used to denote respectively a turning; to the 
right and left. Tlie expression in the above liold hook ‘ From (t, 
on \j of <)j' lueaiiM that a ehain line is to he measured fiom the 
third station, and that it is situated to the left of the second 
station, in refereiiee to the direction in which the (irst cliuiu line, 
A(’, is measured; so ‘From O, on It <»t (1/ tucatis that the next 
chain line extends from Oj to a point on the light of O.^ -namely, 
to t >4. 

When the field to he surveyed i.s 
not very extensive, or the measure- 
ment s not complex, they may 1 m* 
marked on a rough sketch of the 
fiehi instead of in a field-lxMik, as 
in the figure to Kxample 2. 

313. On the left of the nuiiihers 
denoting the left offsets, and to the 
right of those denoting the right 
offsets, lines are sometimes made, to 
represent in a general way tlie form 
of the boiin<lary to M-hich the offsets 
are drawn. 

4. Find the area of the adjoining field ABCIHI>F(tE from 
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tlie nieaBurenienlH in the following fie1d-l>ook, A, B, C, D, E 
being respectively the Ist, 2ni], Srd, 4th, and 5th stations. 



=4 acres 3 roods 237 square poles. 

Find the areas of the principal triangles ABO, ACE, and CDE, 
in tlio above exercise, hy Article 257 in ‘Mensuration of Surfaces ; ’ 
then find the areas of the triangles and trapeziums composing 
the offset spaces EGFD and DHIC, tlie former of which is to 
be added to the areas of the ))rincipal triangles, and the latter 
to be deducted, in order to give the area of the given field 
AUCIUDFGE. 

The crooked boundary, DHI, may be reduced to a straight 
lino DL, meeting Cl produced in L (see Art. 122, ‘Descriptive 
Geometry’), and then a triangle CLD is formed equal to the 
irregular space CIHD, the area of which is = . CD. The 

length of liS can he found by means of the scale used in construct- 
ing the figure. The oflset space EGFD, with the curvilineal 
Imumlary, can also bo reduced to a triangle EKD of equal area, 
which can be calculated like that of triangle CLD. The straight 
lines EK, KD can be determined with sufficient accuracy by the 
eye, so as to cut off as much space from the inside of the curved 
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boundary E(fFD as is added on the outside. A ruler made of 
transparent horn is used for this pnri>OHe, or a tine wire strelcluMl 
on a wlialelmne 1m>w. 

314. The practice of constructinj' a plan of any surface, tlie 
<Iimensions of which are taken, and rctlucin^» the crooke<l and 
curved iMiundaries in the iiiaiiiier stated above, is very cMuniiion 
with the best surveyors, on account of its expediti4)n ami suflicicnt 
accuracy. It is also usual t«) measure on the plan the altitudes of 
the principal triangles, and to calculate their are.-is by the simple 
rule in Article 2.'55 of ‘ Mensuration of Surfaces.’ 

Thus, by thawing the perpcmliciilar IIV on A(’, and measuring 
it, the area of triangle AHC is-.\A(\ UV ; ami in a similar manner 
the areiis of the other principal triangles are huiml. 

COMPUTATION OP ACREAGE 

Piviile the area into convenient triangles, ami multiply the base 
of each triangle in links by half the perpendicular in links; cut 
otr 5 figures to the right, and the remaining tigurcs will be acres. 
Multiply the 5 ligures so cut oflT by 4, and again cut otr /> ligun's, 
ami the remainder is in roods. Multiply the 5 ligures by -40, and 
again cut olV for s(|uure p<des. 

OBSTACLES IN RANGING SURVEY LINES 

If it be possilde to see over the obstacle, but not to chain over 
it, lay otr AC ami HI) (tig. I) c<jual to each cdlu'r, ami at light 



angles to the line; then CD -AH. If it l>e not possible either to 
chain or see over the obstacle, lay off the lines KF, AC equal to each 
other, and at right angles to the Hue (fig. 2) range the points Dll 
in line 'with £C, and set off the lines DB, IlO cf|nnl to AC and KF, 
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and at ri^lit angles to the line EH; then B and O are points 
for ranging the continuation of the line FA, and AB=CI). 



TO SET OUT A RIGHT ANGLE WITH THE CHAIN 

Take 40 links on the chain for the Ixise, 30 links for the perpen- 
dicular, and 50 for the iiypotcimsc. 

UsKKiTL Numbers in Survkv'ino 


For Converting 

Multiplier 

Converse 

Feet into links, 

1-515 

•66 

Yards into links, . 

4-545 

•22 

Square feet into acres, . 

-0000229 

43560 

Square yanis into acres, 

-0002066 

4840 

Feet into miles, 

-00019 

5280 

Yards into miles, . 

•00057 

1760 

Chains into miles, . 

•0125 

80 


TO SURVEY WITH THE CHAIN. CROSS, AND 
THEODOLITE 

315. Although it frequently happens that the most expeditious 
nio<le of surveying is hy the chain and cross, yet in the case of 
large surveys the theodolite is very advantageously combined with 
them for measuring angles. When some of the angles of a triangle 
are known, its area can he found without knowing all its sides ; 
and the tedious process of measuring them all by the chain is 
thus dispensed with, unless the measuring of offsets or some other 
cause requires all the sides to be measured. It is often useful to 
measure more lines and angles than are necessary for determining 
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the area, for the ptirpose of serving as a check to ensure accuracy 
in the results. 

310. Problem IL— To survey a field by taking a single 
station within it, and measuring the distances to its 
different corners, and the angles at the station contained 
by these distances. 

The field is thus divided into triangles, in eiioh of which two 
sides and the contained angle are known ; and their areas may 
tliereforo he found by Article 250 in ‘ Mensuration of Surfaces ; ’ 
their .sum will be the area of the field. 

Kxkucises 

1. From a station O within a pentagonal field, the distances to 
the difVereiit conicrs A, B, C, 1), E were ^ 
measured aiul found to he re.spectively 1400, 

1100, 1200, 1203, and 1410; and the angles 
AOB, B<,K.\ &c. contained by them were in 
oilier 71" :10', 55" 45', 49" 15', and HV 30'; re- 
ipiiied the area of the field. 

--30 acr(*s 30*2 square poles. 

2. From a station near the middle of a tield of six sides, 
ABCT)EF, the distances and angles, measured as in tlie preceding 
exercise, were as below : — 

AO - 4315 links Angle AOB ~ 00" 30' 

OB 2082 M M HOC ^ 47" 40' 

OC 3501 M „ COD 40 ' 50' 

OD 5010 „ „ DOE == 57" 10' 

OE = 4018 H .. EOF r. 04" 15' 

OF =. 3006 H „ FOA -- 80" 35' 

Wliat is the area? . . =412 acres 1 rood 17*3 square polos. 

317. Problem III. —To survey a polygonal field by measur- 
ing all its sides but one, and all its angles except the 
two at the extremities of that side. 

From the data it will always l>e possible, by applying trigono- 
metrical calculation, to find two sides and the contained angle of 
each of the comprmeiit tiianglcs, the areas of which can he calcn 
lated as in last prohlcm. 

Let ABODE l>e the j>olygonal field ; and let the sides AB, B(\ 
CD, DE he given, and also the angles B, O, and D. Join CK 
and CA ; then, in triangle ABC, find AC and angle C ; and in 
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iliangle CDE, find CE and angle C; tlieii angle ACE = BCD 
-(ACB-fDCE). Tliere are therefore now known two sides and 
a contained triangle in each triangle ; and hence their areas can be 
found, the sum of which is that of the given field. 

Exercise 

Find the area of the subjoined field ABCDE from these 
measuraments :>~ 

Side AB = 388 Angle B := 110" 30' 

.. BC - 311 1. 0 = 1 17“ 45' 

CD := 425 D = or 20' 

„ DE = 548 

=2 acres 2 roods 24*68 square poles. 

318. Problem IV.— To survey a field from two stations 
in it by measuring the distance between them, and all 
the angles at each station contained by this distance, 
and lines drawn from the stations to the corners of the 
field. 

From the data all the line.s drawn from one of the stations to 
the cornem of the field can be calculated by trigonometry ; and 
tlien the areas of the triangles contained by these lines, and the 
sides of the figure, can be calculate<l as in the last problem. 

Let ABCD be the given figure, and OQ the 
stations ; measure all the angles at 0 and Q ; 
jC tlu*n in triangle DOQ the angles are known, 
and the side OQ ; hence find OD ; similarly 
in triangle OQC find OC ; then find OB in 
triangle OBQ; and, lastly, OA in triangle 
OAQ. Then tlie areas of the four triangles 
AOB, BOC, COD, DO A can be found as in 
the last problem. 


Exercise.s 


1. Find 
ments : — 

the area of the field 

ABCD from 

these measure- 

Aiig 

le M = 120" 40' 

Angle ui 

= 36" 10' 

M 

n = 85" 30' 

” ?/ 

= 86" 45' 

„ 

II 

i 

M e 

il 

' It 

V = 20" 40' 

M r 

= 94" .30' 

and hence 

n = 107 ' 20' 

and hence z 

= 27“ 19' 


and OQ=1440 links. . . =61 acres 1 rood 6*448 square poles. 
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2. Find the area of the field ABCDEF from tlie subjoined 
ineaMiireineiits : — 

Alleles at O Angles at Q 

AOQ-m = 2r 20' OQl)=» “ 10 4(y 

AOB =49** 10' DQC- 18 40' 

BOC =:a; =57® 12' CQB= f = 42® 0' 

( OD =u =29® 40' BQA = s= 67" 6' 

I )( )K = V = 64® 2iV AQF = y = 1 37® 0' 

EOF = w = 79® 16' FQE = c= 62® 52' 

and the distance OQ =500 links. 

= 12 acres 3 rooils 1*18 square poles. 

319. It is evident that, by (he preceding; method, a field may be 
surveyctl from two stations situated outside the field, its area 
computed, and a plan of it made. But in this case the area of 
some of the trian‘'los will have to l>e subtracted from the sum 
of tlie areas of the othem. 

SURVEYING WITH THE PLANE-TABLE 

32tl. By means of the plane-table, a plan of a field or estate is 
cxpcsliliously made during the survey, from which the contents 
may Im? computed by the metlnxl described in Article 314. 

.*^21. This instrnineiit consists of a plain and smooth rect- 
angular board fitte<l in a movable frame 
of woiHl, which fixes the paper on the 
table, FT, in the adjoining figure. 'Fhe 
centre of the table Ijelow is fixe<l to a 
tripisl-stand, having at the top a ball- 
aiid-sfK'kct joint, so that the table may 
l>e (ixe<l in any required jMjsition. 

The table is fixed in a horizontal po»i- 
tioii by means of two spirit-levels lying 
in ditfereiit directions, or by placing a ball on the table, and 
observing the position of it in which the ball remains at rest. 

The edges of one side of the frame are divided into equal parts, 
for the purpose of drawing on the paper lines parallel or perpen- 
dicular to the edges of the frame ; and the e<1ges of the other side 
are ilivided into <legree8 corresponding to a central point on the 
1>oard for the purpose of measuiing angles. 

A magnetic com]>as8-l>ox, C, is fixed to one side of the table for 
determining the bearings of stations and other objects, and for 
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the purpose of fixing tlie table in the same relative position in 
(liiferent stations. 

There is also an index-rule of brass, IR, fitted with a telescope 
or sights, one edge of wliich, called tiie fiducial edge, is in tlie 
same plane with the sights, and by wliich lines are drawn on the 
paper to represent the direction of any object observed through the 
sights. This rule is graduated to serve as a scale of equal parts. 

322. Problem V.— To survey with the plane-table from a 
station inside the field. 

Place the table at the station 0 (fig. to Art. 316) ; adjust it so 
that the magnetic needle shall point to north on the com pass -card, 
or else observe the bearing of the needle, and fix on some point in 
the paper on the table for this station ; bring the nearer end of the 
fiducial edge of the index- rule to this point, and direct the sights 
to the corner A, and <lraw an obscure line with the pencil or a 
]»oint along this edge to represent the direction OA ; measure OA, 
and from the scale lay down its length on the obscure line, and 
then the point A is determined. Draw’ on the table the lines OB, 
0(J, OD, and OE exactly in the same W’ay. The points A, B, C, 
D, E being now’ joined, the )dan of the field is finished, and its 
contents may be computed as explained in Article 314, by )nea.sure‘ 
ments taken on the ])lAn. 

The angles at 0, subtended by the sides of the field, can also be 
measured at the same tiine by placing the frame with that side 
uppermost wdiich contains the angular divisions, and then the 
contents of the field can be calculated independently of the plan. 

323. Problem VI.~To survey with the plane-table by 
taking stations at all the comers of the field but one, 
and measuring all its sides. 

Let ABODE (fig. to Art. 317) be the field ; place the table at 
some corner, as A, and mark a point in the paper where most 
convenient t/O repre.sent that station ; adjust the instrument, as 
to the .direction of the magnetic-needle, as in last problem. Apply 
the nearer end of the index-rule to this station juunt, and direct 
the siglits to the station E, and draw* an obscure line as before to 
denote the direction AE ; then,- in a similar manner, tlirough the 
station point, draw* a line for the direction AB ; measure AE and 
AB, and w’ith the scale lay olT these measures on the o1>scure lines 
denoting AE and AB. Remove the instrument now’ to the second 
station B, and place it so that the needle shall rest at the same 
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|miat of tlie coinpaaa-canl as l»efore. If the index- rule is now 
laid along the direction of AH, the first station A will coincide 
with the sights, if the table is propeily placed. With the imiex- 
nile draw an obscure line through the second station point to 
represent HC ; measure HC, and lay the distance off on the line 
HC on the paper; remove the table to the third station (\ adjust 
its position as before, and draw a line to represent the direction 
Cl); measured), and, by the scale, lay this length off on Cl) on 
the paper; and, lastly, place it at 1) as hefore, and draw a line to 
represent I)E ; this line will meet AK in E, if the work has Ikxui 
correctly performed. The plan of the fiehl is now comjileted. 

;i24. Problem VIL— To survey a field from two stations. 

Let () and Q (fig. to Art. 318) be the two stations. Kix the table 
at O, and a<ljust it as formerly ; assume a convenient j)oiiit *>n 
the paper for the first station O ; draw’ an ohseure Jim* to represent 
CIQ ; jvs liefore, measure OQ, and, with the scale, lay this length off 
on Ot^> on the paper, and the p<niit for the station is determine<l. 
Then draw ohsenre lines to represent the lines 0(\ OH, ilrawn 
from O to the angles of the fiehl, without measuring the.se lines, as 
in .\itic1e .'Vi'i ; and liaving plaeed the table at and adjusted it, 
draw ohseure lines from to represent the lines drawn from l<» 
the e<nners of tlie field ; and the interseclIoiiH of these lines, with 
the former lines from O, will determine the corners C, H, A, \e., 
ami the plan w'ill he completed. 

. 320 . Problem VIII.— To survey more than one field with 
the plane-table. 

Having suiveychl one of the fields according to any of the 
metlusls in the three preceding prohleiiis, fix on a station in this 
field, whose position is know’n on the j)aj>er, and take some station 
in the adjoining field at a suffieieiit distanee ; then, from the 
former station, draw an ob.scnre line in the direcliiin of the latter, 
measure the ilistance l>etweeii them, and lay it off from a scale on 
the paper; and thus the new’ station in the a<l joining fi»*ld is 
determined on the plan. I’laee the tahle in this station, adjust it, 
and if it is correctly ]daccd, and the index-rnle place«l on the line 
joining the two last stations, the sights will coinciile with the 
station in the fii*st fiehl. Procce«l to the )>lanning of this second 
field ; then, in a similar manner, plan the next ; and so on till the 
whole survey is finishe<l, and then ineoaure it as liefore hy moans 
of the plan (Art. 314). 
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When a new Blieet of paper in required in consequence of that 
on tlie table bein^ tilled, some line must be drawn on the latter at 
the most advanced part of the work, and the edge of the former 
being a])plied to it, the station lines must be produced on this 
sheet. Before drawing the line, the latter sheet must be held in 
such a position as is most convenient for continuing the next part 
of the work upon it. The first sheet lieiiig removed from the table, 
and this one, previously moistened, fixed in by means of the frame, 
the work may be continued after the paper has got dry. When 
this sheet is filled, another is similarly fixed on the table ; and 
when the survey is completed, the sheets can all be accurately 
joined by means of the connecting lines. 

At the beginning of the work, the position of some conspicuous 
object or mark may be laid down on the paper, and at any stage 
of the subsequent operation its position may be a.scertained ; and 
if it coincide with the first position, it is a proof that the work 
is correct. If not, some error must have been committed, which 
must bo rectified before proceeding further; with this check, the 
greatest accuracy may be secured in the survey. 

Exkucisk 

From a station within a hexagonal field the distances of each of 
its corners were measured, and also their bearings ; required its 
plan and area, the measurements being as below. 

= 12 acres .3 roo<ls 6*448 square poles. 



Dlstancos 


first corner 

708 

NE. 

second II 

907 

NiE. 

third II 

783 

NW by W. 

fourth II 

825 

SW bv S. 

fifth II 

406 

8SE 7“ E. 

sixth II 

589 

E by S 3^“ E. 


This exercise is to be solved like that under Problem II. 


DIVISION OF LAND 

326. It frequently becomes a problem in land-surveying to cut 
off a certain portion from a field. When the field is of a i*egular 
form, this process may he frequently effected by a direct method ; 
but in the case of irregular fields, it can be accomplished only by 
indirect or lentafive methods. 
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327. Problem IX.— To cut off a portion from a rectangular 
field by a line parallel to its ends. 

Fiiul the area of the field ; then as its area is to that of the 
part to 1)6 cut off, so is the Ieii«'th of the field to the length of 
the part. 

Let AD Iks the field, AF the part to ho cut 
off, then 

Diviile the area of the required part hy the 
hreadth of the field, and the quotient will he 
the length. 

Let a -area of AF, anil 6 = the breadth AC, and /=the length 

AK; then l='l 
o 

Dr, if A = area of the field AD, and L~its length AH, then 
A ; « = L ; and I - AK. 

Example. — The area of a rectangular field is -10 acres ,3 rooils 
20 square poles, its length is -1,500 linhs, and breailth 725 links; 
it is required to out otV a part from it of the contents of 2 acres 
28 square poles hy a line parallel to its side. 

A - 10 act OH :i roods 20 sip poles r 1087500 links, 

<f - 2 n 0 .. 28 » . 217500 „ 

hence, lOsV'rxV' ^****^'^ AK. 

n 017 “, 0(1 

Dr, / / ,’100 links -AE. 

h i'Zii 

When any aliquot ])art is to be mt off from the field, find the 
same part of the base, and it will Iw the leiigtii of the required 
part. 

Exhucisk 

A rectangular field iH-12,‘»0 links long and .320 broad; it is 
requireil to cut off a part of it, to contain 1 acre 2 roods 10 square 
poles, by a line parallel to one of its ends ; what is the length 
of this part? -.500 links. 

328. Problem X.- To cut off any portion from a triangle 
liy a line drawn from its vertex. 

I.et ABC be the triangle, and APC the part to l)e cut off, 
ben 
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Divide tlie area of the required part hy the altitude of the 
triangle, and tlie quotient will he half the length of its 
base. 

If « = nrea of the required part APC, 
/=AP, and //^altitude of the triangle, then 

, , re - 

or/-p 

Or, if A=area of the given triangle ABC, 
ci\ 

L=:its base AB, then A : a=L : and /= .^ = AP. 



Example. — The length of one side of a triangular field 
is = 2r)()0 links, and the perpendicular upon it from the opposite 
coriuM* is -1240 links; it is required to cut olV a triangular 
portion from it, by a line drawn from the same angle to this 
side, so that its contents shall be=r> acres 10 poles. 

rt-5 acres 0 roo<ls 10 sq. poles — 510000 sq. links; 

, , 2a 1020000 

hence, ^ ‘ J = 1^40~ " ^ ~ ^ ‘ 


Exercise 

Cut oil’ from a triangular fiehl, as in the preceding exercise, a 
part containing 2 acres 1 rood 24 square poles, the length of one 
side of the triangle being=1280 links, and the perdendicular on it, 
from the opposite corner, = 1500. . . Length of base =320 links. 


329. Problem XI. —To cut off any portion from a 
triangular field by a line drawn from a point in 
one of its sides. 

^ Let ABC be the given triangle, and D 

the given point. 

off a part ACE, by last problem, of 
; \ the required content. Join DE, and through 

A tp B C draw CF parallel to DE ; draw DF, and 

it is the line required. 

For triangle DFE = DEC (Eucl. I. 37); and hence triangle 
ADF = ACE=the required area. 


330. Problem XII.— To cut off a part from a triangle 
by a line parallel to one of its sides. 

Let ACB be tlie given triangle, and AB the side to which 
the required line is to be parallel. 
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liCt A -area of the given triangle ACU, a = area of the 
require<i triangle CDE, S = llie Mile TB, 

shle CK. Then A : asrS** : «*, and , or 

A 

,=Svx- 

Hence find .v, and make (?E equal to it, and through K draw 1)E 
parallel to AB, and it will Ik* the reqiiiioil tiiaiigle. 

EXAMrLK. —The area of a triangle A(’B is~5 aereN 2 roo<U 
ir> square poles, the sitle (’B is ^ |,V25 links; required the length 
of t'E, so that the triangle (*1)K shall contain 2 acres I roisl 
10 poles. 

A~o acres 2 rooils lo sq. poles - r>r>9.'i7.‘» sq. links, 

»* - 2 M 1 roiMl 10 M 2:11 2o0 u 

hence, = 1525\/r,:':rJ^ 980-4 links CE. 

'A 559.)/. 7 

Exkiu'ISK 

The area of a triangle is - 12*90 acres, its side (’B is - 1200 links ; 
requited ilie length of CE, so that the triangle (T)K shall eontain 
3 24 aeies -0<K) links. 

.331. Problem XIII. To cut off from a quadrilateral any 
portion of surface by a line drawn from one of its 
angles, or from a point in one of its 
sides. 

Bet ABC!) he the quadrilateral. 

1. l.et A he the angle from which the line is 
to l>e drawn. 

Draw* the diagonal DB, and rut off a part, 

I)E, from it that has the same pr<iportioii to 
IH) as the reqiiircfl part has to the quadri- 
lateral; draw AE, Ef‘ ; then AECI) is equal 
to the ref|nired area. Uectify the crooked Ismndary AE(- hy 
drawing AE (Brae. Ceotii.), and it is the required line wlii<?h cuts 
off the part AFI> ~ AE(’J) --the given area. 

2. When it is ie<|uired to draw the dividing line from a piiint, (J, 
in one side. 

Draw AK, l»y th»* preceding case, then join CJE, ami through A 
draw a line parallel to HE, cutting CD in H, and a line joining 0 
and H wilt 1>e the required line. 
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332. Problem XIV.— To cut oflf any part of the area of 
a given polygon by a line drawn from any of its angles, 

or from a point in one of its sides. 

Let ABCDEF bo the given polygon. 

1. Let A be the point from wliich the line 
is to be drawn. 

Draw the diagonals FB, FC, FD. Cut BF 
in (t, so tliJit A : f« = BF : BD, A and a being 
the areas of the iwlygon and of the part re- 
quired. Join A(i and GC. Cat l^F in H, so 
that A : a-DF : DII, and join Cll and HE. Then the crooked 
boundary AGCllE evidently cuts off an area equal to that re- 
quired; for the triangle AGB is the same part of ABF that a is 
of A, and BGC the same part of FBC, and so on. Hence, rectify 
the crooked lx)undary AGCHE by drawing from A tlie straight 
line AT, and AlCB is the required part. 

2. Wlien tlie line is to be drawn from a point P in one of the 
sides. 

Draw AT, as in tlie first case, then from P draw another line to 
be determined, as (ill in the preceding problem. 

333. Problem XV.— To cut off any proposed portion from 
a field with curvilineal boundaries by a line from a point 
in its boundary, or by a line parallel to a given line. 

Let A BCE be the given field. 

1. When the line is to be drawm from a point 
ill the boundary A. 

Draw a trial line AC, and measure the area 
of the part cut otf, AEDC. If it is too great, 
divide the excess in square links by the length 
of AC in links, ami make the GF perpendicular 
to AC equal to twice the quotient ; draw GD 
]»arallcl to AC ; join AD, and AD is the required 
line. 

For the area of the triangle ADC, considering CD as a straight 
line, is=lAC . GF, and therefore equal to the excess. 

2. When the dividing line is to be parallel to a given line MN. 

Draw a trial line Pt^ parallel to MN, to cut off a portion PBQ 
equal to the required part, and measure it. If it is too small, find 
the defect in square links, and divide it by the length of PQ 
in links, and make the VW perpendicular to PQ equal to the 
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qiintioiit ; nml tliroiiKti W draw H*S parallol to I'tJ, and it will Ik» 
the mpiirod line when PH and l^S arc either parallel or ei|itally 
inclined to TQ. When they arc not w>, a Miiall conwtion may 
re<|nire to Iw inotlci hy «lrawiii>t US a little nearer to or a little 
fai thor from UQ. 


INCLINED LANDS 

When the niirface of a field fs inelincd, it is not that 
.surface, hut the surface of il.s projection on a hori/ontal plane, 
that is laid down on the plan as its area. 'Phis ftrojWfion is 
just the quantity of surface on a hori/ontal plane, detei mined 
hy drawing' perpemliciilais upon it from every point in the 
lM>undary of the field, or, in other words, hy projecting its 

hoiindarioH on a hori/ontal plane; and a plan of this proji'ction 
<»nly is made : it is inipossihle to construct a plan of a curved 
sm fac<* on juie plane. 

'Pin* area of the hori/ontal projection can easily he computed hy 
measuring the an^le of acclivity of the field at dillerent phu-es. 
Thus, if AH(’I) is a vertical section of 
the field, then if AH is measured, and b 

the an^le of elevation .A, the hoii/ontal 

projection AK of AH is .\K -AH cos A ^ ic d 

when ra<l. = 1. Thus, if AH - I20<» links, 

and anjile A 1,V 4h', AK l‘JfK) x iffVi.sftX) 1 l.*>r)-41HH, or lir»r» 

links, is the length of AK on the plan, which must also he 

taken for its length in computing the area. So if H(’ ami aii^^le 
(’HK 1 m; measured, HF, or its projection K<J, can he found; then 
A(l~ AK f K(i, is the projection of .AH and H(\ In the same way 
the other dimensions of the projection can he found ; ami if a 
themlolite is nserl for lueasiiriii^f any of tho nn^'les contained hy 
line.s niea.sureil on the field, these Immiij' horizontal angles on the 
iustnimeiit, are just the an^jles of the pnijection, and are to Is* 
U8e<l unaltered for constructing the plan. 


CHAINING ON SLOPES 

A -- Angle of slojie with horizon. 

L- Length of line chained <m the slope. 

/ - length of line recluccd to the horizontal. 
/-LK. 

K --coh A. 
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Table showing Values of K 


A 

K 

A 

K 

A 

K 

0 

5 

•996 

O 

19 

•945 

33 

•839 

6 

•994 

20 

•94 

34 

•829 

7 

•992 

21 

•933 

35 

•819 

8 

•99 

22 

•927 

36 

•809 

9 

•988 

23 

•92 

37 

•799 

10 

•985 

21 

•913 

38 

•788 

11 

•982 

25 

•9<H) 

' 39 

•777 

12 

•978 

26 

•899 

40 

•766 

13 

•974 

j 27 

•891 

41 

•755 

14 

•97 

i! 28 

•883 

42 

•743 

15 

•966 ! 

!1 ‘29 

•875 

43 

•731 

10 

•961 

'i 30 

•866 

44 

■719 

17 

j -956 

31 

•857 

45 

•707 

18 

•951 i 

' 1 

32 

•848 

r 



SURVEY OF A ROAD AND ADJOINING FIELDS 
335. Construct a plan of a road and adjoining fields from the 
subjoined field-book and following sketch : — 

Plan from following Field-book 
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The chain lines in this field-book are the sides of a polygon, and 
the lengths of all these sides except one, and all its interior angles 
except the two at tlie extremities of the unknown side, are given ; 
and these are siifHcient for constructing it, or for calculating its 
contents. 

The first angle 12“ 10' gives the bearing of the first chain-line— 
that is, its inclination to the meridian ; and as the inclination of 
each of the successive chain-lines to tlic preceding is given, the 
bearings of all the rest are given. The direction of the meridian 
can therefore be drawn through the first station, as it will lie to 
the left of the first chain-line, making with it an angle of 12“ 10', 
as AN' in the plan. Then any line, NS, on any convenient part 
of the plan parallel to AN', will bo the direction of the meridian. 

The second chain-line lies to the left of the first ; and hence the 
angle of the polygon is here a re entrant angle, and = 360“ - 156“ 15' 
= 203“ 45'. 

When any boundary-line crosses a chain-line, as KL in the 
plan, an oblique line is drawn on the right and left opposite to the 
number which denotes the distance of the point of intersection 
from the station at the beginning of the line. 'Ihus, opi)08ite to 
300 and 640, between (>4 and (>3, oblique lines are drawn for this 
purpose. When any internal boundary, fence, or other important 
line is passed, as at E in I)F, a straight line is drawn on both 
sides of the corresponding distance in the chain-line ; and when the 
line is straight to the end, these lines are marked S, as in the 
field-book opposite to 780, between (>4 and O5 ; and opposite to 725, 
between Og and O7 ; and these two points determine the line. 
Thus, IIS is determined by the points E ami II. When an offset 
is not at right angles, but in another direction, as along a fence, 

the mark is placed over it, as 100 at 780 between O4 and Os. 

SURVEY OF A SMALL FARM 

336. Construct the plan and compute the area of a small farm 
from the following field-book. Area =66 ac. 3 ro. 13*46 sq. po. 

337. In the following field-book, the expression ‘in line with 
fence,' with dots ... on the left or right of the chain-lines, means that 
the point arrived at in the chain-line is in the same line with some 
straight fence on the left or right, which does not extend so far as 
the chain-line. In the subjoined plan the continuous lines represent 
the fences, and the dotted lines represent the lines that are measured, 
and also the extension of the lines of some of the fences. 
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Plan from preceding Field-book 



EXTENSIVE SURVEYS WITH THE THEODOLITE 

338. In large surveys with the thooilolite, as that of an estate or 
the mapping of a district, extensive chain-lines are run through 
the country, joining a series of successive stations conveniently 
chosen for ohscrving the important or conspicuous objects within 
the limits of the survey ; the hearing of each station-line is also 
observed— that is, its inclination to the meridian (see Art. 335)— 
and the hearings of each of the distant and important points or 
objects of the survey are observed at least at two different stations. 
Offsets are also measured, in the usual way, for determining the 
)) 0 .sitions of objects not far distant from the chain-line. 

Let ABCD (fig. to Art. 335) represent a portion of a chain-line, 
and AN' the direction of the meridian passing through the first 
station A, this direction being determined either by means of the 
magnetic compass, or more accurately by astronomical methods, 
as by the position of the pole-star when on the meridian, or by 
means of the computed culminations of any other star (Astrono- 
mical Prob. XVIII.). The theodolite is fii*st placed in the first 
station, A, and the horizontal circle is brought to a level position 
by means of the adjusting screws ; the index or zero of the vemier 
is now brought to 360® on the limb of the horizontal circle, which 
is now to be fastened to the other part of the head by means of the 
clamping-screw, and the whole head is now turned till 360® is in 
the direction of the meridian line, which is determined by directing 
the telescope till the centre of the cross wires coincides with the 
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picket placed at N\ The liea<l is now fixed in this position hy 
means of the lo<?king-screw below the head of tlie tripod. The 
u})l>er part of the head to which the vernier is attached is now 
set free by unclamping the screw, the theotlolito is directed to 
the picket at the second station, and the upper part is again 
clamped ; and the degree opposite to the vernier, whicli is uiuler 
the eye-glass of the telescope, is noted, os it measures the bearing 
of the second station from the first. Tlie first station-line, AB, is 
now measured, and the instrument removeil to the second station 
at B ; then, after being levelled, and the locking-screw unscrewed, 
the whole head is turned till the telescope is directed back on the 
first station A, when the whole head is again locked. In this 
position of the head, the division 360" is evidently again situated 
in the meridian line passing through the second station, B, on the 
south of this station, for the angle contained by this portion of the 
meridian through B, and the line AB, is equal to the alternate 
angle A. The clamping-screw is now unscrewed, and the tele- 
.scope is lUrected to the third station, an<l the angle noted as 
before, which in this instance measures the bearing of the second 
station -line, BC, from the meridian drawn through B towards the 
south. The upper part of the head is now clamped, and the secoiul 
.station-line measured, the instrument being placed in the third 
station, and the telescope ilirected back to the second as before. 
This process is continual throughout the survey. 

The measurements of lines and angles thus obtained are siitli- 
cient for determining, on a plan or map, tlie position of the chain- 
lines and stations. The usual mode of plotting these lines is this : 
a straight line is drawn in the direction in which the meridian lim; 
is intended to lie on the plan, and the central point of a jirotract- 
ing scale, or of a protractor (the former of which is divided into 
180®, and the latter is a complete circle divided into 360"), is 
jdaced on .some convenient point of this line with the degree 0' 
coinciding with the line ; fine marks are then made on the jiaper 
at the various divisions of the protractor, corresponding to the 
bearings observed ; then the protractor being removed, lines an‘ 
drawn from the assumed central point through these marks, and 
are produced in l)oth directions. These lines will evidently he 
parallel to the directions of tlie various station-lines joining the 
successive stations. In order to plot these lines on the plan, a 
convenient point is chosen for the first station, and through it 
a line is drawn parallel to the first line of bearing, and in this 
instance between the N and E, because AB (fig. to Art. 335) is in 
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this direction ; the length of thi» first station-line is tlien laid off, 
and the second station is thus determined. Proceed in the same 
manner with the second station-line, and the third station will be 
determined. In this manner the chain-lines and all the stations 
are plotted. 

In order to lay down the positions on the plan of any important 
points or objects in the country, the bearings of each from at least 
two stations are to be observed ; these bearings are also to be 
drawn through the formerly as.sumed central point by means of 
the protractor ; and then lines being drawn from each of the two 
stations parallel to these bearing-lines (or rhumb-lines) respectively, 
their intersections determine the positions of the corresponding 
points. In this manner the positions of the tops of liills, of con- 
siiiciious buildings, of a succession of points on the banks of rivens, 
ami of other objects are determined. 

The bearings will sometimes exceed 180% but this is no incon- 
venience wlien a complete or circular protractor is used ; but if the 
horizontal circle of the theodolite is graduated into 180° twice 
instead of 360°, or if both an ocular and objective vernier are 
attached to the instrument—that is, verniers under the eye and 
object-end of tlie telescope— the bearings can all be got in angles 
not exceeding 180°. 


MENSURATION OF SOLIDS 

339. In Solid Geometry the magnitudes have tlirec dimen- 
sions — namely, length, breadth, and thickness. They do not, 
therefore, exist in one plane, hut they can be reprosented by 
diagrams drawn on a plane. 


DEFINITIONS 

340. When a straight line is at right angles to every line it 
meets in a plane, it is said to be perpendiculax to the plane ; 

and if it be at right angles to two straight 
lines in the plane, it can be proved to be at 
right angles to every straight line that meets it 
in that plane. 

Let PL be a plane, CD and EF any two 
straight lines in it, and AB a line perpendicu- 
lar to l)oth these lines; then AB is perpen- 
dicular to the plane. 
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341. The inclination of a straight line and a plane is the 
nciite angle contained l>y that line and a lino drawn from the 
point in which llie former meets the plane to the foot of the 
perpendicular to i ho plane, from any point in the 

lii-st line. 

Thus, if AC Ls a line, and PL a plane, and AE 
a j>erpen<licular on the plane, the angle A('E is 
(he inclination of the line AC to the plane PL. 

342. The inclination of one plane to another 
is the acute angle formed hy two lines, one in 
each plane, drawn from any point in their line of common 
section, and perpendicular to this lino. This angle is called a 
dihedral angle. 

Let J*L and BI) ho two pianos, and CS their lino of cfuninon 
section, an<l CL, CA lines in those planes perpendicular to (^S • 
then ACE is the inclination of the planes. 

343. One idanc is perpendicular to another when its angle of 
inclination to it is a right angle. 

•‘144. Parallel planes are such as do not meet though protliiced. 

343. A straight line and plane are said to lx* parallel if they 
do not meet though produced. 

340. A solid is a figure that has length, hreadth, aud ihicknoHs. 

347. A solid angle is fomuMl hy more than two plane angles in 
ditferent planes meeting at a point. 


34S. The boundaries of .soli<lH arc surfaces. A surface no part 
of which is plane is called a CUTVe Surface. 

340. Any solid conlaiiied hy planes is called a polyhedron. 


.3r)0. When the solitl is contained hy four planes it is called a 
tetrahedron; hy six, a hexahedron; hy eight, an octahedron; 
hy twelve, a dodecahedron; and hy twenty, an icosahedron. 

331. The planes containing a polyhc<Iron arc called ita sides or 
faces, and the lines hounding its .sides, its edges. 


332. Two polyhedrons are said to he similar when they are 
contained hy the same niinil)cr of similar sides, similai ly siluatiMl, 
ami containing the same dihedral angles. 

.35.3. A |>oIyhe<lron is said to l>e regular when its sides nrc equal 
and regular figures of the same kind, and its solid angles equal. 

There are only five regular |>olyliedronM, of 4, 6, 8, 12, and 20 
sides, whieik are named, os in the definition in Article 350. The 
first ii contained by equilateral triangles, the second by squares. 
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the thiril by equilateral triangles, the fourth by pentagons, and the 
fifth by equilateral triangles, 

354. A prism is a solid contained by plane iiguies, of which two 
are opposite, equal, similar, and having their sides parallel ; and 
the others are parallelograms. 

The two parallel similar sides are called the ends, or terminat- 
ing planes, either of which is called the base ; the other sides are 
called the lateral sides, and constitute the lateral or convex 
surface. The edges of the lateral surface are called lateral edges, 
and those of the terminating planes are called terminating 
edges. The altitude of a prism is the perpendicular distance 
of its terminating planes. The prism is said to be triangular, 
rectangular, square, or polygonal according as the ends are 
triangles, rectangles, squares, or polygons. When the lateral edges 
are perpendicular to the base, it is said to be a right prism ; 
in other cases it is said to be oblique. 

,355. A right prism, having regular polygons for its terminating 
planes, is said to be regular. 

The line joining the centres of the ends of a regular prism is 
called its axis. 

356. A parallelepiped is a solid contained by six quadrilateral 
figures, every opposite two of which are parallel. 

It can be pro veil that these sides are parallelograms. A paral- 
lelepiped is a prism having parallelograms for its terminating 
planes. The otlier terms applied to a prism, respecting the sides, 
edges, and altitude, are applicable to the parallelepiped. 

357. A cube is a solid contained by six equal squares. 

,358. A pyramid is a solid having any rectilineal figure for its 
base, and for its other sides triangles, having a common vertex 
outside the base, and for their bases the sides of the base of the 
solid. The altitude of a pyramid is a perpendicular from its vertex 
on the plane of the base, and the apothem is a perpendicular from 
the vertex on a side of the base. 

The pyramid is said to be triangular, quadrilateral, poly- 
gonal, &C., according as its base is a triangle, a quadrilateral, a 
polygon, &c. 

359. When the base is regular, a line joining its centre and the 
vertex is called the axis of the pyramid. 

,360. When the axis of a pyramid having a regular base is 
perpendicular to the base, it is called a regular pyramid. 

361. A cone is a solid contained by a circle as its base, and a 



MENSURATION OP SOLIDS 


163 


curve surface, such that any straight line drawn from a certain 
point in it, called its vertex, to any point in the circumference of 
the base, lies wholly in that surface. 

362. The line joining the vertex and centre of the base of a cone 
is called its axis J and when the axis of a cone is perpendic\ilar 
to its base, it is called a right cone. Other cones are saitl to Ihj 
oblique. 

The axis of a right cone is also its altitude. A line from the 
vertex of a riglit cone to any j>oint in tlie circiiinference of its base 
is called its slant side. A right cone nniy be described by the 
revolution of a right-angled triangle about one of the sides of the 
right angle. 

363. A cylinder is contained by two equal and )>arallel circles 
and a convex surface, such that any straight line that joins two 
points in the circumferences of these circles, and is parallel to the 
axis, lies wholly in the curve surface. 

The circles are called the bases, ends, or terminating planes 
of the cylinder ; the line joining their centres, its axis. 

.364. When the axis of a cylinder is perpendicular to the piano of 
one of its hoses, it is called a right cyliiKler. 

36i5. A wedge n- having a rectangular base, and two 

ojiposite sides terminating in an edge. 

366. A prismoid i^ a »olid whose ends are any dissimilar ))arallel 
plane figures, having the same number of sides. 

When the ends of a prismoid are rectangles, it is said to he 

rectangular. 

367. A sphere, or globe, is a solifl such that every point in il« 
surface is equidistant from a eerlaiii point witliiii it, and may he 
generated by the revolution of a sciiiicircle aI>out its diniiider. 

The point within the sphere is called its centre; any line drawn 
from tiie centre to the circumference, a radius; and any line 
through the centre, terminated at Imth extremities by the surface, 
a diameter. 

A cylinder circumsciibiug a sphere is a cylinder of tlie same 
diameter as the sphere, whose emis touch the sjdiere, and wliose 
axis passes throiigli its centre. 

368. f'ireles of the sphere, whose planes pass throiigh the centre, 
are called great circles ; other circles of the sphere are cnlleil small 
circles. 

A segment of a sphere is a imrtion of it cut off by a 
plane ; and a segment of a cone, pyramid, or solid with a plane 
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base is a portion of it cut off from tiie top by a plane parallel to 
tlie base. 

370. A fhlStom of a solid is a portion contained between the 
base and a plane parallel to it when its base is plane ; or between 
two parallel planes when the solid has no plane base. The frustum 
of a sphere is also called a zone ; and when the ends of a spherical 
zone are equidistant from the centre, it is called a middle zone. 

.371. A sector of a sphere is composed of a segment and a cone 
having the same luise and its vertex in the centre of the sphere ; 
or it is the difference between these two solids, according as the 
segment is greater or less than a hemispliere. 

372. The unit of measure for solids is a cube, the length of whoso 
edge is the lineal unit. Thus, if the lineal unit is 1 inch, a cube 
whose edges are each 1 inch is the unit of measure for solids, or, in 
other words, a cubic inch is the cubic unit. So, if the lineal unit 
is a foot, the cubic unit is a cubic foot ; and so on. 

373. The number of cubic units contained in a solid, or in a 
vessel, is called its volume. 

The volume of a solid is also called its solidity, or solid con- 
tents, or cubic contents ; and that of a vessel is called its cubic 
contents, or capacity. 

374. Problem I.— To find the solidity of a rectangular 
parallelepiped. 

Rule.— F ind the continued product of the length, breadti), and 
height, and the result is the solidity. 

Let /, ft, and h be the length, breadth, and the height, and V 
the volume or solid contents, then 

Let AF be a right rectangular parallelepiped. Let its length 
All be 4 lineal units, as 4 inches, its breadth BC, 2 inches, and its 
height AD, 3 inches. The solid can evidently be divided into 
three equal portions by planes through G and H 

yd parallel to the base AC ; and into four equal 

o p if portions by means of planes through K, L, M, 

c t parallel to the side BF ; and into two equal 

H»y.. jjj ]>ortions by a plane through I parallel to BD. 

L-. i Each of the small cubes into which the solid is 

now divide<l is a cubic inch ; the number of cubic 
inches in the lowest portion HC is 4 x 2, or 8, and in the second and 
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Uppermost portion there are many; ami in iheni all, theivfore, 
tliere are 4x2x3, or 24 ; that is, t€> limi the iMihic oontoiitM of the 
Holhl, limi the continued prcxluet of the leii^lli, hieadtli. ami hei;;ht. 

Kxamtlks. — I. Find the nnnilmr of en)»ie foot in a paraliole 
pip»‘d •\vh(»se length is 15 feet, hrtsulth 12 foot, ami hoi<;|it/ 

5 fwt () iindies. 

V //>/* 15 V 12 < V ouhio fool. 

2. How many solid foot are oontainod in a M|naio ]>aiaIloIopipod, 
each siile of its hjvse heinj' 1 hM>! 4 inohes, and its hoi;;lit 5 feet 
G inohes ? 

V 1.^ X \ * .. ♦, V. V V P;, ouhio, foot 

1) <‘uhio foot 1344 ouhio imd»o‘*. 

KxKin*isi:.s 

1. Find the solid oontents of a hlook of granite 25 fo»‘(. lon>», 

4 hroad, and 3 thiok 3(K» ouhio h*ol. 

2. Tlje ll•nJ»tll of a st|uaro paralloh'pipod is 15 fool, and i‘Jioli 
side of its liase 1 foot P inohes; what an* its oontonis? 

45 {1375 ouhio fool. 

3. Find the niinilmr of ouhio yards in a rootan;iular hlo<*k of 

sandstone, the ]on;'th of whioh is-lG fool, its hroadth P fo(*t, ami 
Iioi^^ht G foot 9 inolios 311 «*uhio >anls. 

4. Wliat is the nunihor of ouhio foot in a loj^ of wood It) foot 
lon^^ 1 foot G inohes hroad, and 1 foot 4 iiiohoH thiok? 

20 ouhio foot. 

5. Find the ooiitonts of a paialh’lopipod whoso h‘n;.'th, hioadth, 
ami thiokiior.s are ropeotixady — 30*5 foot, 9'5 foot, and 2 foot. 

^ 57P'5 ouhio foot. 

G. Find the solidity of a block of niarhlo whoso loni^th, hroa<lth, 
and thickness are lespoclivoly - It) foot, 5^ foot, and 3^ f**ot. 

201 25 ouhio foot. 

375. Problem 11. To find the solidity of a cube. 

Ur I.E.- Firnl the on las of one of its o«lgos, and the nwult is the 
anlidity. 

I,^t o -- an of a cuIk», 

then V - r*. 

The reason of tlie rule ia evident, since a ciiIm* is ^ 

:ju»t a paralloIopi|KMl whose length, hrctulth, and 
'height arc equal. 

Examfi.e. - - How many cubic feet are contaimHi in a block 

Ptac. XAt)' L 
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of Rranite of the form of a cube, one of its edges being -2 feet 
0 inches ? 

V=ea=(2i)»=(i)3=i|4=16’626 cubic feet. 

Exercisks 

1. Find the solidity of a cube whose edge is =4 feet. 

=64 cubic feet. 

2. How many cubic feet arc contained in a cube wiiose edge is 

a 7 feet 6 inches? =421*875 cubic feet. 

.3. The edge of a cube is = 12 feet 9 inches ; required its volume, 

=2072*671875 cubic feet. 

4. Find the contents of a cube whose edge is =6*5 yards. 

=274*625 cubic yards. 


876. Problem III,— To find the solidity of a prism, or of 
any parallelepiped. 



liULE, —Multiply the area of the base by the 
beiglit, and the product will be the solidity. 

Let h denote the base, and h the height, 
then V=M. 

Example.— F ind the solidity of a regular tri- 
angular prism, a side of its base being =5 feet, and 
its length =20 feet. 


By Art. 268, area of base = *433 x 5‘‘*= 10*825 j 
hence V = M = 10 825 x 20 = 216*5 cubic feet. 


Exercises 

1. What is the solidity of a triangular prism whose length is 
= 10 feet 6 inches, one side of its base being =14 inches, and the 
perpendicular on it from the opposite angle = 15 inches? 

= 7*65625 cubic feet. 

2. Find the solidity of a regular triangular ])rism whose length 
is =9 feet, and one side of its bas 0 =l foot 6 inches. 

= 8*76825 cubic feet. 

3. Find the contents of a square prism whose length is =20*5 feet, 

and one side of its base =2*5 feet . . . =128*125 cubic feet. 

4. What is the solidity of a regular pentagouvil prism whose 
length is =25 feet, and a side of its base =10 feet? 

=4301*1935 cubic feet. 

5. Find the contents of a regular hexagonal prism whose length 
is =18 feet, and a side of its base =; 16 inches, =83*138 cubic feet. 
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tt. Wlint is llio H4»li<lily of a rej;ii!jir tn’ta^onal ]»nsiii -‘iO feot- 
lon>(. and a »ido of iU Uiho^^iIO foet? . . * lH)r)(i 8r»4 ciihic ftvl. 

377. Problem IV.- To find the surface of a cube, paral- 
lelepiped, or prism. 

Hi^lk I.— When the prism or parallelepiped is right, nmltiply 

tl»c of I ho itaso hy llio hoi^iit of tlio noliil, and lli<» pro. 

duct will bo tho lateral Htn‘fa«*o, ti> whU'li a«ld dimhlc tin* urea of 
tlio biu*o, ainl tloi sum is iho wholo hurfuci*. of tho soliil. 

Ki^i.k II.- When the prism or parallelepiped is oblique, 

its lateral surface i> found by iiiulti|il> in;: the perinu'ter «»f a 
section perpeiidieular to ono of the lateral ed;:es hy that ed;:e. 

'I'lie surface of a cube can ho found by tlio ThkI iiile; hut it is 
more readily found by takiii;: si\ times the Mpiaie id' one of its 
edeoH. 

Lot /• one «>f tho lateral od;:eH of a prism or paralloh‘pipod, 
p the perimoter of tho base when th»» sidiil is ri;:ht, 

M of a section perpendicular to ono of tho 
ed;:<'s, to l*roh. III.), 

It area of the hast*, 

S' -whob? surface ; 

thou H -fte k-2fty wlion tlio solid \h right, 
ami 8 p'r \ 'Ift^ .• m i.H oblique ; 

tlnm .¥ th-*, >Yheii tho llguro in a cuIm». 

T'ho reason f»f tho rule is evident from tlioso for tin; Mensiinition 
of Surfaces. 

KxAMi'rKs. - I. Kiml the surface of a cube, one of its edges 
being - IS irn-hes. 

s “ (*» X ( 1 ri)’ 0 X 2’2ii l.3 /> squaio f«‘et. 

2. What is the surface of an ohiiqim pri-^m -20 feet long, tho 
perimeter of a soetioii perpondiciilar to <»iie of il-x lateral ♦•dges Iwirig 
-‘i.'i foot, and its has<j a rcctangIo~d feet buig and 4 hroail ? 

8 ~^p'e f '2o *2“y x *20 -t ‘2 x 4 >. 0 - - oOU i 4S .>48 Mpiaio feet. 


KXI.IUT.SK.S 

1. Filul (lio KUifacc of a cnUt wIioho edges aro each-- 10 fe.et. 

~6(KI Kqiiaro feet. 

2. Wliat i« the Hiirface of a ciil>o wliose edge is -2 feet 4 inehes? 

t-.*l2ij Kfjuaro feet. 

3. Find the nnml>er of aqiiare yardn in the aiirfaeo of a eiilai 

ivlmne e^lge 1 1 feet. , . ri-so aquare yaid« 0 squaio foot. 
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4. What i» the Riirface of a right rectangular ])arallelepiped 
whowe length is = 36 feet, breadth = 10 feet, and tliicknes.s = 8 feet? 

= 1456 square feet. 

5. The lengtli of a rectangular cistern within is = 3 feet 2 inches, 
the breadth = 2 feet 8 inches, and height = 2 feet 6 inches ; required 
tlie internal surface, an<l also the expense of lining it with lead at 
2d. per lb., the lead being 7 lb. weight per square foot. 

= 37} square feet, and £2, 3.s. 10§d. 

6. Find the surface of a right triangular prism, its length being 
= 20 feet, and the sides of its base respectively =6, 8, and 10 feet. 

= 528 sfjuare feet. 

7. What is the surface of a regular pentagonal prism whose 
length is = 32]^ feet, and a side of its base = 6^ feet? 

= 1150-037 square feet. 

8. What is the surface of an oblique prism, having a regular 

hexagonal base whose side is=10 inches, the lateral edges of the 
prism being = 20 feet, and the perimeter of a section perpendicular 
to them = 4i feet? =936084 square feet. 


378. Problem V.— To find the solidity of a cylinder. 



Ui:LK.--Multiply the area of the base by the altitude 
of the cylinder, and the product will he the solidity. 
Or, V = bh, where b - •7854f/‘^, or tt/ - Iw Art. 273. 

Exaimplk. - What is the solidity a cylinder 
who.se length is =21 feet, the <iiameter of its base 
being - 15 inches ? 

b = •785b/‘^ =. -78.54 x ( I •2.'>)2 = I -227 ; 

V = M = 1 -227 X 21 =25 -707 cubic feet. 


Exercisk.s 

1. Find the .solidity of a cylinder tlie height of which is = 25 
inches, and the diameter of its base = 15 inches. =2’5566 cubic feet. 

2. What is the volume of a cylinder whose altitude is =28 feet, 

and diameter = 2.^ feet? =1.37*445 cubic feet. 

3. The circumference of the base of an oblhpie cylinder is =20 
feet, and its perpendicular height =19*318 ; what is its volume? 

= 614*91 cubic feet. 

4. The circumference of the base of an oblique cylinder is =40 

feet, its axis = 22 feet, and tlie axis is inclined to the base at an 
angle of 75° ; what is its volume? . . =2705-6818 cubic feet. 
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379. Problem VL -To find the surface of a right cylinder. 

Hn.K.— Muhiply tho oiivuniffUMHV of its hjtM* into its hfi^^lit, 
ainl tlio pnxlurt is the convex surface; anti ilouhlc the aieu <»f 
the base bein;' athletl, jiivcs tin* whole surface the cvlitnler. 

Let f/, /*, and ♦* -tlianicter, radius, ainl circuiufereuce of htvse, 
h liei^ht t>f cylinder, 
h its base, 
c oonv<*>: surface ; 
then rh HI 4 Km/A 

ainl .V ~ \ 'Ih rh f ‘ijrr- ‘Jjr/*(A f #*). 

KxamIM.K. -Tin* radius of ilie base t»f a ii;;hl cylinder is .5 feet, 
and its hei^iit 20 ; what is its surface? 

c vh 'Inrh 2 H UKi - r» -20 t;2S .{2 ; 

2A 2n-/- 2 ' H IIKJ ‘ .7- 

hence a z t 2A TH.’i d sejuan* feel ; 

f»r A* 2irr[h \ r) 2 • H"14K> • 2.‘> T'So’ I stjuan* feet. 

The curvt* surface of a lijfht cvliinler is evitlenlly eijual to the 
area of a ieetan*;le whose height is that of the eylimler, atnl len^^lh 
equal to its circumference. 

KXKHtlsKS 

1. Kind the s»iifa<’« of a li^^lit cylinder whose h*n|.:lh is 20 fee*!, 

ainl circuinferein*e <». . . . . Ki.'* 729.7S squaie feel. 

2. Wlnit is the convc*x surface of a rij^ht cvliinler whose diameter 

is 10 inches, and len;tth 14.\ feet ? . . .’17 ‘901 s»juare feet. 

H. Kiinl the convex suiface of a cylinder wln»se leiiKlh is 40 
feet, ainl the diameter of its base 4 b*t;l. r»02'0r>0 sqmue feel. 

X. Wliat is the supeificies of a li^'lil eyliinb*r whose |en;^lh is 
- 40 feet S inches, and the diameter of its base 10 feel 0 inches? 

I.'il I Ol.'lO M|iiaie feet. 

.3M0. Problem VII.— To find the solidity of a 
pyramid. 

lU'LK. Multiply the area of the base of the pyra- 
mid by its {K^rpendicular liei^lit, and ono lhird iif the 
product is the srdiditv. 

V-?iAA. 

Kxamplk. — Kind the Holidity of a rectangular 
pyratnid, the length ainl breailtli of its base ladng-G ainl 4 feet 
respectively, an 1 its altitude "29 feel. 

^ iJjU . \ y 0 / 4 y 29 199 cubic feet. 
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Exercises 

1. What is the solidity of a square Ryraniid, eacli side of its base 

beinf( = 3 feet, and its altitude^lO feet? . . =30 cubic feet. 

2. Find tlio volume of a re^^ular triangular pyramid, a side of its 
base being -6 feet, and its .altitude = 60 feet. =.311*709 cubic feet. 

.3. Find the solidity of a square pyramid, a side of its base being 
=30 feet, and its apotbem=25 feet . . =0000 cubic feet. 

4. What is the solidity of a pentagonal pyramid, with a regular 
base, each side of which is=4 feet, ami the altitude of the pyr.amid 
= .30 feet? =275*276 cubic feet. 

3S1, Problem VIII.— To find the surface of a pyramid. 

Hulk. — When the ))yramid is regular, multiply the perimeter of 
the h.ase by the apothein of the j^yramid, and half the product is 
the convex surface, to which .add the area of the base, and the sum 
is the whole surface. 

When the pyramid is irregular, foid separately the areas of 
the lateral triangles, and to their stim add the area of the 
base. 

Let c=the perimeter of the base of a regular pyramid, 

^)=thc apothem of the j)yraniid=VQ (fig. to hist problem)i 
and z and h, as in Frob. VI. ; 
then, for a regular pyramid, 

z-\2ic, .and s=z-\-h. 

For the .area of one of the Later, al triangles is evidently equal to 
half the product of the apothem by the base of the triangle ; hence 
the truth of the rule is evhlent. 

Example. — Find the surface of a square j>yramid, its apothem 
being=40 feet, and each side of its ba.se = 6 feet. 

zz:i\c2} = \ X 24 X 40=480, 

and 5=5; + 6 =480 + 6''*= 516 square feet. 

EXKRCrSE.S 

1. What is the surface of a squ.are pyramid, a side of its base 
being =5 feet, and the apothem of the pyramid = 12 feet? 

= 145 square feet. 

2. Find the convex surface of a pyramid whose apothem is = 10 
feet, and its base an equilateral triangle whose side = 18 inches. 

22*5 square feet 
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3. Whftt in tlio fturfaoc of a ri»;iular |>('nt<n);onal |»ymiiil4l who»o 
a{)othein is - 10 feet, aiul each side of its luise -- 1 f»>ol H inches ? 

4(V44r»7 s<juaic 0*4*1. 

4. Till* aimthein 4>f a le^iular hexa^4)iial )>yraini<l is S 0*4*1, and a 
j^ule 4)f hjusc - ‘2^ feet ; what is its miiOilm*? -7h ‘2i sm»ai4* fe4*t. 

:m Problem IX.- To And the solidity of a cone. 

lU’hK. — Multiply the area of tins has44 hy the altitude 4>f the 
cone, atul one-third 4»f the pKxlnct i*i tin* .Mdhliiy. 

Or, V where h is foninl hy Arl. ‘27* t 

Kx.VMI’LK.- Kiinl tli4‘ .soliility 4if a ni^hl com*, the slant shh* 
4)f which is — 5 Oict, ainl tin* diaineler id its hitse 

- ti Ojot. 

Hei4j /4=.VI), and VJ)^ AV^ Air% or if AV y>, 

A'-’ - - 10, 4>r h i, 

and b -- 'iK’yid* *7Ho4 x 0 '^ *- ‘28 *2744 S4mar4* feet ; 
honc43 V ^ x4-~ .37‘(>01t*2 cuhii* feet. 

- 

KXKIM’ISKS 

I. The altitude 4)f a right C4>nu i.s-.*Jt) feet, anil the dianieiiM’ id 
its l)a>»* 0 fei't ; w’hat i.s its volume ? . . ‘282 ’744 cuhii? feel. 

*2. 'riie diameter id thi* base 4>f a eoni^ is - 10, and its altitude 

1*2; what is it.s solidity? -‘.IH'IO. 

.1. Fiinl the vidume of a cone whose allltinh? is -10 fei*!, and 
thi; iliameler id its lutse. -2 feel 8 inchi’s. . 18*017 cuhic feet. 

4. Finil thii solidity of a cone, the iliaineter of wlnme ha^e is 
= .*1 feet, ami its altitude-. 10 fei't. . . - 70 '080 nihii; feet. 

n. Tiie diameter of the iiase of a cone is-1 feet 4 inches, and 
it.s slant side-rlO feet ; what is its .soiliilty ? -^40*28.'>0 cnlde fi'et, 

0. The (‘ircnmfereni'ii of the ha.se of a cone in'- ‘2t> feet, and its 
hedgh t = *25 ; rcijuircd ita volume. . * *--200 2.78 ciildc feet. 

.18.1. Problem X.— To find the surface of a right cone. 

llrLE. — Multiply the circuiiiffirenco of the base of the cone hy 
the alant niile, arni half the t>ro4l net will he the curve siiifHce, to 
which add the anni of the ba»e, and the nuin will Im; ihc; whole 
Ktirface. 

Or, c =a ^c/), and h r= •78.'»4if*, or rr®, and s^z^b. 

It ia evident that if the cone (la#*t fig.) AVH Iw rolle#! on a plane, 
the curve Htirface will l>e equivalent to a circular »ector wlioee 
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radius is BV, ilie slant side of the cone, and its arc the circum- 
ference of the base of the cone, from which the rule is evident. 

Example. — Find the surface of a cone whose base has a 
diameter of 12 feet, and whose height is = 8 feet. 

Here (last lig.) AD = /*=6, and 1)V = A = 8 ; 

hence A V- =;/* = + r* = 64 + 36 = 100, and ji) = 10 ; 

tljerefore, 2 r== 3*1416 x 12 x 10=188*496, 

and s-z-\-b~ 188*496 4- *7854 x 12^ = 301 *5936 square feet. 

Exercises 

1. Wljat is the surface of a cone, the diameter of its base being 

= 5 feet, and its slant height = 18 feet? . =161*007 square feet. 

2. The slant lieight of a cone is =40 feet, and the <liametei* of 

its base-=9 feet ; what is its surface? . =629*1054 square feet. 

3. The diameter of the base of a cone is = 6 feet, and its .slant 
height = 30 feet ; required its convex surface. =282*744 square feet. 

4. The slant height of a cone is=l8.1 feet, and the circumference 
of its ba.se = lOJ feet ; find its convex surface. 

=98*09375 square feet. 

384. Problem XI.— To find the solidity of a frustum of a 
pyramid. 

Kule 1. — Add together the areas of the two ends and their mean 
proportional, multiply this sum by the altitude of the frustum, 
and one-third of the product will be the solidity. 

Rule II. — Multiply the area of the greater end by one of its 
sides, and that of the smaller end by its corresponding side ; divide 
the difference of these j)roducts by the difference of the sides, and 
multiply the quotient by the height of the frustum, and one-third 
of this product will be the solidity. 

Rule III. — When the ends are regular polygons, to the sum of 
^ the squares of the end.s add the product of the ends ; 
multiply the sum by the tabular area correspond- 
/j \ ing to the polygons, and by a third of the height, 

g// . \y and the re.sult will be the .solidity. 

Let MNPUTS be a frustum of a pyramid, the 

/ / \ complete pyramid being VMNP. 

Iieights of the whole pyramid and the 
smaller one VSTU be //", and that of the 
frustimi h : and let \\ V", V denote the solidilie.s 
of these three solids respectively ; B, h the greater and smaller 
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ends of the fnistniu ; and K, e two of their corresjiondiii;' Hitlen, an 
MN, ST; also, 

When the ends are re;,Mihir pol> jjons, let A' -the nnn'Npondiu;^ 
tahnlar area (Art. -68), then the three rules alN>ve can he expiessed 
thus ; — 

V-=''(B + i + VlW) I !•> I .•)A7,. 

Example.- -F ind the .solidity of a frustum of a s(|uare pMuiiiid, 
a side of the ends heing — 0 ami 4 feet, and the altilmh* lo feet, 
liy tlie lirst rtile 

VIFv \^(36 X 16) - \/r)7t) ‘24; 

hence V f|(n f A f \ H/d- 6*16 t 16 t 24) 2r»:iA, etihie feet. 

Hy the .second rule- - 

/i(nK hr\ l(t/86x6 I6y4\ 10 _ , 

^ By the third rule - 

- *■ V = A( K- H Iv' I c-)A7/ r- ^{V>i -I 6 X 4 f 4'^) X 1 X 10 

i\t36 t 24 I 1(5) X l(t ^ K 76 x l(t 26:1.^ culd<* feet. 

If V' - ami V" 

then V - V' V" --i^(B// M") flj. 

But the two ends are pniportional to the .sqiiaie.s of two of their 
con e.s{M)iiding sides, as they are similar, or of the edges MV, *S\', 
or of the altituiles //', A"; 

Inuice, B:A A'‘^ ; A"*-*; hence A"-= A'\/|j ••• ••• l-J* 

AlfM>, \/B : \/A =A' : A”, 

and X'B x'A : VB A' A" or A : A' [3j. 

-rl...../.... II 


Therefore, A' ; and hence A" ,, ... 

\'B VA vB v« 

Sul»sti(nting these values <if A', A" in j 1 ). it lM*ei>nies 

,, , BAxB AAvA /«/B5 A.] \ A.,. . 

This re,sult is the first rule. In <»rdcr to prove the second, 
sul>stitute in the pro|Hirtions (2], f3) aimvc the rpiantities E and r, 
instead of >/B and since they arc proportional t^) them, and 
the expreasions for A' and A'' will then lieconie 

A'-p ; which, lM 5 ing sulwtitutcd in [IJ, gives 


A//.- , 

E-c’ ~E--c’ 


,BAE AA^ A/ BE Ac 


A/ BE Ac\ 

:A K € r 



174 


MENSURATION OF SOLIDS 


When tlie ends are rej»ular polygonH, then A' being the tabular 
aroa, an in Art. 268, B=:A'K*, anil 6 = A'e^; hence, substituting 
these values for li and 6, the last expression for s gives 



A'K«.-Afi3\_ 

K»c V'^VK-e j 


A7i=i(E2 + E« + cM'A 


Exercises 

1. Find the solidity of a frustuin of a square pyramid, the sides 
of its two ends being =3 feet and 2.^ feet, and its height » 5 feet. 

=37H cubic feet. 

2. Find the solidity of a frustum of a square jiyramid, the sides 
of its ends being = 10 and 16 inches, and its length = 18 feet. 

=21 i cubic feet. 

.‘1. What is the solidity of a frustum of a regular hexagonal 
liyrainid, tlie sides of its end8being=4 and 6 feet, and its length 
= 24 feet ? = 1579*6303 cubic feet. 

4. Fiml tlie solidity of a frustum of a regular octagonal pyramid, 
the sides of its bases being=3 and 5 feet, and its heights 10 feet. 

= 788*643 cubic feet. 

5. Find the number of sedid feet in a piece of timlier of the form 

of a frustum of a square pyramid, the sides of its ends being = 1 foot 
and 24 feet, and the per]>endicular length of one of the sides =48 
feet. i ...... . =155*081 cubic feet. 


38.5. Problem XII.— To find the surface of a frustum of a 
pyramid. 

Hulk I. — When the pyramid is regular, add together the peri- 
meters of the two ends ; multiply their sum by the lateral lengtli, 
and half the product will be the lateral surface ; to which add the 
areas of the two ends, and the sum will be the whole surface. 

Rule II.—AVhen the pyramid is irregular, the lateral plane.s arc 
traiie/.iums, and their areas being separately found by Art. 259, and 
those of the two ends added, the sum will be the whole surface. 

Let P and p be the perimeters of the two ends, and I the lateral 
lengtli, or apotliem, and B and h tlie are.as of the two ends ; then 
tlie first rule is — 

5=4(P + B + 6. 

Example.— What is the surface of a frustum of A regular 
triangular pyramid, a side of its ends being =3 and 2 feet, and 
the lateral length = 10 feet ? 



Here 

hence 
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P = .*)x3:r9, 

s = i( V f- H + - i(9 + «) X 10 I- -433(3* 4- 2“) 

— To 4- *433 X 13 — 80 0*29 square fe»‘l. 

KXKm’isKS 

1. Find file surface of a fnisiuin of a iv^iular square pyiainid, 
the sides of its ends heiiiL!: -- 14 ainl 24 inclies, and flu* lateral lcn;;tli 

— 2 feet 3 inches. ....... lO’Ol stjuan* fei*t, 

‘2. h'ind the surface of a friisluni of a ic;;ular square pyramid 

whose lateral leii^^th is -5 feet, the sides of its ends hein;^'-r:]3 and 
20 im* lies. ...... 31 •■l."»13.s square fi‘e(. 

.3. What is tin* siirfaee of a fnistuiii of a ri'^iilar peiilu;;oiial 
pyramid, its lateral lenj^ih heiiij; 3 fei‘t 10 iuch(‘s, ami the sides 
of its ends T- 10 ami ir» inches ? . . - 34 *20490 square feet.. 

380. Problem XIII.- To find the solidity of a frustum of 
a cone. 

KtJLK I. — To the squares of the diameters of tin? two I'lids add 
the product of the diaiiioters ; niulti)dy the Huin hy the liei^jlit of 
the frustum, and (his pro<luct hy *2018; the rcBult will ho the 
Holiility ; or, 

Ut’LK II. - To the squares of the eircuinferenccH of the two »*nds 
add the proiluct of the eireiiiiiferenees ; multiply the hiiiii hy t he 
heij^lit of (he frustum, and this (uoduct hy *9205*20; the re.siilt will 
Ik* the solidity. 

Let I) and (f he the dinmeters of the two ends, (’ and « their 
eireii inferences, and h the hel»;lit of (ho frustum (lij;. to Prob. IX.) ; 
then *2018^(0* frA'-t- Dr/), 

ami V (rithVJO/rlt V- \ r- | ( V*). 

Kxamplr. -What is the solidity of a frustum of a rone whose* 
ln*i;;ht is- 5 fei*(, the rliameters of its I wo ends hein;^ icspcctively 

— 2 and 3 f«*et. 

V - **201 8/t(lP + f/* Df/) r *2018 X 5(3* i 2'M 2 x 3) 

-=I *,309x 19 -21*871. 

I^iCt the notation used in Proh. XL for the friisiiiniH of pyramids 
1»e hitiiilarly apiilierl to (he conic frustums in the figure, and hy llie 
same rea.soning it is proved that 

But B - -THiHl)*, and i-- '7864«2“ ; and hence 

VB6 = \/'7854*D*€P - *7854l)r2 ; 

and therefoiu V=: •7854(D*+</*4'Drf)J - *261H/i(I)*4 r/* t Dr/) ; which 
is the first rule. 
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And ftince -785402= ‘079577502 hy Articles 273 and 274, and 
•7854i/2= -0795775^2, and •7854lJc/= *079577500 ; by substitution, 

V = '0795775f'(t"-* + (!*+ (>) = •020520/i{C« + c^ + Cc). 

Exeucises 

1. Wliat is the solbliiy of a fnistiini of a cone whose height 
is = 10 feet, and the diameters of its euds = 2 and 4 feet ? 

= 73-304 culuc feet. 

2. Find the solidity of a conic frustum of wliicli tlie height is 
= 9 feet, and the diameters of its ends = l.J and 2.J feet. 

= 28-8034 cubic feet. 

3. What is tlie solidity of a conic frustum whose height is 
= 4i feet, and the diameters of its two ends .=2 and 4 feet? 

= 32*9868 cubic feet. 

4. What is the solidity of a conic frustum whoso length is 
=25 feet, and the diameters of its two ends = 10 and 20 feet? 

= 4581 *5 cubic feet. 

5. Find the solidity of a conic frust.inn, its length being = 38 
Inches, and the diameters of its ends = 18 and 32 inches. 

= 10140-72 cubic inches. 

6. How many cubic, feet are contained in a shij)’s mast whose 
length is = 72 feet, and the diameters of its ends= I foot and 1^ ? 

= 89*5356 cubic feet. 

7. How many cubic feet are coutai?icd in a cask which is 
composed of two e(iual and similar conic frustums, united at 
their greater ends, its hung diameter heing=14 inches, its head 
diameter = 10 inches, and its length =20 inches? 

= 1 *32112 cubic feet. 

387. Problem XIV.— To find the surface of a frustum of 
a right cone. 

Ui.’LK. — Multiply the .sum of the circumferences of the two ends 
by the slant siile, and half the product will be the convex surface ; 
to which add tlie areas of the two ends for the whole surface. 

Let 0, c be tlie circumferences of the ends, T) and d their 
diameters, B and b their areas, and p the slant side AE (fig. to 
Prob. IX.) ; 

then s - 4;)(C + c) + B + 5 ; 

where C + c = 31416(D+(/), and B + 5 = -7854(02 + 

Example. — Find the whole surface of a frustum of a right 
cone, the slant side being =20 feet, and the diameters of the 
ends =2 and 4 feet. 
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C+r=:314lG(l> + rf)=:3*14l6x 6 = 18*8496, 

B + A = *7854(142 + d^) = *7854 x 20 = 15-708, 

S = hp{C + c) -f llH- A = i X 20 X 1 8 *8496 + 1 5 *708 
= 204*204 square feet. 

The rule is easily derived from that in Proh. X. For let (\ c he 
the eireiiiiiferences of the two ends, p the shmt si«le AE to 
Art. 382) of the frustum, ami p" the slant sides of the two 
cones XAB, VE(t, and a-', s” their coiivc-\ surfaces, and s that 
of the frustum ; then (Art. 383) 

.s' .v" = y/’r ; therefore .v = ,v' - .v" = .\(//(.' //'r), 

or .V =H/>C4-yT'-;/V}:=i{;>C4-7/'((' - e)} (I). 

But C : c—p ' : p” ; and hence C - c : c=;>' -p'\ or p : ; therefore 

and suUsti tilting' this in [1] for^>", it hecoiues 
A' - tr) the curve surface. 

ExKuri.sKS 

1. What is the convex surface of a frustum of a rij^ht cone whoso 

slant side is =10 feet, and the circumferences of its two ends = 5 
nmll5f<‘et? = 100 square feet. 

2. Find the convex surface of a frustum of a right cone whose 

slant side is =39 feet, and the circumferences of its two ends 
- 15 feet 9 imdies and 22 feet 6 inches. . :745'875 .stjiiare feet. 

3. What is (he surface of a frustum of a right cone, its length 
being = 31 feet, and the diameters of its two ends-- 12 and 20 feet? 

= 1985*4912 sfjuare feet. 

4. If a s<‘gment whose slant si<le is = 6 feet is cut oil’ from the 

upper part of a cone who.se slant .side is = 30 feet, and the circum- 
ference of its hase=10 feet, what is the convex surface of the 
frustum ? . - 144 .scjuare feet. 

388. Problem XV. -To find the solidity of a wedge. 

llrLE.- To twice the length of the ha.se add the length of the edge, 
ami liiid the c(intinued )iro<luct of this .sum, the hreadth of the Inise 
and the height of tht* wedge, ami take one-sixth of this prmluct. 

Let /, c, and h denote respectively the length of the base AB, 
the edge Ed, the hreadth of the base BI), and the height; 
then '/»= J(« + 

Example. — F ind the .solidity of a wedge, the length of which 
is = 5 feet 4 inches, its base =9 inches broa<l, the edge of the 
we<lge = 3 feet 6 inches, and its height = 2 feet 4 inches. 

r = J(« + 2/)M= im -i- 103)i X 2A = 1 X 14J X J X /; =4*132 cubic feet. 
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Let ADE be a Tliroiigli E let a plane EFH pass 

parallel to tlie end GDB. Then EDIt is a 
prisiu, and is equal to three times the pyramid, 
wliose base is tlio triaiij;le DBH, and vertex G 
(Solid Geoin. II. 17), or it is 

= (il)Il. yix3=r^DH./t = iTTR. hh=zUhh. 
Also, the pyramid ECAF—AF. p, = JAH. hh = ^{l-e)bk; 
hence V = + ^{l - e))hh~ \{r + 2l)hh. 

Were the e<lge lon^'er than the base, the formula would be 
the same; for the expression would then become 

= - 2c -f 2/) = 2f ), as before. 


Exercises 

1. Find the contents of a wedj^e whose base is = 16 inches lon^f 
and 2^ broad, its heij'ht l)ein^=7 inches, ajid its ed/^e = 10^ inches. 

- 1 1 1 •562.') cubic inches. 

2. Tlie length and breajlth of the base of a wed^^^e are = 5 feet 
10 inches and 2^ feet, tlie lenj^th of the ed^m is- 9 feet 2 inches, 
and the hei^dit- 84 '29016 inches ; what is its solidity? 

=24 *8048 cubic feet. 


389. Problem XVI.— To find the solidity of a prismoid. 

liULU. — To the sum of tho areas of the two ends add four times 
the area of tho middle section parallel to the ends ; multiply this 
sum by tho height, and take one-sixth of the product. 

J^ot L =tlie length of tho base AB, 

B = II breadth of the base BD, 

/ = II length of the top GH, 
h = II breadth of the top GH, 

IM - II length of middle section, 
m — II breadth of middle section, 
h = II height of the prismoid ; 

M = A(L-ff), and wi=^(B-f6), 

V =^(BL + W + 4M/n)/t. 

Example. — Find the solidity of a prismoid, the length and 
breadth of its base being =10 and 8, those of the top =6 and 6, 
and the height = 40 feet. 

Here M = ^(L-f /)=^(10 + 0)=^ x 16=8, 

w=i(B + 6)=^( 8-1-6) = ^ xl.3=6*6, 
and V = HBL + 6/ + 4AI?n)/t 

=^(10 x 8 + 6 x 5 + 4 x 8 x 6*6)40 = 2120 cubic feet. 



then 

and 
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The prirtmohl AlWJ is evidently equal U} two AIM; iui«l 

OKC; the Iwiso and edj'e of the fuimei* Iwin^c Al) iiml (III, hikI 
those of the latter Fit and Cl); and their hei;;ht that of the 
prisiiioid. 

Let V' and V" he tloi voluineH of these wimI^joh ; 
then t*2L)H/i, V"- ;dL + 2/)AA, ainl V~ \ ' + V" ; 

also, 4M/n^(B + A){L f /):t=HL eW « Iin />L ; 

heneo V -^1(2111. + 11/ ^ } AL)/i *i(BL t A/ ♦ 4M//0A. 

KXKI{(IsK.S 

1. What is tlie solitlity of a !«»;' of \v«mmI «d the hnin of a reet- 
an^^nlar prisnioid, tlie leiijxni and hreadth of mie i‘rul heifi;^ 2 feel 
4 inches and 2 feet, and tliose of the otliei end 1 font and S iJiehes, 
and the heij'lit or |»ei[a*ii«liciihir length UI fi'et? 

IM At)} <Mihic feet. 

2. Find the (‘apaeity of a troii;;h of the form of a piisinoid, its 
hut tom heinj^ 48 inches Ion;;, 40 inches hroad, ami its io|i .1 feet 
lone and 4 feet hroad, and its d<q»tli 3 feet. . lt)i| ciihi*’ fei>t. 

3. What is the volume, of a prisiiioid, the len;;th ami hreiidtli of 

its ;;ieater <*nd hein;; 24 and Mi inches, those of its lop Mi and 12 
inche.s, and its leii;{th 120 inches? , . I0 <V2^ eiildc fe«‘(. 

:m. Problem XVII. To find the solidity of a sphere. 

Ul’LK I.- -Find the solidify »»f the circiiniseilhin;; cylinder 
that is, a cylinder whose diaimUer and height are (‘i|ual ti» tl)e 
diameter of the .spheie and two thirds of it will 1m* tlie volume 
of I lie sphere. 

IM i.K II. Multiply tlie cuhe of tlie diameter of the sphere hy 
•r»23<i. or moi«* accMirately hy •.‘»2.V>08H, ami the pimliict will he its 
sididity. 

I,i<*t if ■ the diaiiieM*r of the sphere ; 
then "T V -.ViriTyA 

Kxamm.k. Find the solidity of a sphere 
whoHCj diameter is 2 f#»et 8 inches. 

V - '.'.231^/3 - •r»2;m X <2?.)» *52.36 X (5)» 

~ •52,36 . <01 hie feet. 

Tlio first rule is derive<l from a theorem 
discovered hy Arehimc<les. The second rule is easily «lerived 
from the fi»'‘"t. For (Art. 378) the voluine of a cvlimler i« 
jr -r AA ~ '7854<f'A s and when which w the ca<»o for the cylinder 




180 


MENSURATION OP SOLIDS 


ABV cii'cuinscribing the sphere, then v= •7854c?*<3?=*7864e?*, and 
twe thinls of this is tlie volume of the sphere, or V = ‘5236^^3. 

Note . — A sphere jiiay also he considered as composed of an 
indeiinite numher of minute pyramids, whose bases are in the 
surface, and vertices in the centre of the sphere, and the 
sum of their solidities would he equal to the surface of the 
sphere, multiplied hy one-third of its radius. But (Art. 391) 
tlie surface = 4 x ‘7854^/^ ; hence the .volume = 4 x *7854^/* x \d 
= •r)23()f<« 

'riie vfdumcs of spheres are proportional to the cubes of the radii 
of the spheres (Eucl. XII. iS). 

Exerci.ses 

1. How many cubic inches are contained in a sphere =25 inches 

iiMliameter? =8181 *25 cubic inclie.s. 

2. Kind the solidity of a sphere, the diameter of which is = 8i 

inches =321 *5558 cubic inches. 

3. What is the solidity of a sphere whose diameter is = 5 inches? 

=65 '45 cubic inches. 

4. How many cubic feet of f^as can a balloon of a spherical form 

contain, its diameter bein*; =50 feet? . . =65450 cubic- feet. 

5. Kind the solidity of a spliere whose diaineter is = 6 feet 

2 inches = 122'7866 cubic feet. 

6. The diameter of a globe is =4 feet 2 inches; what is its 

volume? =37*876 cubic feet. 

391. Problem XVIII. —To find the surface of a sphere. 

I. The surface of a sphere is equal to four times the area of a 
great circle of the sphere ; or, 

II. The siirface of a sphere is equal to the product of the square 
of its diameter by 3*1416 ; or, 

III. The surface of a sphere is equal to the product of its circum- 
ference by its diameter ; or, 

IV. The surface of a sphere is equal to the convex surface of the 
circumscribing cylinder. 

The surface and the volume of a sphere are two- thirds of the 
.surface and the volume of the eircum.scribed cylinder.* 

s=rd, or 5=3•1416ff®=^r^f*=47^/•®. 

• Archimedes^ Sphere and Cylinder^ I. 84, Cor. (Heiberg's edition). 
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Example. — How many pqunro foot of xhoot co|>|mm‘ an* ooiilaimvl 
in a hollow copiwr j*lol»e=25 inciiOM in dianiftor? 

.f -:i i4i(>ff*“-n i4i«x2r>* n inn v62.» 

' 1903*0 square iuchoH - 13 (i:H7 square foot. 
mnm'u aiul rsra’ Imj two coiroN|)oii<ltn^ yoiios of (ho sjilioro 
(iKVK ami its oiicumscrihin;» oylimlor AllV (la>i lij<. ). Tlio area 
of tlio cvlimhio /orio is equal to tlio oirouinfoioitoo «>f tlio o\ limliM* 
X rs 'Iv . Xi*. r.v. Also, the siufaoo of tlio ^)>ilolioal zom* is, wlioii 
its hiomltli is oxcoo«lifijily small, oqual voiv iioaily to tlio suifaoo 
of a frustum of a oono, ami equal to Iho miiliilo riioiimfiooiico of 
tlio /ono \ nm (Art. 3x7), or nearly 'lx . \tn . m//. 

Hut, from similar lria!j*'los, mu ; nut ('m : \ut : liimeo X//» . mu 
= t'm . mo -■ Xr . rv ; tluMoloii*, ‘iir . X//# . mo lx . \r . r.s. 'I'liat is, 
.the siirfaeoH <»f tlio sphcMioal ami o\limliio y.onos are equal, 'riii* 
::Ramo can ho simihnly juovoil of iho siirfaeos of all the other oorn*- 
’Rpomliii^ small zones of these two solids, lloneo tiu* whole surfaeo 
‘Of the spheio is equal to (ho convex surfact* of the circumscrihiii); 
eylimler 

-cf/-3 I4l(W .3 l4Mh/^ xfr^ -4x/i 

Thin proposition cati only Ik* provoil with riKorous aeeuracy ami 
•onoisenosM hy moans of the ealeulus. 

KXKiirisE.s 

I. How many squaie inches of j^ohl leaf will ;;ihl a {jIoIk*™ 1 foot 
In <liaim*t«*r ? ...... 4.7*2 *39 square iiichos. 

' 2. What is the surface of a sphere whose iliametor is 2 feet, 

0 inches? ....... 2.3‘7oH3.7 sijiiare feel. 

3. Find the ,Kiirfai*e of a ;'lohc whose diameter is .71 inches. 

.7(» '71.71.7 square foot. 

4. Find the -urfaee of a hall whoso diameter is .7 inehes. 

7X'.7I square inches. 

5. What is the surfaeo of a sphere whose diameter is 2 hrel 

8 inches? 22 .34 square fool. 

6. What is the surface of a ^jhilK! who.«e diameter is tl inche.s? 

I '7(17 squaie fool. 

392. Problem XIX.- To find the surface of any spherical 
figment or zone. 

1 RrLK I. -Multiply the circumference of the sjihere hy the 
weight of the so^^mcnt or zone, and the prcxluct will Ik; the area; 

Rl^LK If. — Multiply the dianieter of the sphere hy 3*1410, and 

n*e. iuth. M 
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the prmlnct by the heip[ht of the segment or zone ; the product will 
be the area. 

Or, $^chy or .s=3‘1416^//t=TdA, 

Example. —W hat is the surface of a spherical zone whose 
height is = 4 feet, the diameter of the sphere being =6 feet? 

5=3*14166/4 =-3-1416 x 5 x 4=62*832 square feet. 

It was proved in Prob. XVII I. that the surfaces of any two corre- 
sponding zones of a spliere and its circumscribing cylinder are equal. 
Now, the surface of any zone of the cylinder is evidently equal to 
the circumference of tlie cylinder, or of the sphere, multiplied by 
the height of the zone ; and hence the surface of the spherical zone 
is found in tiie same manner. 

Exercises 

1. Find the convex surface of a spherical zone whose height is 
= 4 inches, the diameter of tlie sphere being = 1 foot. 

= 150 7968 square inches. 

2. b'ind the convex surface of a spherical zone, the height of 
which is=5 inches, and the diameter of the Hplicro=‘25 inches. 

=392*7 square inches. 

3. What is the convex surface of a spherical segment whose 

height is = 3 feet 6 inches, the diameter of the si)here being 
= 10 feet? . =109*956 s(juare feet. 

4. Fiml the number of square inches in the convex surface of a 

spherical segment whoso height is =2 inches, the diameter of the 
sphere being =6 inches. . . . =.37*6992 square inches. 

5. What is the convex surface of a spherical segment whose 

height w=9 inches, the diameter of the sphere being =3 feet 
6 inches? =1187*5248 square inches. 

393. Problem XX.— To find the solidity of a spherical 
segment. 

Rule I. — To three times the .square of the radius of the base of 
the segment add the square of its height; multiply the sum by 
the height, and the product by *6236, and the result will be the 
solidity. 

Rule II. — From three time.s the diameter of the sphere subtract 
twice the height of the segment; multiply tho difference by the 
square of tlie height, and the product by *5236 ; the result wdll be 
the solidity. 
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Let .\(’BV 

Im 

a spherical se>»iiient. 



y 



A 

\’< ■ its ln*i;^ht. 



a/- 

'i 


r 

.\( ’ the railius of its 

base, 



ami 

d 

the iliaini'ter of the : 

splieie 


h( 

jl 

then 

V 

- i A-h 




^ r. 

or 

y 

■.v2:uiA‘(:h/ *2/0. 



V.: 


F.>CA.Mi‘r.i:s 


1. The liei^ht of ; 

11 f-pIlC 

rical 



se;:;ment is 

S iuclii's, mill (In* laiiim 

I of its 

base 

1 i inches ; 

\N hat 


is its suli«li(v ? 

V •ri*j:n5A{.^2 1 /.i) .V2;m . i r* * so 

4'lsss (i.Vi *J7.*U tHJTlJ iiirlii '.. 

*i Th»* iliaiiiflor of n spin^ro in .*» fict, umi thi* of a 

of it ‘J foot : is tl»i‘ >oliilily i»f tin* 't 

y - •.V2;«>/»o;t./ 2/1 i x -20. ’» < 2 ^ *2) 

‘i olMt II -J-S oasi iMilao foot. 

Tlio s|»horiral A< 'IIV’ is rijual to tliti (iillonMico )>vtat‘t'n 

tlio spiuM iral Mvtor (lA N'li anil llio I'oin* tiACII. Hut tito xplioiii al 
sci'tor is to thij .spiicio ns tin* suilao** of tin* M’^^nimt to tin* Miifnri* 
of tini spliort*. IfciKM*, if S, s 1m* ilio sin tacos of tin* splicic uitil 
scj'inont, ainl V, V' tlio vohinies of the npliore junl sector, 

S : v : V' ; hence V' 


For the eo?ie, 


Hot S a UHWA, V o2:«>./>: 

hence \ oLMiKrA. 

For the co?ie, volume \’" 
volume »if M-;'men( , 

V.V’ V" '.VJatili/Vi l•(// *^/^)} 

Ihit AC- VC. (’F, or r- .A(f/ A); 

I*- • /< - 

ami hence // . 

h 

•Sul»'*titutin;' this value of F** in fl], it heeonieH 

V '.V2:«i{rAV* hid /Hid ‘2/0} •.V2;w.4'0:h^ ‘24). 

Stihsiittjtin;^ in this l;ust expre^hiioii the above value for 

V •.VZW-^’’' ' I 2* j t 


KXKnriHKM 

I. Fitnl (he st*li.|ity i»f a Hplierieal Ke;'iiient wln^se hei^iht is 
!tt:4 inche-', aid Hn* railiiis of Hh ha-s** -H inches. 

- - 4;i5 •6:t.V2 <Mi hie i iirhi*s. 
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2. Find the volume of a spherical se'^ment, the diameter of the 

base of which is = 20, and its hei‘'ht = 9 . . . = 1795*4244. 

3. What is the solidity of a spherical segment, the radius of 
whose base is=25 inches, and its height-G‘75? 

= 6787'H44 cubic inches. 

4. Find the solidity of a spherical segment, the height of which 
is -2 feet, the diameter of the sphere l)eing=10 feet. 

= 54*4544 cubic feet. 

394. Problem XXL --To find the solidity of a spherical 
zone. 

UULK I.— Add together the squares of the radii of the two emls 
and one-thinl the s(|nare of the height ; niulti[>ly the sum by the 
height, and this product by 1*5708, .hkI the result will lie the 
solidity. 

lllTLK 11.— For the middle zone, add together the square of the 
diameter of eitlier end, and two-thirds of the square of the height, 
or lind the dilVerenoe between the square of the diameter of the 
sphere, and one-third of the square of the height of the zone ; then 
multiply the sum or the dillerence by the height, and the product 
by *7854, and the result will be the solidity. 

Let U and r lie tlie radii of the ends ; then the first rule gives 
V - 1 •5708/d + / “ + 

And the rules for the middle zone give 

V = •7854/< ( -f- S//2), or V = *7854// {(P - yp), 
where // is t he diameter of the sphere, and 1) lliat of either end of 
the z(»ne. 

Examplks.— 1. Find the solidity of a spherical zone, the 
diameters of its ends being = 4 and 3 inches, and its height 
=2 inches. 

V= 1 •5708/d R2 -f r2 -f yP) 1 *5708 x 2(4 -t H 
=3*1416 X ?4 = 23’8238 cubic inches. 

2. Find the solidity of the middle zone of a sphere, the diameters 
of its ends being =4 feet, and its height =6 feet. 

V = *7854/<(D2 -t- g/r’) = *7854 x 6(42 f § x 

= 4*7124x40 = 188*496 cubic feet. 

Or, since or 42 -^=42 -1-62 = 16 + 36=52, 

V = •7854/i(rf2 » = -7854 x 6(52 - ^ x 62) 

=4*7124 x 40=188*496 cubic feet. 

The spherical zone ABED (fig. to Prob. XX.) is evidently equal 
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to the <lirtV‘rc‘ijce Iwtweeii tli»» two VI>K nii«i VAH. 

I,**t !•' tin* luilius of the spluMe, uml A' the hei^jht of the hsn 
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1 oTOS/h li- • r- 1 ;\A*). 

Ihit for tio* /one 1% i\ aiii) if l> he tlie of 

the einl, then It* < ;•• ■ }!)* • ,|l)“ U>‘; lienee, for the ini*iil)e 

zone, 

^ ■ o j (1^** i './'“'j '“Ho I/h I )'*' < n'/r’j 

■7N.‘*t/e'/“ \A-|, if </ the (iiailieter of the •^pln’M*. 

l%XKUc;i.sh.s 

1. What i" the \oimiie o( a -|iheiieal /one. tlie ^lialnetel•^ of it^ 
i inU l»•■in*' H» anil 1*2 ineln". ainl it‘ le ivlil ‘J inehe^'' 

ltC» S2t»t rnhii* ineln 

2. Fiml the -oliililN fif tie- iniihlh* /mo* of a uho-i- 

iliameiei i^ to iin'he>, llie «liaiiietei of it- ha^e hein^ o|, 

it' hei^'llt .’12 in<-he«i. .... .'tHi.’l.'l SiTti enhie inehe«.. 

‘A. What in the volume <if a ^|*helieal /one w ho^e hei;;ht i.-* 

- lo iiielies. ami the iliainelei>k of its einl'' 20 am! *10 im'hivs? 

0121 H euhie inehe>> 

4. Tin* •liametej-H »)f tin* ••inK of ji ‘•pliei jj'al /inn* are S uinl 
1*2 ineliei^, ami if" ln*ij.;lit 10 inelie- ; what i- it" "tiliility ? 

l.’UO'l 10 euhie ineln*H. 

o. What i" the \oluiin* of a miihlle /one of ft *.pln*re, it." hei;»!it 
H feet, ainl tin; tliaiiietei- «.f it?* emU ti feet ? 

l9r27Hl euhie feel. 

fh Kiml the \olnmeof a "plierieal zone w hor»e ln-i^»ht i** i feet, 
and llie end dianieter.** - 0 feel. ... I40 0OS euhie ffjet. 
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MENSURATION OF CONIC SECTIONS 

395. Tlift conic sections are the tlirce curves— tlio para)x)hi, 
the ellipse, and the hyperhnla. 

DEFINITIONS 

39f). A parabola a emvc Hiifli lliat any point in it is C(pii- 
ilistant from a ‘^ivcn )ioinl and a f'ivcn straij^lii lim*. 

Tims, if the curve DVK is sncli that any 
]>oint in it, Jis D, tMiuidistant from a }j;ivcn 
jKiint V and a <;ivcn line AH— tliat is, sncli tlial 
I ) h' 1 ) A -1 lie curve is a ]»aral lola. 

.‘107. The jjiveii jMiint is called the foCUS of 
the jiarahola, and the f^iven line its directrix. 

'rims, K is called the focus of the parahola, 
and AH is its directrix. 

308. O’liat part of a perpeiidienlar to tlie directrix ))as.sin;; thronj^h 
the focus, which is contained within the curve, is I'alled the axis, 
or principal diameter; and llie extremity of the axis is call(‘d 
the vertex of Hie paralxda. 

'riijis, V(J iiroduced indefinitely is the axis, and V the vertex of 
the curve. 

300. An ordinate is a jierpendicular from any jioint in the curve on 
tlie axis, and when proilnced to meet tlie curve on tlie other side of 
the axis, it is a double ordinate ; and the portion of the axis inter- 
cepted between the ordin.ate .and tlie curve is called the abscissa. 

Thus, I)(? is an ordinate to the axis, and (iV is its abscissa; also 
DK is a donhle ordinate. 

4(K). The principal parameter i« four times the distance of the 
vertex from the directrix. 

Thus, four times CV is the par.ameler. It is also equal to 4 VF, 
or to the double ordinate throuj'h the focus. 

401. An ellipse is a curve such that the 
.sum of the distanc»‘.s of any point in it from 
0 two oiven points is equal to a pven line. 

Thus, if any point, ns V, in the curve ACHD 
has the sum of its dislances from two ^dven 
pilint.s, and F - namely, HE I I’F— equ.al to a 
given line, the curve is an ellip.se. 

402. The given points are c. ailed the foci ; and the middle of the 
line joining them, the centre. 
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Tliuf*, K an<l F are tlie an«l (J the oonire. 

403. The distance of tlie oeiitiv from either focnft is cnlhsl the 

eccentricity. 

Ktf or tfF is the eoceiitncity. 

404. The major axis is a line passin;» thronj'h the foci, and 
terminated l»y the curve; and a line similarly terminated, passing 
throu;'h the centre, and perpeii<liciilar to the major axis, is naiiuHl 
the minor axis. The former axis is also called the transverse 
diameter; and the latter axis, the conjugate <liaiiieler. 

Thus, All is the majf)r, and t'D the minor axis. 

40o. All ordinate to either axis i.s a line perptMiilieiilar it from 
any point in thetnirve; and this line prodiieed to meet tin* eni ve 
on the other side of the axis i.s called a double onlinate ; alsii each 
of the s4‘;^meiits into wiiit'h the oidinati* di\id(‘s lint axis is called 

an abscissa. 

Thtis, PM i.s an oidinate to the axis All; and AM and Mil 
ahscissji'. 

OKI. The parameter of eitlier axis is a third propoi ti«*na/ to it 
and t he ot her axis. 

'Din.s. the parameter of A/1 h a thin! prop(nfiomi/ to A /I and 
t'D, and is the same with the doiihle i»rdinate th)oii;^h the focus, 
called the foeai oidinate. 

407. A hyperbola is a emve .sneh that the ditreien(‘.e between 
the distances of an\ p<nnt in it from two ”i\en points is equal to a 
oiven lim*. 

'riiiis. if any j*oint, as P in the eiirve PIlN, ha-s tin* dill’eii^nce of 
its disian<*es from the two ”i>en ]M)int.s Kami F namely, PK, PF 
equal to a ;:iven line .\ II, tin* eiirve is .'in hvjMM hola. 

If amn Imt eni \ e, P'AN', similai to PIlN, ]»asM ihion;^h A, these 
t\v«» Inaiiches aie <’alled opposite loperholas. 

40H. The two ;»i\en points are 
called the foci ; ami the midtilo 
of tin* liin' joinino them, the 

centre. 

Thus, K and !•' are the fori, and 
f» the cent re. 

409. The distance of the centre 
from either foeiis i» calletl the 

eccentricity. 

Thu.s, tlK or (IF i» the eccentricity. 

410. The major i» that portion of the line joining the foct. 
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wliich is teniiiiiated hy the opposite hyperbolas ; it is also called 
the transverse diameter. 

Tlius, AH is liie major axis. 

411. A line passin;; through the centre perpcndionlar to the 
major axis, and liaviiig the distance of its extremities from those 
of this axis ecjual to the eccentricity, is called the minor axis, or 
conjugate diameter. 

'riins, if the lim* (-I) is perpcn<iicular to AH, and if tlie distances 
of (' and I) from A or H are equal to EG, Cl) is the minor axis. 

412. An ordinate to tlie imijor axis is a line perpendicular to it 
from any ])oinl in the curve, and this line ])roduced to meet the 
curve on the other side of the axis is caiiiMl a double oniinate ; 
and the segnmnt <d tlie axis between tlie ordinate and curve is 
called an abscissa. 

'riius, 1*M is an ordinate, an<l PX a double ordinate to the axis 
AH ; and HM an abscissa. 

4i;i. A third proportional to the major and minor axis is called 
the parameter of the former .axis. 

'Phns, a third proportional to AH and CD is the parameter of 
AH, and is eijual to tlie donlde ordinate through tlie focus. 


414. Problem I. -Given the parameter of a parabola, to 
construct it. 

Let the parameter of a paralmla he equal to the line N, it is 
r<?(i Hired to const met it. 

Draw (ill for tin* directrix, and DG ])erpeiidicular to it for the 
axis. Make 1)V and VE each on(‘-fonrth 
of N, then V will he the vertex, and E in the 
axis the focus of tin* ])aral)o1a. Draw ;my line 
LM parallel to GH, and with the distance 
DS for a r.*idius, and E .as a centre, cut TjM in 
Land M, and tht*se are two points in tlie para- 
bola. Draw .any other pnrallel, a.s AH, and 
liml the ]»oints A, H in a similar manner; 
ainl so on. Tiien .a curve APVQB, ]>nssing 
through all these points, will he a parabola. 

Eor the dislance of L from GH — namely, SD~ is equal to the 
distance of L from E ; and the same hold.s for the other jioints. 

"When the length of the directrix is given in iiuniber.s, a line N 
mn.st he taken from some convenient .scale of equal part.s of the 
requirad length, and the hgiire may then be con.structed. 
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The curve may also be dcscribeil by means of a bur (i\V, ioommI 
parallel to the axis ^^ith its extremity tJ on the di Matrix, ami 
having a thread FEW with one end V lixed in the foms, ami a 
pencil at E, held so as to keep the tlnead tiglit, will describe the 
curve. 

Kxkhcisks 

1. Construct a i>arabola having a parameter equal to tin* given 

line A. A 

2. Construct a imralxda whose parameter is ‘JOU on a scale of 
half an inch to the hundred. 

415. Problem II.— Given an ordinate of a parabola and 
its abscissa, to find the parameter. 

UlJLK. — Divide the square of the ordinatt; by tlie aliseissa, and 
the (|Uotieiit will be the paraim‘ler. 

Let (I -tlie ordinate IW • (tig. to Prob. I.), 

II abseissji CV, and 
p— M parameter; 

then d^ — na ; hence n -- , and a - • 

' ' o p 

Example. — ( iiven an ordinate of a parab<da-() and its abscissa 
= 15, to iind the parameter. 

fA' (r .’Id 72 

' a I.“» I.*) 

ExKiaisKs 

1. An ordinate of a ]»arabola is ami its abscissa .’Hi; liml 

the parameter. 11/.- 

2. Find the i)aranieler of a parabola, an oulinate ;imi abscissa 
being respectively - 12 and 2.>. ...... o Tti. 

S. What is the parameter of a parabola one of whose ordinates 
is = 10, ami the crorresponding abscissa IS? . 14;'. 

4. Find the parameter of a parabola, one of its ordinates being 

= 25, and the corresjmnding abscissa -20. . . . .‘II ‘25. 

410. Problem III. — To construct a parabola, any ordinate 
and its abscissa being given. 

Find by Prob. II. the paranicler, and then by Prob. I. <*onstru<rt 
the curve. 

Exerci.se 

Construct a paralnda one of who.se oidinates i.s=J20, and the 
corresponding ab.sciHba = 225. 



190 


MENSURATION OF OONIO BBCTIONS 


417. Problem IV.— Of two abscissae and tbeir ordinates, 
any three being given, to find the fourth. 


Tlie al>8ciHKji* aro tlirectly proportional to the squares of their 
ordinates l)y Proh. 11. 

Hence, if A, a are tlic ahsclssa*, and I), d their ordinates, 


Also 


K \ii ~ I)-: ft- 

IP A : a; 


oD* , , , Ad^ 
- . , and ]>’~ 

A n 


AfP , . ^/IP 

f*' -- A r 


Kxamjm.k. 
abscissa VO 
AC. 


and 

hence 

or 


(livfMi the abscissa VS 10 (r);,'. lo Prob. 1.), and tlie 
12, also ilic ordinate SI. — 9; riMpiircd the ordinate 


AO’ 


VS : V<^- SL^rAC*; 

10 : 12 -rr <p : A(^ 
12 ■.O'* Ox 81 180 _ 

“10 “ A " 5' 
AC ^\/ 97 l 2 - 0 


97-2; 


(P:= 


f<lP 12x9- 
' 10 


-97 *2, and r/ - 0*859. 


KxKRrrsFJ^ 

1. Two nliscissa* <»f a ]iaral>ola are=18a!nl 82, and tlie ordinate 

of the former is=12 ; lind the ordinate of the latter. . ™ 10. 

2. Two abscissa* are - 8 and 0, the onlinate of the former is-nT); 

Hinl (hat of the latter. -7*07. 

8. Two abscissa* are-- 9 and 10, and the ordinate of the former 
= 0 ; Ond that of the latter r^8. 

4. Two ordinates are 0 and 8, and the abscissa f)f the former 
= 0 ; fiml that of the latter =:;1G. 

.5. Two ordinates are-=18 and 24, and the abscissa of the former 
- 18 ; lind that of the latter. =82. 

418. Problem V.— To find the length of a parabolic curve 
cut off by a double ordinate. 

Hulk. — 'I’ o the square of the ludinate a<hl four4hii*ds of the 
square of the abscissa, and the square i*oot of the sum, niuUipUed 
by two, will be the len^^th of the curve nearly. 

I,ct (f— the ordinate, and rr = the absciasa, and 
/ = II lenprtli of the curve ; 

P=4(rf‘+^|?); or /=2v(cP+^’). 


then 
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Example. — The abscissa of a paral>ola is = 3, ami its oi dinate = 9 ; 
what is the length of the arc? 

P=4(rf*+^^)=^(9’ I * -^(si + ia) 

and I = 2 VOS = 2 x « (M.SO 1 !>-‘2872. 

ExKIK’ISKS 

1. The abscissa of a parabolic arc is - 4, ami the onlinalc S; 

what is its length ? IS 47. 

2. The abscissa ami ordinabi of a parabola arc 10 and S; wliat 

is the length of the curve? ‘JS op. 


419. Problem VI.- To find the area of a parabola. 
lli’LK. Multiply the base by the height, and two-thirds of tin* 
protluet is the area. 

Let h - base or <louble ordinate, o “height. f)i al)scissa ; 
then yK 

Kxampi.E.^ — W hat is the area of a parabola whose biuse is 2o, 
ami height - 18 ? 

§x2ox 18 -. :m. 

It was proved, by the nietliod of exbunslions, by Ar(him(‘d(‘s, 
and can be easily provctl by the integral ealeulns, that the area of 
a parabola is two-tbirds of tlie riicninseribing rectangle, whieh hns 
the .same btuse and height as the curve, its npi»er sirle heing a 
tangent llirough the vertex. 

Ex KnrisE.s 

1. Find the area of a parabola whose base nr double ..rdnmte is 

— 140, ami height or abs«*issa 40. . • • , 

2. Wliat i.s the area of a parabola wlio.<^e hns»* ami In'ight 

and 28 respectively ‘ i i ' i 1 

X Find the area of a parabola whose ba^^ is :io, and beigdit 

— 44. 

i. Kind tlin area of a parabola wliosc base i- d ll f'-'-t, 

= 5*6 feet 


420. Problem VII.- To find the area of a zone of a 
parabola. 

Kui.E.— D ivide tlie cnl>e» of the two jiavallel sidea |>.v the diHet 
ence of their equaree ; iiiiiitiply tlie quotient hy the heij; il o n. 
zone, and two*iliird» of the proiluct will Ix! the area ; ot, 
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Diviilc the sum of tlie wiuares of the parallel ends, increased 
by their product^ l)y the sum of the parallel ends ; multiply this 
quotient by the altitude, and two-thirds of the 
product is the area. 

Let I), denote the two ordinates AH, CD, and 
4 = the height ICF ; 



then 


Ai = 


Ai 


--i>{ 


D'-'-f ih/ f 

) 


EXAMPLK.~Find the area of a parabolic zone, the two terminat- 
ing ordinates being - 18 ami 30, and the altitmle-l). 


IV* 


o 


1H;‘ 

IV- 

1764 

8 


-6x 


OtK) ) o40 t 324 


30 1-18 


220 5. 


Hy means of the preceding pioldem, the above rule may be easily 
proved. Lot A', A", and //, //", denote respectively (he areas and 
lieights of the two paralsdas VAH, VCD; then (last problem) 

A' -ifD//, and A" ^dh" ; 

hence? /II A' - A" j|(D//' <M") - fjJD// i //'(D </)}. 

Hut by a properly of tin; parabola, 

1)’ : /d hence D* : r/* /(:/<", and A" 

{Substitute this value of A" in the above value of .K, 


then vK 


</’ \ ,, ../D=* d’^\ I IW ! f/-\ 

n**' i> +</)■•'■ n I ./O n 1)1./ )■ 


Kxkkcises 

1. Find the area of a zone of a parabola whose parallel sides are 

= 5 and 3, and its height 4 =164. 

2. Find the area of a paralsdic zone whose parallel ends are = 6 

and 10, and the height -6 =40. 

3. Uoquire<l the area <»f a zone of a parabola whose height is=ll, 

and ibs two ends = 10 and 12 = 121 

4. The ends of a parabolic zone are -o and 10, and its height = 6 : 

what is its area? =-16.^ 

5. The ends of a zone of a parabola are = 0 and 0, and their 

distance = 8: what is its area? =60*8. 

6. The parallel sides of a panibolie zone are = 10 and 15, and their 

distance = 15 ; required its area. =190. 
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421. Problem VIIL -To describe an ellipse, having given 
its major and minor axes. 

Let AB 1)0 the major axis. l)iaw a line (’I), hist'otin;^^ it per- 
pcmlicnlai’ly, ami make (1(\ (JD eaeli e«|nal to half of the minor 
axis, then CD ia tliis axis. From C as a 
centre, with half the major axis A<J as a 
railins, cut AH in E ami F, ami these 
points are the foci. 

Frodiice AH to Q till EQr AH; then 
from K as a centre deserihe an are 
and this arc is a species of <lirectrix to the 
ellipse. With any radius El, from E as a ^•enlre, deserihe an are 
HK ; anti with the distance IQ as a ladiu.", fiom F as a cent re, cut 
Hlv in 11 and K, and these* are j)oints in th<* (‘urve. Deserihe from 
E as a centre any other are LM, aJid liml as before tl>e i>oinlH I. 
and M. Proceed in the same manner till a sulheient mimher of 
points are found, and the curve passing throuj;h them- namely, 
ADHC— is an ellipse. 

The construction of the ellipse hy this method is exactly similar 
to that of the parabola, Pli bein^ consider(‘«l tbe direetiix, .ami the 
■ concentric arcs II K, LM, Ac. as parallels to the an* FK. 

Cor. 1. — When the major axis and the eccentricity or the foci 
are given, the ellipse can he constructed nearly in tbe. same manm r 
as in the problem. 

('or. 2.— When the minor axis and tbe eeeentiieity are ^dven, 
the ellipse may he constructed thus : 

Draw AH, hisectiiig CD perpendicularly, and lay «)ir CK, f JI’ 
each ef|ual to the eccentricity, then EC- is eipial to half tin* m;ijoi 
axis. Hence, make (JA, (JH eaoh-EC, an.l AH is tbe major axis ; 
ami tlie ellipse can now ho coiistriie.HMl as before. 

The ellipse may also he et)nstrueted hy means of vllijdk vom- 
passes, which oon.sist of two brass bars AH, CD, with groove^ and 
a third bar OH- A(J, half the major axis, a part of d. Nil, M*mg 
-CO, half the minor axis, with two pins at O and N ; and Oil 
being move<l, so that the i)ins at N and O move respr*eti\ el\ in 1 i» 
Kiooves of .MJ anil CD, tlio e.xfreinily H will iiiovii in tlio i-iii vi' of 
the ellipse. . 

Or, if a tlireatl EPF (fi"- to A't- 4'**); ."I ' 

have its extremities fixeil in the two foei, ami he iliawn ti^ 't 'Y 
means of a pencil moving in the «angle P, the pencil will f csdi >e 
an ellipse. 
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422, Problem IX.— When the two axes an4 an abscissa 
are given, to find the ordinate. 

Hulk. — Ah tli« nquaro of tlio major axis is to that of tlie minor, 
HO is tlie rectangle under tlio two aliscissa) to the 8([iiaro of tlie 
ordinate. 

IMio lialves of the two axes may he taken instead of the axe.s 
themselves in this rule. 

Let the major axis -AH, 

A -the minor n -('D, 

h - one ah.scissa - A M ; 

then a ~h~ tins <»ther ah.scissa — M H, 
the ordinate • PM, 

and o'-* : (a - h)h : tC\ 

or d^~K^a~h)h. 

Examplk. — T he axes are =30 and 10, and one ahscissa is -24; 
lind the ordinate. 

a =; 30, b - 10, h == *24 ; hence rt - 4 - 30 - 24 = 6 j 
hence ^ x 0 x 24 =10; . * . = V lb - 4. 

Exercises 

1. 'riio major and minor axes of an ellipse are~60and20, ami 

one ahscissa is ■ 12 ; liinl tin* onlinate -S. 

2. The axes arc =45 and 15, aiul one ahsciH.sa is -::9 ; what is the 

ordinate? . . -0. 

3. The axes are -52 o and 17’5, and the ahscissa * - 42 ; find the 

ordinate. =7. 

4. The axes are 17’5 and 12*5, ami an ahscissa=" 14 ; rm<l the 

ordinate. -5. 

423. Problem X.— When the axes and an ordinate are 
given, to find the absciss®. 

UuLE.— As the square of the minor axis is to the square of 
the major axis, so is the product of tim sum and dillerence of the 
semi-axis minor and tlie ordinate to the distance of the ordinate 
from the centre. 

This distance being added to the semi-axis major, and also 
subtracted from it, will give the greater and less abscissa'. 

Let r-tho distance M(r (hist fig.) from the-t^tre, and 6 the 
semi-axes, and 4 -AM, and <f=PM; 
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then A* : fi* = (6 + tl){b - d ) ; r*, or ^ ^ - d), 

and h~n ( f\ 2ff ~ A -r. 

ExAMrLK.—TIu* axes air -30 and 10, and the ordinate 4 ; 
what are the ahsoissji* ? 

f + 1 - HI, 

and c-vSiy; 

hence the /greater abscissa AM tf i r l."> j 9 *24, 

and the less ahHcisHa -e . lo - 9 - 0. 

The rule depends on the same principle as ilie last; for 
CC;^: . Nl) : VS\ or 

KxEinisKR 

1. The axes are = 4.') and 15, and the ordinate 0; wliat are tlie 

aliscissm ? 30 and 9. 

‘ 2 . Tlie axes are -70 and 50, and an onUnate 20 ; liiul the 
abscissje. ......... 14 and 50. 

424. Problem XI. When the minor axis, an ordinate, 
and an abscissa are given, to find the major axis. 

UrLK. -Kind tlie H<piiire root of tlie dillerence of the H<|narcM i»f 
the smiii axis minor and the ordinate, and, accordin'^ as tbe less 
or ;^reatei* abs< is‘^a is j^i eii, a<ld this root to or sulitract it, from the 
semi axis minor ; then, 

As tlie s({iiare of the ordinate is to the product of the abscissa and 
minor axis, su is tbe sum or dilfmeiice found above* to tie* major 
axis. 

Or, if r/, 7) are tlie semi-axes, ami A (he abMcis‘<a, d*:*17di 
Iinil Z/i-^'^'p{h±\/{l>'‘ <p)l 

KXAMin.K. -The minor axis is -10, tbe smaller abscissa G, and 
the ordinate -4 ; lind tbe major axis. 

7;^^(P .,V 4' 25-IG 9, and V('>- - *1 *» 
and fP : 2b7i — b± \f{7r d^) : 2ft, 

Or, 4^ : 10. <0 -^5 4-3: 2^/, or Hi :(j 0- 8:2n, and 2a-30. 

i>f,h 

Or by the formula, 2ft ™ {5 t \7{7d - d*)} 

- ' " ^ + V( S’ - 3«)» = X (5 + 3) = 30. 

The rule is derived from the same proposition as tlie last two. 
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Thus, AG* : GG*= AM . MM : PM*, 

or rt* ; /y* - {2fi - h)h : rf* ; hence rA/* = fr/i{2a - h). 

From tliis f|muli;itic equation, the value of o, the unknown 
quantity, is easily found, and the result is the above value. 

FxKm'isKS 

1. The minor axis is 1.1, an ordinate — 6, and the less abscissa 

— 9; what is the major axis ? =45. 

2. The minor axis is =50, an ordinate = 20, and the less abscissa 

= 14 ; find the major axis =70. 

3. 'riie minor axis is = 5, the j^ocater abscissa = 12, and the ordinate 

= 2; what is the major axis? =15. 


425. Problem XII. -When the major axis, an ordinate, 
and one of the abscissse are given, to find the minor axis. 

Kui.K. -Find the other ab.scissa, then the product of the two 
abscissii* is to the square of the ordinate as the square of the 
major axis to that of tlu* minor axis. 

Or, h{a “ /<) : tP- a ' : A*, and A*= . -■ - 

h(a ■ h) 


When a and h arc semi-axes, />* = 


(P(P 


'A(2o - h) 

Exami’I.k. — The major axis is =15, an or<linato = 2, and an 
abscissa = 3 ; what is the minor axis? 




(PiP 


15* X 2- 75x4 


-• 2.1, and h = \J2r^ = .1. 


■/do --//) "3(1.1 .3)~ 12 

'riie rub* is derivetl from the same theorem as that in Prob. IX. 


426. If the abscissje were .sc;;inents of the minor axis, and the 
ordinate a perpendicular to it, then the major axis could be found 

by the analogous formula, 


Exercises 

1. The major axis is = 70, an ordinate = 20, and one of the 

ab.sciss;e = 14 ; what is the minor axis ? .... =50. 

2. The major axis is =210, an ordinate = 28, and one of the 

abscis.sje = 168 ; what is the minor axis ? . , . . =70. 


427. Problem XIII.— To find the length of the circumfer- 
ence of an ellipse when the axes are given. 

Rule. — M ultiply the .square root of half the sum of the squares 
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of the two lUanicters hy 3*1416, ami the product will l»6 the 
circumference nearly. 

If / = the lenj'th of the curve, then /=31416\'{i(a’ 

Kxamplk. — ^Y hat is the leiij'th of tlie circumference of nn 
ellipse whose axes are-; 10 and ilO? 

= 31416 X 22*3607 --70*2484. 

The rule is derived hy means of the calculus; hul it is only an 
approximation, though .sulliciently accurate for ])ractical purposes. 

KxKurisKS 

1. The axes are = 10 ami 12; what is the length of the curve of 

the ellipse? -34*7001. 

2. The axes are = 6 and 8 ; w’hat is the length of the curve ? 

22*214. 

3. The axes are = 4 and 6; what is the length of the curve? 

16 019. 

428. Problem XIV. -~To And the area of an ellipse. 

UULK.- -Multiply the pro<luct of the two axes hy *7854, and the 
re-'iilt >ull he the area. 

Or, yK- *7854 / 1 5. 

Kxamplk.— What is the area of an ellipse whose axes are- is 
ami 20 feet ? 

•78.'54a5= *7854 x 20 x 15 = 2.35*62 square feet. 

The rule can only Ihj <leim»nstrated ri;'or(msly hy means of the 
iute^fral calculus. The truth of it, however, will appear evident 
from the consideration that if a cirele is described on the major 
axis, and an ordinate to this axis he |)nsluced to meet the circle, 
then if f/' = the ordinate of the circle, h) hy Kucl. III. 35. 

But (Proh. IX.) ft'-' ; -h{a - h) ; ; and hence 

orrf = 

that is, each ordinate of the circle is to the corresponding one of 
the ellipse as a\h\ hence, if A' = area of circle, 

A' : : 5, or J' x •7a54a*= *7854a5. 

a a 

Exrrclses 

1. Find the area of an ellipse wdiose axes are =6 and 10. =39*27. 

2. Find the area of an ellipse whose axes are =5 and 7. =27*489. 

Pnc. M«th. 
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3. What iH the area of an ellipse whose axes are=:: 12 and 16 ? 

= 160-7968. 

4. What is the area of an el)i])so whose axes are =6 and 7 ? 

=32-9868. 

429. Problem XV. - To find the area of an elliptic 
segment. 

JllJi.K. -Kind tlie area of the corresponding' sej'inent of the circle 
described n}ton that axis of the cllipKC which is perpendicular to 
the base of the sej'inent ; then this axis is to the other axis as tlie 
circular se^'inent to the elliptic sej'iiient ; or, 

Multiply the tabular area helon^'in*' to the corresponding cir- 
cular segment by the product of the two axes of the ellipse, and 
the result will be. the area. 

Let yll -the area of the elliptic segment, A -its height, and 
A' = the area of a segment of the .same height of a circle described 
on the axis, of which the height is a part ; then, when k is a part 
of the major axis o, 

and ^segment PllQ (lig. to Prob. IX,). 

When h is a part of tlie minor axis 6, 

h :H = A':Aiy and .11=-^- = segment RCP. 

Example. — What i:s the area of an elliptic segment whose base 
is parallel to the minor axis, the height of it being = 10 feet, and 
the axes of the ellipse=.35.and 26? 

Height of tabular circular segiiient = i}f -♦= ’2857 ; 
area of tabu 1 ar oi rcu lar segmen t f = - 1 86 1 64 ; 

then M = aht=:S5x 25 x -1851.64 = 16-2 00976. 

The rule depends <in the princiide that an elliptic segment bears 
the same proportion to the correspoinling circular segment that 
the whole ellipse does to the whole circle de.scril)ed on the axis of 
which the height is a part. 

Exercises 

1. Find the area of an elliptic segment wliose base is pei*pen- 

diculai- to the major axis, its height being =6, and the axes = 30 
and 10 =33-5472. 

2. Find the area of an elliptic segment whose ba.se is parallel to 
the major axis, its Iieiglit beiiig=2, and the diameters=14 and 10. 

= 15-65636. 
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430. Problem XVI.— To describe an hyperbola, its two 
axes being given. 

Mako AH equal to the major axis; bisect it i»er|MMi<Uoiila»ly hy 
Cl), ami make C<v ami («1J each equal to half the minor axis. Tho 
ilistaiiee iW. or 13H heino hihl ofV from 
(r to K ami F, thcHo tw») {NUiita will 
ho tho foci of tho hyi^M'hoIa. 

From K as a centre, with a radiuH 
" AH, ilenorihe an arc HS'r, nml it 
will he a .species of ilirectrix. From 
K as a centre, iloHcrihe any arc, as 
UMX ; ami with the <lis<aiice. MS t>f 
U from the tlireclrix, junl with F as 
a centre, cut I ’MX in T ami X, ami 
these are points in the* curve. Find other two pointn in tho saine 
manner, ami so on till a suilicient niimher are fouml ; then the 
curve FHN passing through them all is an hypcrlM)lji. Another 
hyperhola similarly descrihed, and ptishing through the point A, 
would Im» the opposite hyperhola. 

If a tanj^ent IK t<i tin* ctirvt* at its vertex H he «lrawn, hiicIi that 
HI and HK are each -half the minor axis C(J, and strai;;ht lines 
(111, (JL he drawn from the centre throu;;h its ext remit i»*s 1 and 
K, they are called and possesM the Mini^ular juoperty 

of continually approaching lo the curve without ever meetiii;; it. 

(’ok. 1. — AVheii the major axis AH ainl tho ecct*ntriciiy K<1 or 
< JF are ;;iven, the minor axis CD can he fouml thus: — Hisect AH 
pel pent] ietilarly by (’1), and then from A as a centre, with K(f an 
a radius, <*iit (M) in the points (’ ;ind D, .*oid they will ho tlio 
extremities <if this axis. The curve can then ho tU'sedhed as in 
the. above ]>rohiem. 

<’oK. 2. -When the minor axis (.’O and the eecent ricity K(.l are 
fjiven, the major axis ran he hmiid thus: Hiseet (’1) perpendicu- 
larly hy KF, with E(J as a radius and (' as a centre, cut KF in 
A ami H, theii AH is the major axis. The curve can then he 
flescrilred as alsive. 

4.31. Problem XVII.— The axes of an hyperbola and an 
abscissa being given, to find the ordinate. 

lit’LK. — As the square of the major axis Is to that of the 
minor, is the prmluct of the two aliUCiMMie Ut the square of 
the ordinate. 
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Let the axcH AB, Cl) he <lcneied hy a and 6, the abftciftsa 
p BM hy /t, and the ordinate PM hy d; 
then AM =« + /<, and 

a^:li‘=in+h)h:a‘, or rf»=*>+A)A. 

Kxample.- The major axis of an 
hy|»erl>ola is=:15, the minor axis 9, and 
tlie less ah8cisKa = 5 ; what is tlie ordinate? 



BM = A = 9, AM-rt + /i= 15 + 9 = 24; 
hence rf* = -Ja + li)h^ ( I fi + 5)5 = 36, 

and c?=\/3d-d. 


Exercises 

1. The major and minor axes are -48 and 42, and the less abscissa 

= lli ; wliat is tlie onlinate? =28. 

2. The major axis is =25, the minor =15, and the less abscissa 

= 8.^; what is the onlinate? . . . . . . . =10. 

8. The major and minor axes arc = 15 and 7^, and the less abscissa 
=5 ; what is the ordinate? =6. 


432. Problem XVIII.— The two axes and an ordinate 
being given, to find the abscissas. 

Uui.K. — As the square of the minor axis is to that of the major 
axis, so is the sum of the squares of the semi-axis minor and the 
onlinato to the square of the distance between the ordinate and 
the centre. 

The sum of this distance and the semi-axis major will ^j^ive the 
greater abscissa, and their dillerence the less. 

Let c = this distance = GM (fig. to Proh. XVIT.), and o, b half the 
axes ; 

then 4i* ; 4o^ = : c®, or + (P)j 

and AM = 2or + 4=o-tc, BM=A = r-o. 

Example. —T he major and minor axes are = 30 and 18, and the 
ordinate = 12 ; what are the al)seissa» ? 

. c>=^(6*+rf') = ip(9»+H!«) = ^’x223 = 25>: .-.6=25. 

Hence a+r = 15 + 25 = 40, c-a =25- 15 = 10; and the two abscissie 
are =10 and 40. 
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Exercises 

1. The major ami minor axes are-‘24 anil 21, nn«l tlie onliiwue 

= 14 ; what are tlie ahscissje? :^;V2 ami S. 

2. The major ami minor axes are -55 ami .*13, ami an onlinate is 

= 2*2 ; re<niire»l the ahsrissa*. .... /Shamils*. 

.3. The major ami minor axes are^(R) and l.l, and an ordinate 
= 30; what are tlie al»sciss;e? .... -80 ami ‘20. 

4.33. Problem XIX. The major axis, an ordinate, and 
the two abscissae being given, to find the minor axis. 

lt(*LK. — 'riie prodiiet of the ahseisso* is to tin* s(|uare. of the 
ordinate as the square of the major axis is to that of the mim»r 


ad 

(<e t ^ V(o ! /<)/»’ 

where tt and h are tin? axi*s. 

Example, --'rhe major axis is -IK), the oolinate 1*2, and tlie 
two abscissa* -- 40 tiiid 10 ; what is the minor axis? 

;i0 X 12 

\/4rrxro ’ 

'riie rule depends on the same |ninei|»le as that of Proh. XVIl. 


(a + h)/i : if* -a - : //-, or //• - 


- ml 

VP* 




Exkio'Isks 

1. 33ie major axis is - l.l, an ordinate- 6, and the two ahseiNH.e 
= *20 ami 5 ; wliat is the minor axis? -0. 

‘2. 'Die major axis is 30, and <»rdinatc =21, ami the abscissa* 
= 1*2 and 48 ; timl the minor axis .31 •.5. 


434. Problem XX.— The minor axis, ordinate, and the two 
abscissas being given, to find the major axis. 

ItCLK.-- Fiml the s<mare root of the sum of the sfjuare.s of the 
.semi axis minor and ihe ordimite ; and, acc<>rding as tlie Ichm or 
/i^reater abscissa is ^^iven, find the .*<11111 or diflerence of this root ami 
the semi axis minor; then, 

As the ‘.quare of the fudinate is to the jmMluctof the ahscds.saaml 
minor axis, so is (he sum or difrereiicc found alaive to the major 
axis. 

L#et rt, b tie the Hciiii-axes ; 

then (P : 2bh -bJb \J{b^ + tP) : 


and 
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Example.— T he minor axis is =18, ilie ordinate =1*2, and the 
less al)sciH8a = 10 ; what is the major axis? 

2a=^V' + V(i’* + <P)} = ^^’{9+ V(9> + Vi*)} = J x (9+ 15) 

= Jx‘24=3(). 

The rule is derive<l from the same theorem as that in last proh- 
lem. When r/, h are the .yemi-axes, the proportion in the last 
prohlem becomes : h'^~h{2a + h) : ; hence = 

Erom this quadratic equation, the value of the unknown 
quantity, is easily found, and the result is the value given above* 

Exercises 

1. The minor axis is =45, the less abscissa -50, and the ordinate 

= 30 ; required the major axis =90. 

2. Tlie minor axis is-- 15, an ordinate -10, and the less abseksa 

= 8i ; what is the major axis? =‘25. 


435. Problem XXI.— To find the length of an arc of an 
hyperbola, reckoning from the vertex of the curve. 

UliLK,— To 15 times the major axis add 21 times the less abscissa, 
and multiply the sum by the square of the minor axis ; add tliis 
product to 19 times tl»o product of the square of the major axis l)y 
tlie abscissa, and a<l<l it also to 9 times the same product ; divide 
the former sum by the latter, multiply the quotient by the ordinate, 
and the jirodnct will be the length of the arc. 

Let I = the length of the arc, 

, J15o + 21/0f/'*H IQnVfc, , lOaVi 

^ “ ( 15ie -I- 21/0//^ + 9«Vi " V 

Example.— T he major and minor axes of an hyperbola are =15 
and 9, an ordinate at a point in it is =6, and the abscissa =5 \ what 
is the length of the arc to this point from the vertex ? 

, (15a + 2lA)ft3f-19o,*/i (15x 1.5 + 21 x5)9Hl9xl.5«x5 

^ (15a + 21/0fe*+ 9a«A“""(15'xlW21x 5)9*'+ 9x15^^^ 


Expunge 15, which is a common factor to the terms of this 
fraction, 


(15 + 7)81 + 1425 3207 

^ (15 f 7)81+ 675 ”“2457 


The rule can be demonstratetl hy means of the integral calculus. 


Exercises 

1. The major and minor axes of an hyperbola are =30 and 18, the 
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ordinato~12, and the ainaller abseisna ^10; wliat ih the lon«tli of 
the arc? lo IHW. 

2. The major and iiiiiior axes are 105 and 0:1, a tlouble (udinato 
= 84, and the less abscissa- 35; what is tlie len^ith of llie whole 
arc? 1 00 041. 

436. Problem XXII. - To find the area of an hyperbola, 
the axes and abscissa being given. 

Kulk. — T o 7 times the majov axis ad«l .*» iinn‘s tlie nbscissa; 
iiiultiply the sum by 7 times the abscissa, and niiiltiidy the sijUMie 
root of this prodm't by 3. 

To this last produet ad<l 4 times the sqiiaro, root of the proilnet 
of the major axis and abscissa. 

Multiply this sum by 16 limes the product of the minor axis and 
abscissa; divhle this product by :i(K) limes the major axis, and the 
quotient will he nearly the required area. 

> Or, /K --- 16A/r{3 -I 5/0 i .‘HM W. 

Kxami’LK. — T he major ami minor axes of an h,v|»erhola are 16 
and 6, and the abscissa -5 ; what is its area? 

yll 1 tlM {3 V7/( {Ifi I 5// ) t' 4 sjttft ( .‘ItXla 
16 X 6 X 5{3 V7 X .5(70 I 25) f 4\/l0 • 5( : im 10 
= 16x:1(3v:1325 I 4v5<0 : 16 a 201 273 : KH) ;i2-2036vS. 

KXKKriSK.S 

1. In an hyia^rbola the major ainl minor axes are 15 and 0, ami 

the abscissa = t5 ; what is the area? .... - :i7'62. 

2. The major and minor axes are -20 a/id 12, and tlie ahseissa 

65 ; find the area 67 ’4 14. 


THE SOLIDS OP REVOLUTION OF THE CONIO 
SECTIONS 

437. The? solids of revolution K^^iUJiated by the crude 
.sections are the paraboloid, the spheroid or <dlipwn»l, ami 
tlie hyperboloirl. 

438. A paraboloid is a srdid generated by the revolution 
of a parabola about it.s axis, which remains fixed 
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The paralx)loi(l is also called the parabolic conoid, as it is 
like a cone. 

439. A frustum of a paraboloid is a portion of it con- 
tained by two parallel planes perpendicular to its axis. 

440. A spheroid is a solid generated by the revolution of 
an ellipse about one of its axes, which remains fixed. 

The spheroid is said to be oblate or prolate according 
as the minor or major axis is fixed. The fixed axis is 
called the polar axis, and the revolving one the equatorial 
axis. 

441. A segment of a spheroid is a portion cut off by a 
plane perpcmdicular to one of its ax(;s. 

When the plane is perpendicular to the fixed axis, the 
segment may bo said to be circular, as its base is a circle ; 
and when the plane is parallel to the fixed axis, the 
segment may be said to be elliptical, as its base is an 
ellipse. 

442. The middle zone or frustum of a spheroid is a 

portion of it contained by two parallel planes at equal 
distances from the centre, and 
the axes. 

The frustum may be said to be circular or elliptic 
according as its ends are perpendicular or parallel to the, 
fixecl axis. 

443. An hyperboloid is a solhl generated by the revolution 
of one of the opposite hyperbolas about its axis remaining 
fixed. 

This hyperboloid is also called a hyperbolic conoid. 

444. A frustum of a hsrperboloid is a portion of it 
contained between two parallel planes perpendicular to 
the axis. 

445. Problem I.— To find the solidity of a paraboloid. 

Rule. — M ultiply the area of the base by the height, and half 
the product will 1>e the solidity ; or, 

Multiply the square of the diameter of the base by the 
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height, and this product hy *7854, and half the result will he 
the solidity. 

Let ABV be the )>aral)oIoid, 

6 — the area of the base, 
h - the height ; 
then V = i6/(j. 

Or, if rf=the diameter of the base, 

ft •7854//'^ 

and V = 4 X •7854fr-«/i -= •3927</2ft. 

Example. — W hat is the solidity of a paraboloid the diameter 
of whose base is = 10, and its height-- 15? 

V = -39*27(^71 -3927 x 10- x 1 5 589 05. 



Take any onlinate IKJ at a distance VII ft' from the vertex, 
and another at the same ilistance from the base at 1), then the 
abscissa of the latter is ft -ft'; and if rf' denote the ordinate H(l, 
and f/" the other ordinate, then (Art. 415) if 7 > = the ])aran)eler, 
ph' — txwA •, hence ant! therefore 

x(r^^r'ird"'^-\Trd“ ; tliat is (Art. 273), the circular sections of the 
paralMdohl perpentlicular to the axis, of M'liich d\ d* are the radii, 
are etpml to the base Af'B ; ainl the same can he proved of every 
two sections of the paraholoitl that are etjnitlistant from the vertex 
and base. Therefore, if a oylimlcr were tlescrihed on the base 
Aril, having a height -the half of \T>, any hoiiztmtal section t»f 
it would be the corresponding section of the paraholoitl, at the 
same ilistaiice from tlie Iwise, tt»gether with the secthm etpiidis' 
trvnt from tlic vertex. Hence the whole paraboloid is etjnal to 
a cylinder on the same hose, and having half the altitmle, which 
proves the rule. 

Exercise-s 


1. What is the volume of a para1>oloid the height of which is 

= 10, ami the diameter of its hsise 20? . . . . --1570*8. 

2. Find the sididity of a paralMdoid whose altitude is -21, and 

the diameter of its base = 12 =1187 *5*248. 

3. AVliat is the solidity of a paraladoid whose height is = 15, and 

the diameter of its base =20? =2356*2. 


446. Problem n.'~To find tbe solidity of a fhistum of a 
paraboloid. 

Rule. - Multiply the sum of the areas of the two ends hy tlie 
height, and half the product will he the sedidity ; or, 

Multiply the sum of the squares of the diainctem of the two ends 
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by *7854) and thin product by t)ie height) and half the last product 
■will be the Holiility. 

Let D and d bo the diametom of the enda, and h the height of 
the frustum ; 

then V = ^ X D* + = ‘3927(1 > -f d})h. 

Examplk. — F ind the solidity of a frustum of a paraboloid, the 
diameters of its ends l)eing---15 and 12, and its hcight=9. 

V= *3927(1)- + ^^^= -3927(10^ + 12^)9 
---3-5343 X 3G9-=]304-1567. 

TiOt h\ and V', V", bo the heights and solidities of the two 
paraholoids AllV, K(JV (fig. to Prob. I.); 

then V'= 'dW, V" = ^(W, nna V = V'- V"=^(r)W-rf*/j"). 

o o 8 

But n* ; A' : A" ; hence D® “ d^ : (P—[h' ™ A")) or A ; A" ; 

and therefore A" a + = ] )!« 

Substituting these values of A' and h'' in the above value of V, it 
becomes 

J (D» + (f)A -■= smi D’ + dr)li. 

O 

Exhucisks 

1. What is the solidity of a fnistiim of a paraboloid, the 
diameters of its ends l)eing=:30 and 24, and its height ~9? 

=5216-0268. 

2. Find the solidity of a frustum of a paraboloid, the diameters 

of its ends being=29 and 15, and its height = 18. . =7535*1276. 


447. Problem III,— To find tbe solidity of a spheroid. 

Rule. — Multiply the square of the equatorial axis by the polar 
axis, and this product by -5236, and tlie result will be the .solidity. 

Let PELQ be an oblate spheroid, tlie 
minor axis PL being the fixed axis, or 
that of the spheroid, and £Q the major 
axis being the revolving axis. 

Let the major axis=rt, and the minor =5 ; 
then V = *523^1*6 for an ohlate spheroid) 
and V = •5236o//‘* for a i>rolate spheroid. 
EX'AMPLK. — What is the solidity of the oblate spheroid whose 
polar axis is =30* ami equatorial axis =50? 

V= *6236rt®5= *5236 x 50* x 30=39270. 
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If a ftphere PMLN bo described on tlio axis PTi, and if a section 
AB of tlie spheroid be taken perpendicular to its axis by a plane 
pasHin;' through D, and a section of the sphere by the same piano 
i>e taken, the section of the spheroid -namely, the circle AFB— 
wouhl be to that of the sphere, whoso <Hameter is MN, as the 
squares of their radii; that is, as the square of the ordinate AD 
to the square of the corresponding ordinate Ml) of the circle 
PMLN. But the squares of these onlinatcs are as n® ://■*; hence 
any section of the spheroid perpendicular to the axis is to the 
corresponding section of the sphere as a-’ ; UK Ami, therefore, if 
V' — the solidity of the sphere, 

V ! V'=«» : h\ (Iii.l V="^y-v'x •5236W = T.‘236rt% 

O'* O- 

The rule for the prolate spheroid may be similarly proved. 
Kxekcisks 

1. Fiml the solidity of an oblate spheroid whose polar axis is 

15, and equatorial axis =25 = 4908 75. 

2. The axes of an oblate spheroid are =12 ami 20; what is its 

solidity? =2513*28. 

3. Find the solidity of tiie prolate spheroi*! whose polar axis is 

w, and equatorial axU = 5 --91*03. 

4. What is the solidity of the prolate spheroid whoso axes are 

- 18 and 14 ? = 1847 ’2608. 

44S. Problem IV.— To find the solidity of a segment of a 
spheroid whose base is perpendicular to one of the axes. 

1. When the segment is circular. 

Ui’i.K. -Find the dilVercnce between three limes the polar axis 
and twice the height of the .segiiieiit, and multiply it hy the square 
of the height, ami the product hy *.52.36 ; then 

The square of the polar axis is to that of the equatorial axis os 
the last proiluct to the solidity of the segment. 

When the segment is a portion of an ohlatii spheroid, 

*5236(35 - 2h)h^ ; V ; 

fiVt? 

lienee V = *5236(35 - 25)“™. 

o* 

When the segment is a portion of a prolate spheroid, it is siinihirly 
shown that V = *5236(3#< - 25) • 

2. When the segment is elliptical. 

KuLE.--*Find tiie difference between three times the equatorial 
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axis and twice the height of the segment, ami multiply it by the 
square of the height, and this product by *5236 ; then 
The equatorial axis is to the polar axis as the last product to the 
solidity of the segment. 

When the segment is a portion of an oblate spheroid, 
tt:6==-5236{3<e-2/i)/i2: V; 

hh'i 

hence V - •5236(3re - 2/0™-- 

When the segment is a portion of a prolate spheroid, it is similarly 
shown that V = •5230(36 - 26) 

EXAMPLK.S. — 1. 'Phe axes of an oblate spheroiil aie=:50and 30, and 
the height of a circular segment of it is = 6 ; what is its volume ? 

V = -523(1(36 - 26)^ •5230(90 - 1‘2) 

:= -5230 X 78 X 100-:^ 4084 08. 

2. What is the solidity of an elliptical .segment of a prolate 
spheroid, iU height being -J2, ami the axes =100 and 60? 

100x12*-* 

V -5236(36 - 26) - •52.36( 180 - 24) 

= -5236 X 156 X 240= 10603-584. 


The first rule i.s easily derived tluw ; - Let APB be a circular 
segment of an oblate spherobl (fig. to Prob. III.). Then it wa.s 
shown in last ]n'oblem that the corresponding .sections of the 
spheroid and sphere, such as those whose <liameters are AB am! 
MN, were to one another as Hence, if V' = the volume of 

the spherical segment MPN, V'= -5236(36 - 26)62 (by Art. 393), and 

6*- : = : V, and V= ^ = -5236(36-26)"^^. 

When the spheroid is prolate, a* .. fyi . y. 



Let the .segment be elliptical, n.s AQB, 
the .spheroid PELQ being oblate. Then, 
if HEHQ lie a sphere described on the 
axis EQ, and ACBD, MCND be two 
corresponding sections of the spheroid and 
sphere, it is evident that CD is a diameter 
of each of the.se sections, and equal to 
MN. Also the diameter MN : A B = HG : PL 
= EQ:PL = a:6. 

Now-, MN and AB aie any corresponding 


chords of the sphere and spheroitl parallel to PL ; hence any 
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otlier two cori*e9j>on(Hiig cIiord« in the plane of tlie section MCND, 
parallel to AB, have the same proportion. Hence ACBD is an 
ellipse. Therefore the area of the elliptic section ACBD is to 
that of the sphere MCNI.) as b to a. Hence, V' hein^ the volnino 
of the sjiherical se^^ment, 

a : A = V' : V, and V = = 52A6(S<i - 2h 

When the spheroiH is prolate, the rule for the elliptic segment 
may he provetl in the same manner, hy ilestn ihin*' a sphere on the 
equatorial axis. 

Exercises 

1. Fiml the solidity of a circular sej^ment of a prolate spheroid, 

the axes hpin*; = 40 and 24, and the height — 4. . . =.^37 ‘7848. 

2. 'I’he axes of an ohlate spheroid are =25 and 15, and the height 

of a circular scf^ment of it is = 3 ; what is the solidity of the 
se^Muent? =510*51. 

3. What is the solidity of an elliptic sef(ment of an ohlate 

spheroid whose height iM=10, the axes of the spheroid l>eing = 100 
and 00? =8796*48. 

4. Fiml the solidity of an elliptic .segment of a prolate spheroid 
whose axes are = 25 and 15, the height of the segment being = 3. 

= 306*300. 

449. Problem V. — To find the solidity of the middle 
fhistum of a spheroid. 

1. When the friistiini is circular. 

Bulk. To twice the square of the middle diameter add the 
scpiare of the end <lianietcr ; multiply this sum hy the length of 
the frustum, and then this product hy *2618. 

When the frustum is a portion of an ohlate spheroid, 

V=*2618(2ft« + f/*)/. 

Wlieii the frustum is a portion of a prolate spheroid, 

V=*26l8(2^»* + cf2)/. 

2. When the frustum is elliptical. 

UiTLK. — To douhle the product of the axes of the middle section 
add the product of the axes of one end, multiply this sum hy the 
length of the frii.stum, and hy *2618, 

Let d and e Imj the greater and less axes of one end, then, whether 
the frustum is a portion of an ohlate or prolate spheroid, 
V=*2618(2a6 + (/e)f. 

Example.8. — 1. What is the solidity of a circular middle frustum 
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of an oblate Hplieroid, the iiiitldle diameter being =25, the end 
diamotcrH=3 20, and the length =9? 

V*= •2618(2rt» + rf*)/= *2618(2 x 252 + 20«)9 =2*3562 x 1650 = 3887*73. 

2. Find the .solidity of an elliptic middle fnistiim of a spheroid, 
the axes of the middle section being = 50 and 30, those of the eiid.s 
=30 and 18, and the length =40. 

V= *2618(20 A + ile)l = *2618(2 x r>0 x 30 -f 30 x 18)40 
= 10*472 X 3540 = 37070*88. 

The rules are easily proved by means of those in Problems 
III. and IV. 

Let AIJA'B' (lig. to Art. 447) be a eirtMilar mhldle frustum of 
the oblate s]>her<iid PKLti ; then the volume of the middle zone 
of tlio sphere described on i’L is \''= *7854(/7^ - by Art. 394, 
where I = J)I)'. Hut PL*-* : hX/*-' = LI) . DP : AD*^ or //- : a*^ 

= - /) : or />■“ : C - : r/*- ; lienee, 

Hence A" - Jf* =!(*■•' I- - P) = i(2A“ + ) = 4(2rt« + 

and V'=-2ai8(2rt»+(P)^^?. 

Hut any section, ns MN, of the sjdiere jierpendieular to the axis 
HL, is to (he corn'.spomling section AH of the spheroitl as /»*- : 
or 5’-* : a» = V' : V ; 

therefore, = = •2018(2«2 + ,/»);. 

Again, let AHA'H' (lig. to Art. 448) be an elliptic middle frustum 
<if ail oblate spheroid PELQ ; then the volume of the middle fruKtum 
ININM'N' of the spliere described on EQ is 

V' = •7854(a- - 'vlierc / = FF'. 

Hut ED- : PL*^=EF . FQ : Ah^ 

or O'* : W = \{a + /)^(rt - 1 ) : ^c*, 

or (i^ : ; 

therefore, _ /a _ 1I[A. 

fr 

Hence 4f’=K+4(«’'-f’)=«'<’+5f = 4(2“’ + "If)- 

But EQ ; PL = CD : AH, or a: b = d: e\ hence and 

V'= *7864 X i(2o®+fW. But any section of the spherical frustum, 
a.s MN, is to the corresponding one of the spheroidal frustum AH 
as a t 5, by Prob. IV. ; 
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hence a : ft = V' : V, anil V - ^ “261 8(*2«® + <f-/ - 

n n 

- •‘26l8(2«ftfrf^)/, forc/ ""^. 

Kxkucisrs 

1. Find the wdidity <d a idiculai* middle fniHtuni of a spheroid, 
the middle diameter lieing UK), thoMc of (lie emU SO, and the 
length .^•J4SHl4-72. 

‘J. What iH the solidity of a ciiviilar midtile fniHtum of a s{»hm'oid, 
its middle diameter huiiig .‘K), its end diamoteiH ^ )M, and its 
h*n*0h 40? ‘22242 ft2H. 

.‘h Find Uie solidity of an idliptie middle fni'^tnin of an ohhite 
s)dieroid, the axes of the. middle section hein^ 20 and lo, those of 
each end 1.*) and 0, and the hei; 4 ht -‘20. . . ttKl.'I'SO. 

4. What i.s the solidity of an elliptic middle frustum of an ohhiti* 
spheroifl, the axes of the middle section heiii;; KK) and 00, those of 
each end (iO ami .‘hi, and the lenjith -SO? . . 20t>.*>07‘04. 


4‘)0. Problem VI. -To find the solidity of an hyperboloid. 

Ut’i.K. -To thesi|uareof the radius of the base add the sijuare 
of the miildle diameU*r between the base and 
llie vertex ; multiply this sum l»y the altitude, 
ami then by .VJ.'IO. 

Let/- the ia«liusof the base. AK, r/ Ibe 
middle diameter, and // -the hei;;ht KV ; 
then V - •ry 2 .* 16 (e 2 .\ (P)/t, 

When tlie diameter of the b/ise, the heij^ht, 
and the axes of the ^'cneratiii;' hyperbola are /^iven, but not the 
middle diameter, it may be found by Art. 4.’ll ; thuH, if /»' -J/i, 

n’^ ; ft* (rt-f /<')4' : .pA' ; hence, lA J' . 



Example. — Find the solidity of an hyperboloid, the altitude 
of which is - ‘2.'», the radius of tlie base -‘JO, and the middle 
diameter -.34. 

V = v323fi(ra + (P)h -- -52.36(26® + ,34»)25 
= 13 -09 X 1832:=:‘J3980-88. 

Let the figure in Art. 4.30 be supposed to revolve about its axis 
GM, and the cone, gencrateil by the asymptotes GH, GL, is calle^l 
the ujit/mptodr vuiu\ \Ai\t V denote the volunio of the conoid 
BPN ; V' tliat of the fiuatuin of the cone of the same height with 
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the conoid, the diameter of itR upper end being IK ; and V" that 
of the cylinder of tlie Raine height with these two solids, and whose 
radius is c<pial to half the minor axis CCI or 111 ; then it can he 
shown in tlie following manner that V= V' ~ V". 

Let r and r' denote the ra<lii of the bases of the conoid and conic 
frustum, and h their height, d the 4loublc ordinate at the middle 
point between the base and vertex, and h the semi-axes ; then 
(/•' + r)(/ - r) = />*, or — hence the section of the conohl is 
equal to the diflerence between the corresponding section of the 
cone and of the cylinder whose volume is V" ; and as this can be 
shown to be the case for every section, therefore V = V' - V". 

Now, = + 

therefore, V = -f- - 2h'^)h . 

Hut since (1H = ^/, and HI = A, from similar triangles, 

n : h—a \-h : /*', ami = ; 

a 

hence V - + 2hVi')h, 

Now, a* : + and d- h)h. 

Also, a®: : r^, and r* = ^-^(‘2a + A)4, and if and r* be 

substituted in the preceding expression for V, by eliminating a 
and b, it becomes •523G(/ 

Exercises 

1. Find the solidity of an hyperboloid whose altitude is = 50, the 
radius of its base = 5‘2, and the mhldle diameter = 6S. =191847*04. 

‘2. Wliat is the solidity of an hyj>erboloid whose altitude is =20, 
the radius of its base = 24, and the middle diameter = 31 *749 ? 

= 16587*6375. 

451. Problem Vn.—To find the solidity of a frustum of 
an hyperboloid. 

Kule. — A dd together the squares of the radii of the two ends, 
and of the mi<ldle diameter between them, multiply the sum by the 
altitude, and this product by *5236. 

Let R and r be the radii of the two ends AE, CF (fig. to Prob. VI.), 
d the. middle diameter through G, and h the height EF ; 
then V = •6236(R* + r» + d^)h. 

Example. —F ind the solidity of a frustum of an hyperboloid. 
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the diameters of its etuis Iteing^G and 10, the middle diameter * 8^, 
and the heigiit— 1*2. 

V == •5*236( K* f r* f (P}/i = •o‘236{.V f 3* < (S i )^} 1 2 
- 0*236 X 423 X 3 -- 5236 x 1*275 -=: 667 *51). 

Let tl»e axes of the generating hyperhoia he ft, h, and h\ tlio 

height VF, then \ b'^ ~{n \ \ aiul hence f A')/*'. 

And himilar values can 1 m 3 found for U^.and (ir/)*, in tornis of tt, h, 
h\ and A. From the three ec|iiation.s thus formed, if the valii«‘s of 
the unknown f|uantities n, b, and A' he fmiml in terms of H, r, r/, 
and A, the soli<lities of the two hvperholoids V(’l) eaii then 

Ini found in terms of the .same given (inantities, and the diil'meiice 
of these solulities wonhl give that of the frustum, and lienee the 
formula for liiiding it. 

KXF.IMI.SK.S 

1. What i.s the s<didity of a frustum of an hyperholoul, the 
diameters at its two ends and at its middle being 1*2, 20, and 17, 

ami its height IS? 4t)Orr54. 

‘2. Find the solidity of a frustum of an hyperlM>h>id, the diametcrH 
at its emls and middle l»eitig~3, 5, and 4**25, and it.s height 8. 

1 1 1 ' 265 . 


REGULAR SOLIDS 

There are only live. Regular Solids, <>r, as they are somo- 
tiine.s eailed, Platonic Bodies, and it eun he ]>roved that no 
more eaii exist. 

DEFINITIONS 

The regular solids are the five folli»wing : 

452. The tetrahedron is a regular tiiaugular pyramid whose 
sides are c<pnlateral triangles. 

453. The hexahedron is a eula?. 

454. The octahedron is containfsl hy eight cijuilateral triangles. 

455. The dodecahedron is eontained hy twelve regular pen* 
tagons. 

456. The icosahedron i» contained hy twenty equilateral tri- 
angles. 

l^ch side of a regular solid, except the tetrahedron, has an 
opposite face parallel to it, and the e^lges of these faces are aUo 
respectively parallel. 

me. MAib. o 
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457. Problem I.— To find the solidity of a regular tetra- 
hedron. 

llULK.—Mtiltiply the cube of one of its edges by the Bqiuire icwt 
of 2f or 1*414214, and take one-twelfth of the product. 

Let e - one of the edges ; 

then V=,i,«»V2= x 1*414214= •1178.')l<j8 ; 

also, the surface s=c^\/li (l)y Art. 257), or a* =1 *7326*. 

Kxamplk. — W hat is the solidity and surface of a teti’ahedron 
wlioHO edge is=15? 

or 'a=*11785Ie«= *117851 x 15»= *117851 x 3375 397 *747. 

The surface may be found by the rules formerly given for the 
areas of regular polygons. 

Thus, the surface of the four sides of this pyramid, oa they are 
equilateral triangles, is (A' being the tabular area), 

=46^=4x152 X *433= 900 X *433 = 389*7; 
or A* =cV3== 15^3-= 225 X 1*732=389*7. 

Let VABC bo a regular tetrahedron. Draw VG perpendicular 
to the base ; join AG, and draw DO perpendicular to AB. 

4 It can be easily shown that AG bisects the angle 
CAH, and that DO bisects AH. Hence angle 
GAD = 30'', and therefore AG = 2DG, as may be 
easily proved ; and hence AG^ = 4DG‘**. 

Now, AG'*= AD2+ DOS 
or 4AG2=4AD2 + 4DG2; 

i that is, 3A(J’^ AU*= AV»=AG»+GV®: 

Iienco 2AG*^ GV* and GV=^AGV2. 

Now, the base 5 = AHC = 6ADG = .3AD . DG ; 

and hence V or = AD. DG. GV^JAH . L\G . AGV2 ; 

or V = 1 AK . AG V2 = JAB . J ABV2 = ,\,eV2. 

Exercise.s 

1. Find the solidity of a tetrahedron whose edge is =8. =60*3397. 

2. Fiinl the solidity of a tetrahedron whose side i8=3. =3*1819. 

3. What is the volume and .sui-face of a tetrahedron whose edge 

is = C? =25*4558 and 62*352. 

The rules for hnding the volume and surface of a cube were 
given in Articles 375 and 377. 

458. Problem II.— To find the solidity of an octahedron. 
Rule.— M ultiply the cube of one of the edges by the squaro root 
of 2, and take one-third of the product. 
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V = or r= •47I405«*, 

and #«= or a- = 2e*\, S 

)>y Articles 269 and 257. 

Examplk.— F ind the volume and funface »)f an cK'tahcdrou 
wliof^e side is^O. 


V=-.ii\/2 •471405«'‘^-47149o v 0=* ^ KM *823, 
and .«-r8t-A' -8x6'* < *438==: 124 TO i ; 

or A=-2f\ :J -2x6"x 1 ‘732 -124 *704. 

Let AVCV' he a rej^ular oetaliedroii. Draw V(J |uM‘i>ondioular to 
the |dano ADC ; join AC. v 

It is eanily proved that .\CJ -(K\ 
and ‘ 4A(i2 -A("* i>An*; 

hence A( AH*, or A( I - -i A IK'2. 

Al.s.», VO*:.. A V’ Ad- -A IV* AO-*- AO*; 

or VO-rA(h 

Now, area of square AC All* :#*-:‘2A(J*. 

Volume of VAIUM)--A4/t-^^x2A(l*. A(; = i^AH*. UlV2-^ni'^Vt2; 
IitMioe the wlude solhl V -- 

Al.so tlie surfivee is iJ-2e*v3 0*y *-^•^7), or it is Hc^A' (l»y 

Art. 2C9). 

ExKm:ish;.s 



1. Find the solidity of an octahe<lron whoso ed;;o is-- 16. 

. 1930 87. 

2. What are the volume and Hurfnco of an octahedron \vhcw« 

ed«o i»=.3 ? r= 12-7279 and 31 1769. 


459. Problem HI. — To And the solidity of a dodeca- 
hedron. 

Ui;lk.-~To 47 add 21 timen the square root of 5 ; divi«le this Htim 
hy 40; find the square r<K»t of the quotient, and multiply it hy 
five times the ciiIhj of the e<l;;o ; or multiply the cube of the edge 
by 7 -66:11. 

Or, \ .V’y l-sma -:7-6631«:». 

40 

Also the surface s - 15<?*\/?- ^ ^ ^ *376.382, 

Exami*i,k.‘ AVhat are the solhlity and surface of a diHlee.ahcMiron 
w-hose ctlge is - 2 ? 

V =c»x 7 * 66.31 ::r 8 X 7*6631 61 *3048. 

and 9^ 15c* x 1 -.376382 - 15 <4x1 *376382:= 82*58292. 
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Let ABKL be a regular doclecabedron. 

Draw BD, DE, EB on three contiguous sides, and AC perpen- 
dicular to the plane DBE, and draw DC, CE. 
Then, in the isosceles triangle ADE, angle A 

/ =108®; hence angle E = 36®; and hence by 

I trigonometry DE can be found, the si<le AD 

j \ r being given. Hence tlie sides of the equilateral 
) triangle DBE are known; and C is evidently 
its centre, also angle CDE = CED = ^BED 
=ix60® = 30®; hence C = 120®; therefore, DE 
being known, CD can be found. Hence, in the right-angled 
triangle ACD, A(r^ = AD- - CD*-*, and A(y can thus be found. 

Now AC, if produced, would evidently pass through the centre 
of the polyhedron, or of its circumscri)>ing sphere ; AC is the 
versed sine of an arc of it passing through AD; hence (as in 
Art. 276), if D-the di.ainetcr of the sphere, D. AC = AD*, there- 

fore D- ifo-AO. 

AC p ^ 

Again, ADH being a regular pentagon, if (» be its centre, and 
CP bo perpemlicular to EH, then angle CEP = 54®, and EP = 4c, is 
known ; hence EC can he found. 

Now, the lines joining the centre of the polyhedron, and the 
points C and E, are evidently the radii of the inscribed and 
circumscribing spheres, and with EG form a right-angled triangle. 
Hence, if U and r are their radii, and r' = FC, R* = i**-fr'2; and 
hence = ll- - ; and H=^D, and /•' being known, r can thus 

be foil ml. 

But every regular polyhedron is composed of regular pyramids, 
whose altitudes are the radius of the inscribetl sphere, and base 
one of the sides of the .solid, and their number is the number of its 
side.s. Hence, if 7i --the number of sides, A = area of one side, then 
V = i«.Ar. 

By actually calculating the values of the preceding quantities, 
the result would be the rule 7 66316^. 

The first expression in the rule given above would be found by 
u.sing, instead of the natural sines of the various angles, the follow- 
ing values—namely, sin 36® = J\/(10- 2^5), sin 108® = |V(10 + 2\/5), 
sin 30® = J, sin 12b® = ^\/.3, sin 72’ = i v'(10 + 2\/5)» and sin 54®= 
i(l + V5). 

Exercises 

1. Find the solidity of a dodecahedron the side of which is =6. 

= 1655-2296. 
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2. What are the solhlity an<l surface of a ilotlocahedroii whone 

hiaeiH~4? . . ' . . . ^49i)-4:w4nn4i 3:u)-:j:nos. 


460. Problem IV. —To find the solidity of an icosahedron. 

Itri.E. -To 7 a<hl three the nquare root of r», ilivi^le this 

Hiini hy 2, fiiwl tlie s((iiare rtMit of the quotient, and iniiltiply it )>y 
the cuhe of tin^ tMl;»e, iljeii lake live-sixth.s of this jtrodiiet. 

Or, V ^ S.-V' ' '»• V S<^ •2-618«:j-^2 ISll(U«», 


ainl .V' ‘JOc-A’, or .V 

ExamI’LK. AVhal are the solidity ami sinfaee of an icosahe<lroii 
whose ed;;e is ^ ‘2 ? 


V\'6*s‘>4oii v>A2-6iso:t i7-4r>:r», 
aiul .V r»4*\ A i -7a‘2(r» :u 64i; 

or .V -‘i04’-’A' 20 X a t 04. 


Let fall from A u iierpendieular A(’ ii|Mm tin* plain* of tin* rej^iilar 
}><*nta;L;on DFIIKK ; then (' uill )»e tin* eenire of tin* p(*nt;t; 4 on, 
and ('!) may Ik* fouinl ns h’tJ in the |»re<*<*4lin^ 
tijLiure. 'I’lien A(’^ A D- ami At' is tini.s 

foninl. K 

Ia*t <i 1)4* the 4‘4*ntr4* of one of the tnan;;nlar 
sid4*s AFII, ninl tiinl l*'(i .as (’I) was f4)uinl in 
the |H4*e4‘din;i tigiii)*. o 

Tin*!! 1), H, r, ainl r’ 4leuotin;; tin* sann* 

({Uantiti4‘.'8 as in tinr |)n*r<*ding pHddein, I>. At’ 

Al)‘"\ and J) , Also, K U>, »iinl /•’ K' /*'*. 

Af i> 

As r eaii thus 1)4* foun<l, then \ -\in'\\ \\ln*i4* ». 20. It tint 
value of r Ik* <*alrulate4l, ainl suhstituleil in this e.\i)ressi4»n, the 
result will tie the jueeeding formula. 



Kxki«’Isk.s 

1. Fiini tin* solidity of an i4*osahcMlr<Mi wlm.se edge isr^O. 

471 24ri04. 

2. What are the volume and suifae4» of an i<’osahe4lroii mIioki* 

€*dge is r»? 272*711 ainl 2l6 r>06. 


461. The li V4* regular solid.s may Imj easily im-wle hy eutting a 
jdece 4»f pastels>ai4l into the following figures. Tin? j>a8t#lMmr4l 
frhouhl he cut nearly half • thr4»ugli along all the lines of the 
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figure, aud it will then be easily folded up into the form of the 
solid. 



The f*oli<liti<;s an<l surfaces of regular solids may also bo found 
by means of a Table containing the surfaces and solidities of regular 
solids, whose edges are= 1. The Table may be calculated by means 
of the preceding rules. 


No. of Si.les 

Names 

SiuTacos 

Soll.lilies 

4 

Tetrahedron 

1-7320508 

0 1178513 

6 

Hexaliedron 

6- 

1- 

8 

Octahedron 

3-4641016 

0-4714045 

12 

Dodecahedron 

20-6457288 

7-6631189 

20 

Icosahedron 

8-6602540 

2-1816950 


The rules for liiidiiig the solidities and surfaces by means of tliis 
Table are 

For tlie solidity of a regular solid, multiply the tabular solidity 
of the corresponding solid by the culie of the edge. 

Or, V = c'* V', if V' = the tabular solidity for edge = 1 . 

For the surface of a regular solid, multiply the tabular surface 
of the corresponding solid by the square of the edge. 

Or, ' 5=eV, if «'~the tabular surface for edge=l. 

Example. “—What are the solidity and surface of an icosahedron 
whose edge is =2? 
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V = «» V' = if X 2 • 1 8 1 095 = 1 7 
an«l .«^-eV = 2“ x 8 -660254^ 34 CU 10 10. 

Th«? student may |HJrform the preceding cxei'ciscs in regular 
sidids hy iiieaiiA of tliiii rule. 


CYLINDRIC RINGS 

4G2. A cylindric ring is a snliil formed hy tin* n* volution 
of a cirelo about an axis in its own plane, the centre of 
revolution boini' without the circle. 

463. The circle described by the centre rd the i^enoratinp' 
circle is tlie axis of th<! vin.t'. 

The centre of tlui axis is the centre of lh(! l•iu‘^^ 

464. A cross section of a cylindric linj.; is one pei j)cii* 
ilieidar to tin? axis. This seetion is equal to tin* ^eneratiii^ 
circh*. 

465. The interior diameter of the rin;.^ is a lim* passiu^^^ 
through its centre in the plain* of its axis, and limited hy its 
interior surface; and an external diameter is one t(*rminat(Ml 
by its exteriiir .surface. 

466. Problem I. -To And the solidity of a cylindric ring. 

Kri.K.- -Multiply the area of a cross section hy tin* axis of the 

ring ; or. 

Multiply the K<|uaro of the tliickiiesH by the tliaineler tl»e 
axis, and lliis prmiuct hy 2 '4674. 

Tlie diameter of a cross section of the ring is eipial to half tlie 
ditference of the interior aiul exterior diameters ; and the diameter 
of the axis is half the sum of these diameters. 

I.et tl* and d" Isj the exteriiu and interior diamelerH All and 
I>K of the ring, and d tliat of (he axis (JffK, 
and t the thickness of the ring Ell; 
then (I — ^{d* + rf"), and t - - cf ')• 

Also, if Ai - the area of a cross Bection, 

and r- (he length of the axis ; 

then /K *7854^*, and r ^ 3*1416e/, 

and V JRc = 2 •4674d/**. 
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Example. — Find the Bolidity of a cylindric ring whose inner 
diameter is =12, and its exterior diameter =16. 

f = i(16--12)=2,and //=i(16 + 12) = 14 ; 
hence V = 2'467W<*= 2*4074 x 14x2-* =138 1744. 

By what is sometimes calle<l the theorem of Giildinus (it is in 
reality <lnc to Pappus), it appears that the solidity of the ring is 
equal to the area of the generating circle, multiplied by the line 
described by its centre of gravity or centre— that is, by the a.xis of 
the ring — or= •7854<*x 3*1410</=2*4674(/^*, as above. 

Exercises 

1. Find the solidity of a cylindric ring wliose interior and 

exterior diameters nre = 16 and 24 =789*568. 

2. Find the solidity of a cylindric ring, its tlianieters being = 8 

and 14 inches =244*2726. 

3. The interior diameter of a cylindric ring is = 26 inches, and 

its thickness = 8 inches ; what is its solidity ? . . =5309*0624. 


467. Problem II.— To find the surface of a cylindric ring. 

Rule. — Multiply the circumference of a cross section of the ring 
by the axis. 

Or, ,v = 314I6f x3 I416(f=9'8696<ff, 

where d and i arc found, as in the last problem. 

Fxampi.E. -What is the surface of a cylindric ring whose thick 
noss is= I inch, and inner diameter = 9 ? 

.y 9 -8696<// = 9*869(i x 10 x I =98*696. 

The rule for the area of the .«nrf.ace can also be proved by the 
theorem of Pappus; for hy it the surface is equal to the product 
of the cirenmferenee of the generating circle by the line described 
by its centre of gravity or centre— that is, by tlie axis of the ring 

Exercises 

1. Find the surface of a cylindric ring whose diameters are 

= 36 and 52 = .3474 *0992. 

2. What is the surface of a cylindric ring whose tliickue.ss is 

=6 inches, and inner diameter =24 iuebes? . . =1776*628. 
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SPINDLES 

468. A spindle is a solid j^cMUM'atotl by the rovohition of 
an arc of a curve, cut oil’ by a tloublo ordinate, about that 
urdinab^ as an axis. 

469. Tlie spiiulle is said to Ik* circular, parabolic elliptic, 
or li3rperbolic accunlino ns tin* ^'envrntiu.Lj arc is a portion of 
a circle, a parabola, an ellipse, or byper)>ola. 


I. THE CIRCULAR SPINDLE 

The central distance of a eiuular spimlli* is tiu* tUstailoe, 
between the centre <»f the circle ami the ceiitni of ll»e spimlle. 

470. Problem I.— To find the solidity of a circular spindle. 

Itl’l.K. — Kroni orie-t welftli of (he cube of (lu* le!i;'lli of the 
spimlle snhlract the product of the central di‘*taiice ami the ar<*a 
of the f'eneratin;; se<;iio*nt, ami iiniltiply this remainder hy O-osiVJ. 

The length of tlie sjtindle aind half its middle diameter aie tin* 
chord aiml height of tlie geiieuiting circular segment: hi*nce the 
radius of the <*iiele can he calculated hy Art. *27t), and the arf*a of 
the segment by Art. ‘ 28 . 1 . 

Kroin the ra<lius of the eirch? snhtrael 
diameter, and the remainder is tin* central «lis 

Let (M<1)L he a circular spindle, ami 
/ =KL, the length of the spiiidl** ; f/ (’D, 
the middle diameter; c SM, the centra! 
di.stanee ; dl KLL, the area of the gene 
rating .segment; A' -the tabular .segment 
(Art. 280), and A' its height. ^ 

Then V --0-2H32(,*a/^ die), 

and h' — \ lienee A' is known, and d't~4?'^A'. 

Ex.vmplk. -Find the solhlity of a circular spindle whose length 
is — 40 iticiies, and middle diameter =dI0 inchi:.s. 

Hy Art. 276, if /• — radius of circle -Sf-, then 

20*1 15 * 

\d 15 

hence r r .\</-2Uj| 15 5;;, 


half of 
'-tanec. 

V - 
..irf 


tlie middle 


7"‘ 


“41i|, and r = 20;'; ; 


and fi - {\d) 2r - - 1 5 - 4 1 3 - 15 x , 4 ^ = a* - '30 ~ heiglit 
»egmeiit. to which correspoml.s the tabular area 
X rrz *254551. 


of tabular 
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Therefore, “254551 x (41i)*= 441 *9288, 

and V==6i2832(iV»-i5lc)==6i2832(ix 16000 - 441 
=6*2832 X 2755*415= 17312*8235. 

Exercisks 

1 . The length of a circular Hpindle is = 8 , and its middle 

diaineter =6 ; what is its solidity ? .... =138*503. 

2 . The length of a circular spindle is = 24, and its middle 

diameters 18 ; find ita solidity. .... =3739*5696. 


471. Problem II. — To find the solidity of the middle 
frustum of a circular spindle. 

lliiLK. — From three times the square of the length of the spindle 
Ruhtracb the square of the length of the frustum, multiply, the 
ditterenco by the length of the frustum, ami take one-twenty- 
fourth of this proiluct ; fi^oni tlie last result subtract the product 
of the area of the generating surface by the central distance, and 
multiply this remainder by 6*28,32. 

Lot E(»HF be a luhidle frustum of the spindle (MvDL (last fig.) ; 
and let CI) = 1), AH = /, KL=L, 4=01, A = area of segment 

OKF, of which CRl is the half, < 7 = area of generating surface 
CEAllF, and c, ?*, and h\ as in last prohlem ; 

then 4 = 1 ) - (f), 2 /* = ^ -i- 4» 4 ' = ; hence A' = tabular area is 
known, aud Al=4/'‘-A'. 

A Iso* 2E M = ; and hence = Al + \dl. 

Then c~r- iT), and IL-* c\ 

and V =6 *2832{2*,(3T;^ - P)l - eg}. 

Example.— Find the solidity of a middle fnistnm of a circular 
spindle, the middle and one of the cml diameters bcing=16 and 
12, and the length of the frustum =2(X 

A^-j(U-dl=4(l6-12)=4x4=2. 

P 400 

2 r= ‘ +4=^-f-2=52, and r=26. 

44 8 

A'=^= A = 038462 ; and hence A’ = -009940. 

Al 4»^A' = 2704 X -009940 = 26-87776. 

Sr=a + =26-87776 + 6 X 20= 146-87776. 

e=r-|tD= 26 - 8 =l 8 , 

1L>= - <i»=26» - 18>=«76 - 324 = 352, 
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ana V = { A(3L» - P)l - f9l6-2832 

= {*(4224 - 400)20 - 2643-8) x 0-2832 
= (3186-4 - 2643 •8)6-2832 = 642 864 x 6-2832 = 3410 93984. 


Exercises 

1. Fintl the solidity of a middle frustnm of a circular sj>iiidlc, tli»* 

middle diameter heinj^ -l8, an end (liaiiietcr S, and the lenj;lli of 
t he frustum 20 • 1 42. 

2. What is the solidity of a middle frustum of a circular spindle, 

its middle <liameter heiii;;--.T2, an eml diameter 24, and the leii^^tli 
of the frustum =40? : 272S7 ri4. 

II. THE PARABOLIC SPINDLE 

472. Problem III. -To find the solidity of a i>arabolic 
spindle. 

Rclk. — M ultiply the srpnare of the middle diameter hy the 
lenjjjth of the spin<lle, and tliis pro<Iiict. l»y msHH ; or, 

Take eij^litdifteenlhs of llie circuiiiserihin;: cylinder. 

J^et (.\'\ 1)H he a parabolic spindle, CD f/, 

/-All; .-I"" ' ' f- 

then V-:^-4l888<f‘/, " 1' " 

or •78.6 «,/»/. '"—I " ” 

Example. — Find the solidity of a parabolic spindle who«e length 
is = 40, and middle <liaineter “ IG. 

V = -4 1 SHS(ni *41 888 x 1 G'^ x 40 4289 .irk 

Exercises 

1. The lenj'th of ii paraholie spindle is . 30 , and its middle 

diameter =17; what is its solidity ? .... ~ •689G. 

2. Find the solidity of a paraholie spindle whow* leii^^h is - 18, 

and mhhlle diameter = G feet '* 271 *434. 

3. What is the wdidity of a paralsdic spindle whose length is 

=50, and mi<idle diameter = 10? .... =2094*4. 

473. Problem IV.— To find the solidity of the middle 
fimstom of a parabolic spindle. 

Rule. — A«I d t<»^ether 8 times the square of the middle diameter, 
3 times the square of an end diamet<.*r, and 4 tiiiies the pr<»dnct n( 
the-se diametei*H ; multiply this sum by the length of the fruntum, 
and then ihU piudiict by 05236. 
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Let D = CD, the middle diameter (last fig.), 

</=KF, an end diameter, 

/“NP, tlic length of the frustum ; 
then V=: •05‘2:iG(Sr)2 + 3^f2^4D^/)/, 

Example. — Find tlie solhlity of a mid<llc fni.sturn of a parabolic 
spindle, its middle and an end diameter hcing-20atid 16, and its 
length - 20 feet. 

V *06236(8 X 20’ + 3x1 6’ + 4 x 20 x 16)20 1 0472(3200 + 768 + 1280) 
= 1 *0472 X 6248== 5405*7066. 

Exkrci.sks 

1. What is tlie solidity of a middle frustum of a parabolic 

spindle, its middle and an end diameter being 16 and 12, and 
its length =30? -5101 0584. 

2. Find the .solidity of a middle frustum of a ]>arabolic spindle, 

an end and its middle diamctcr.s being— 10 and IS, and its length 
:=40 -7564*9728. 


III. THE ELLIPTIC SPINDLE 

474. The central distance ef an elliptic stundle is the distance 
from the centre of the generating ellip.Me to the centre of the 
spindle. 

475. A diameter at one fourth the length from the end of a 
spindle or a frustum is called the quarter diameter. 

47(). Problem V. To find the solidity of an elliptic 
spindle. 

Hulk. — D ivide 3 times the area of the generating segment 
by the length of the spindle, and from the quotient subtract the 
middle diameter; multiply this remainder by 4 times the central 
distance, and subtract this product from tlm square of the middle 
diameter ; multiply this remainder by the length of the spindle, 
and the pnsluct by *52.36 for the solidity. 

The central distance is found thus: — From 3 times the square 
of the midtlle diameter take 4 times the square of the quarter 
diameter, and from 4 times the latter diameter take 3 limes the 
former ; divide the former ililVermice by the latter, and one-fourth 
of tlm (juotient will he the central distance. 

To the central distance ad<l half the middle diameter, and the 
sum will 1)6 the semi-axis minor : ami the major axis can then 
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1x5 found by Art. 42(5, and the area of the Kcneratini' soj^inent 
by Art. 420. ^ 

I^t /=A15, the leiij^th of (he spindle; — k 

I) -CO, tlie middle diameter; f/“KF, (lie “fi h 

quarter diameter; tlie central dis- > — " 

lance; the semi-axis minor. ' 

Then, if rt = semi-axis major, //r-^O, .9 area of se^^mcnt ACH, 
.v' that of the correspomlin^ circular sej^mcnl, also 4' and A' tlie 
ht‘i;;ht and area of the tabular sc;;ment, 


= 1- X 


3i)*-4<rJ 


4</-3b 


. /j - r h UK ff - 


hi 

\(4A o)iy 


and 


h* — s' = Alr\' s --- , or s A(thA\ 

40 ’ // 

v = -iV.>3(i{i)2 4(’‘* 1)^;/. 


KxAMPLK.-'Find the solidity of an elliptic spindle whose len^tlh 
is - 21), its middb‘ diameter 0, and its qiiaitcr diameter 1 7477. 


and 


. 31 )« 

4(P 

, 108 

99. 

1021 . . 

4,2- 

31) 

18. 

990S 

18 


4. 


7r), 


bl 


7'."> ' 

29 


""V(4A 

!))!)" 


9)6 ' 

... .. 

12 


/<'=.-£ .1?. ^ ‘2, aii.l .A' IIISJI, 


'46 :«) 

s — 4tthX 4 X 12 5 X 


Then 


V •r)2;5t>|02 41 

r^ X 41 9:54 


11IH24 -41 9;i4. 
I 


. -.ViSfllSO - 4^ <i)4 .-.[i! 


= sese x (30 - 18 X ^ooi )20 -oaso •. 3i» 7782 x 20 322-3003. 

UtA = rH v,H),/('.= CK -=J(l> '/)•• *''e» KK 1/, iiii.ll.v Art. 423, 

V : rt»--=(2A-;i)A ! ihlf, I? : (2A //’'/i' : (C)’. H.-nc.! (2/. - h)li 


--4(2/> - horn which 20 - 


44'* 4* 
44' 4 ' 


Snbstilntin^ the alwoe 


31)* - AtP 

values of 4' and 4, it appears that 0 J hence 

6 =c + in i« known. Then (Art. 420) « = 

The value of a is foun<l by Art. 429 to l>e-4rf4A'. The aid of the 
cjilcuhis is required to prove the expression for the solidity. 
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Exercise 

Find the solidity of an elliptic spindle whose length is =40, the 
middle diameter =12, and the quarter diameter =9‘49547. 

=2578*4748. 


477. Problem VI.— To find the solidity of the middle 
fhistum of an elliptic spindle. 


llULE,— Find the area of the elliptic segment whose chord is the 
length of the fnistnm ; divide 3 tinies this area by the length 
of the frustum, from the quotient subtract the diflerence of 
the middle and an end diameter, and multiply this remaimler by 
8 times the central distance. 

Find the sum of the square of an end diameter and twice the 
square of the middle diameter ; from this sum subtract the pro<luct 
last found ; multiply this difference, by the length, and this product 
by *2018 for the solidity. 

The central distance is found thus:— From the sum of 3 times 
the s(|uare of the middle diameter and the square of an end 
diameter take 4 times the square of the quarter diameter ; and 
from 4 times the last diameter take the sum of an end diameter 
and three times the middle diameter; divide the former difference 
by the latter, and one-fourth of the quotient will be the central 
distance. 

'fo the central distance add half the middle diameter, and the 
sum will be the semi-axis minor; the major axis can then be 
found by Art. 426, and the area of the above elliptic segment by 
Art. 429. 


Let /=AB, the length of the frustum; D = CD, the middle 
diameter ; d = Ed, an end diameter ; 
^ ~ quarter diameter ; c = IP, 

the central distance; A = CO, the height 
of segment ECF ; and .9 = the area of 
segment ECF. 

Then «=1. + 



and V=-2618{2D* + #-8(~-D + d]c};. 

Example.— F ind the solidity of a middle frustum of an elliptic 
spindle whose length is = 14, its middle diameter = 12, an end 
diameters 10*8, and a quarter dmmeter= 11*7045. 
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^ 3D* + rf*-47*^ 4324 nO (U- 547*9813 *6587 

^ 4^ -3I)-t/ *• 40818-30 H)S '" (>72 "***’ 

and 6=c+ Jl) = 9'l + 6 - 15’1, and A -1 .\(1) (/(rrO; 

„ bl _ 151x14 •iir4 ail -4 

■^“V(26--*)A~V(:»0'2 •6)li Vl7;«i 4-214 

ami <f -- 25-08; 

--•4 x25-<»8\ 15-1 v •(M)3712 5 023, 
ami V:- • 2018 { 2 D 2 i ^ 1) ^ dy ^f. 

- •201H{28S 4 1 10 04 - S^**^ 1 2^0 1 }11 

:::= •2018{404 04 -357)14 -2018 404-283 x 1 4 1 481 -778. 

Kxkkcihk 

The lenj'tli of a inOMIo frustmii of an olHptic spimllo is 20, iln 
inifMlc uml an end diaincter^ 10 and 12, and a (|iiarter diameter 
15-07878 ; what is Its Holidily ? . . . . 3427-4850. 


IV. THB HYPERBOLIC SPINDLE 
The /oriiiulrn for the solidities of an hyperbolic spindle, and for 
the middle finslum of this spindle, are the sanie as for the elliptic 
spindle and its middle friistnm, with a slight change in the signs. 

1. For the hyjKM lMiUc spindle. 

The noUition remaining as in Proh. V'., [T 

, 4r/2 31)^ 

IP - ^ ^ , 

a-=c-il)--IC, X/lT * ° V' 

"I 

* \/(4o 4 l))I>’ 

Then KCL is found hv Art. 430, 


ami then V = *5230{ I >* 4 4^*^'^ - 1 }/. 

2. For the middle fiiiKtiiin of an liyi»erlM>lic spindle. 
The notation remaining as in Pr»»h. VI., 

,4i/* 3IP-^/2 ,,, , .,Tx /V 

4 ^-^3IW • « 4t>, A =i(I> -rf), 

26= i tlieii« = AKCKl» = KCF + EI 

and then V = -SeiSiaD* + </»+ 8(‘^ - B + rf}-}/. 


: then « = AKCK1» = KCF + EII, 
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UNGULAS 

Ungulas are portiona cut off from pyramids, prismoida, 
cylinders, and cones, by plane sections not parallel to the 
base. 


I. PYRAMIDAL AND PRI8MOIDAL UNGULAS 

478. Problem I.— To find the solidity of the two ungulas 
into which a frustum of a rectangular psrramid or a 
prismoid is cut by a plane inclined to its base. 

Cask 1 . — Wlien the section passes throngh two ojjposite edges 
of its ends. 

Let AHIHtF he the frustum or prismoid, and 
ACFH the section. The solid is tlms divided 
into two wedges lUMf, KHC ; hence, 

Fiinl the solidities of the two wedges into 
which the frustum is divided, by Art. .S88. 

For both wedges, V=l(c-\-2l)lh. 

Example.— Find tlie solidities of the two wedges, HCII, EUC, 
into which the frustum of a rectangular j)yramid AF is divided, 
the length and breadth of its l)a.se=30 and 20 inches, and of its 
top --‘24 and 10 inches, and its height=:36 inches. 

For the wedge HCII, 

V = -f- 2l)bh ^ 1 6 f- 2 X 20)30 x 36 - 10080. 

For the wedge EIIC, 

V = kie + 2l)bh = i(‘20 +2x 1 6)24 x 36 = 7488. 

EXKRCI.SK 

F’ilul the soli<lities of the two wedges into which a frnstum of 
a rectangular pyramid is divided by a ])lane passing through two 
of the shorter opposite edges of its ends, the length and breadth 
of its ba.'^o being = 45 and 30, those of its top = 36 and 24, and its 
height = 40 = 25200 and 1 8720. 

Cask 2.— When the section pa.s.ses through an edge of one end 
and cuts off a part of the other end. 

Let the section he ACKI (last fig.). The frustum is thus divideil 
into a wedge EIC, and a rectangular prismoid ADHK, the volumes 
of which can he found hy Articles 388 and 389. 
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For the weilge V = i(c f 2/)A/#, 
the priHiiioid V = i(BIj + hi -f- 4Nrm)/i, 

wheio M = 1(L + /), nii<1 m .^(15 1 /;). 

KXAMPLK.-~Fin<l llio RolhlitioH of the wedge KI(' mu! the 
priHiiioid ADI, the diinenMions of the fniNtiuii heiiig tlie Maine an 
ill the fonnei' exainpie, and the diMtance of I from 10 incheM. 

EIC^ V-A(c 1 2/)M i^(‘J0 I a‘>)10 <.t():-;n20, 

ADI V \ 4M//,);/ 

^ ^(30 X ‘20 + 14 X 10 + 4 V ±> .. lS)aO ‘240S < 0 - 1444S. 


KXKIUISK 

Find the solidities of the weilge and prismoid into which a 
frti>tum of a rectangular pyramid is cut hy a tdiinc pas^ing 
through one end of its hast^ and cutting otV a portion of the t<»p 
-15 inches distant from its corn'spomling end; the dimensions 
of the fnislitni being tlie same its in tlie exercise i>f the last ease. 

and 30r2O. 


C’ask 3. --'When the seetioii passes througli an edge of one of tlie 
etuis and cuts oll’a part from the opposite side. 

Let lU Im* the section. The frustum is thus cut into a weilge 
ADK and an irregular polyhedron DK(J, the 
volume of which is found by deducting that of 
the wedge from that of the frustum. 

Let II height of frustum, aiul 
h - I. If wedge ; then 
for the weilge 2/)///;, and when A(J 

is a pyramidal frustum, its volume V' is found ® 

hy Art. 3.S4, or when it is a juisiuoid, V' is found by Art. 3s{), and 
then the )»olyhedron - V -V' c. 

Draw parallel to EC, then AL- A(’ - FK, ami IK - LM t MK 
-:EF + MK. 


y/- 


Or, if AL=D, MK = f/, wi.l llic-ti 11 !):(/, ami rf= 

: hence «=. IK = EI-’+rf. 


" Example.— L et the section DK cut the side AK in a line IK 
at a i>er|»etulicular distance of 27 inches from the base, to liiul the 
volumes of the wedge ami polyhedron, the iliiuensionH of the frustum 
being the same as in the example of the lirst case. 


Here 




Pn^. IfAtli. 


P 
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and 

(! = EIi' + rf=16 + l=17. 

Then 

® = J(« + )Wt = J( 1 7 + 40)30 X 27 = 7695, 

and V'=^ 

, 600 x 20 - 384x10 
= 20-16 

Hence 

V=V'-»=9873. 


Exercise 

Find the Holiditics of the wedf^e and polyhedron into wliich tlie 
frustum A(t is divided, the height of the >ve<lge being =30, and 
the diinensioiiH of tlie frnstiiiii the same as in the exercise of the 
first case = 19237*5 and 24682*5. 


II. CYLINDRIC UNQULAS 


470. Problem II. -To And the solidity of an ungula of 
a cylinder cut off by a section perpendicular to the base. 


Multiply the area of the circular segment, which is the base 
of the ungula, by the height of the cylinder. 






Let FCfBDK be the ungula, and let 

d= AH, the tliametor (»f the cylinder, 


A = 

Hll, 

n height of the base. 

c= 


II chord of the base. 

/ = 

HD, 

II length of the ungula. 


FBG, 

II area of the base. 


Then A' = height of tabular segment ; let its area = A' j 
then M = c/^A', and V = LH. 


Example. — The length of a cylindric ungula is=l0 feet, the 
diameter of the cylinder=18 inches, and the section = 6 inches dis- 
tant from the axis ; what is the solhlity of the two ungulas ? 

For the ungula EHFG, A'=^= *1(5, and A'= *086042. 

A=rf2A' = l*52x *086042= 10359, 
and V = /A = 10 X *1935945 = I *935945. 

For the ungula EAFG, 

cylinder AD= *7854^^=/ = *7854 x 1 * 52 x 10 = 17*6715, 
uiigula=17*6715 - 1*9359= 15*7356 - 1 *935945= 15*735555. 


FIxercise 

What is the solidity of the two cylindric ungulas cut off by a 
plane parallel to the axis of the cylinder, at a distance of 2 feet 
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from it, the tliamcter ami of the eyliiiiior l>eiii^--0 ami 

Feet re.Hj>ectively ? -61*95 ami 593-53776. 

4K0. Problem III. -To find the solidity of a cylindric 
imgola cut off by a section Inclined to the base. 

Let Al> he the cylimler, aiifl KFHH the iitif^ula. 

/ - liK, tlie length of the uiip:u1a, 

/* =<JIi, .1 hei;j:ht (»f the iuvNO, 
r -FH, If ehonl of tlie hani*, 

2/- or AH, M tliiuiieter of the oyliiitier, 

-H area of .M*; 4 Uieiit FHII. 

/t' ami vK - (t'W where A' taiailar area ; 

Kxamim.k. - FimI the noliility of a eylimhic ini;^iila, the tiiaiiieter 
>f the eyliiKliM’ lieiiig -25, tiio Icii|;th of the iiii;*iihi (10, and the 
lei^ht of its hj4>c - 5. 

Hy Art. 2.50, 4o«-= Ali . iiH^ (rf - /i)/i rr20xr)- KK); hence r 29, 

4' -‘1 ’2 ; hence A'- ■111824, 

t( 2.> 

iml ylt ft-A' 2ry^ x 1 11824 - 69 89, 

ina V Jlil'-’ - 

^ JU >' SO® - 69 89(25 - 10)} V - i(l333-3 1(M8 ;«)12 - 1709 0. 

KXKKriSKS 

1. A cylindric vessel ACDH, 19 inches diameter, containing 

oinc lliiid, is inclined till the hori/.ontal surface of the iliiid KFH 
m*eU the lx)ttoiii in FH, leaving A(« 8 irich(*H of the dinfiieti*r 
liy, ami inectH the side at K 24 Inches from the iMittorn ; how 
nany enhic inches of tliiid is contained in it? . . " 199*4334. 

2. Suppose that tlie vossed stateil in last example Is inclined till 

he surface of tlie Iluid hiMH^ts tiie base, and tliat tlic surface rises 
o the same lieii^itt on tlie side its iK*fore ; iind tlie quantity of 
liiid -400 ciiliic inciies. 

In this example, 24 f/, and c^r/, and the al>ove formula Ixjcoiiies 

3. Snp|Kste that tlie fluid in the same vessel leaves only 2 inches 

if the bottom diameter dry, and that it rises to the same height 
Ls liefore ; what is the quantity of fluid ? =734*218 cubic inciH^s. 



H 


riien 
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III. CONIC UNOULAS 

481. Conic iin«,nila8 arc elliptic, parabolic, or hyperbolic. 

An elliptic conic ungula is a ))ortion of a cone cut of!' by a plane 
which, produced if necessary, would cut the oppo.site slant sides of 
Die cone, and would form an elliptic section. 

A parabolic conic ungula is a portion of a cone cut of!' by a 
plane parallel to the slant side of the cone, and which forms a 
parabolic section. 

A hyperbolic conic ungula is a jiortion of a cone cut off by a 
plane which neither cuts tlie opposite slant sides nor is parallel to 
the slant side, and which forms an hyperbolic section. 


482. Problem IV.~To find the solidity of the elliptic 
ungulas of a conic frustum made by a section passing 
diagonally through opposite edges of the ends. 


Let ACDIl be a conic frustum, and ADli, ACD two ungulas 
into which it is divided by the section AD. 

Let D = AB, the diameter of the greater end, 
rf=CI), the iliameter of the smaller end, 
f = I)E, the per|)endicuhir length, 

V ^solidity of the greater ungula, 

' w=solidity of the less ungula ; 

then V= -2618^''" 



Example.— Find the solidity of the greater ungula ADB of a 
conic frustum ACB, the diameters of the ends being=15 and 
9 6 inches, and the heiglit of the frustum being =20 inches. 

V = •2618(^^ D x 15 x 20 


•2618x109-8x300 
= ' 5-4" 


1596-98. 


Exercises 

1. A vessel of the form of a conic frustum is inclined till the 

surface of a quantity of fluid contained in it just covers the bottom 
and reaches the edge of its moutli ; how many cubic inches of fluid 
does it contain, the diametei-s of the mouth and bottom bcing=.3S-4 
and 60, and the depth of the vessel = 40 inches? . . =51103-36. 

2. A vessel of the .same dimensions as that of the preceding 
example, the bottom of which is the narrower end, contains a 
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qiiAiitity <»f fluitl ftiinilarly diKpoaeil ; how loniiy onl»ic inches of 
Hiihl are (liere? 21^104 0*2. 

4.S3. Problem V.— To find the solidity of the elliptic 
nngiilaa of a conic Arustum made by a section cutting off 
a part of the base. 

Let I) -- Ail, (lie of tlie greater end of 

fnisiuiii, 

f/ =('I), tiie diameter of the sinalier emi of 
^ fnistiim, 

/= perpendicular ludglit of fiUHtum, 

A = Il(J, Iieij^hl of hjise, 

A'^taimlar area of sej(ment for wliieh A' - 

A', -tahular area of segment f«>r wlucli the heij^ht is 

A - , 

V r volume of iin^oila DKh'H, 
r “ II II complemental KAFt’D, 

V' = M It the fiii.stiim AFHIM 

Tlicn \ =i(|)-’.V |»i,/)i) ,/• 

Or, if 


/ 


A -1)1,/- '/'ll ,/• 

and r—\'- V, where V' - < ft- i 

Kxa.MI’LK.— F ind tlie volume of tin? iin^^iila DKFIt of a e<uiie 
fnistiiin AIK'I), the dianieterM of its ends hein;' lo and Hti, the 
|M?rpendiciilar leiij'tli -20, and the height of the hji>.e of tlie iin^'iila 
lit 1 V 10 inches. 


Here 


/,' * anil A' •.'i'.Om 

1) 1.1 


Also, 

A-I)tf/ lo ir>i06 46 . 

" cf - " 9 0 9ii 

and 

A', = -.371872. 


10 10 „ 

^'"10 15 f 9 6 46 -*^-^^* 

and 

V rPAV/\'7l|) ^ 


= i(l!»»x •J).-i622fi 0 (px -371872 x2 l7.'ins'2 7139). 

i.i tro 

20 

^ 5(1877-2628 ia''4 .‘537). ! -822-72.’58 s = lf)15'701. 

*>'4 



234 


UNOULAS 


Exercises 

1. A veKsel in the form of a conic frustum, whose 1>ottom and 
top diameters are =30 and 19*2 inches, contains a quantity of iluid, 
which, when the vessel is inclined, just reaches the lip, and leaves 
10 inches of the bottom diameter dry; how many cubic inches of 
Iluid are there, supi>osiii^' the depth of the vessel to be =20 inches? 

= 4062*787. 

2. If a vessel of the form of a conic frustum, equal in dimensions 

to that of the last example, but close at both ends, be so inclined 
tliat a quantity of fluid in it just covers tlic smaller end and 
10 inches of tlie diameter of the greater, what is the quantity of 
fluid contained in it ? .... =5595*748 cubic indies. 

484. Problem VI.*-To find the solidity of the parabolic 
ungulas of a conic fhistum. 

Let 0, (ly V, V', /, and h have the same meaning as in the last 
problem, and A = the area of the base EHF of tlic ungula (last fig.) ; 
then = (Art, 481), 

Htid 

also = V' - V, where V'= *2618(1)2 + Pr/)/. 

Kxamplk.— F ind the solidity of the parabolic ungula DEFB 
(last fig.) of a conic frustum, the diameters of the ends being 
= 15 and 9*6 inches, and its height = 20 inches, and the upper 
edge of the ungula terminating in the cilge of the upper end of 
the frustum. 

Hero /i = D - = 15 - 9*6 = 6*4, 

ami A' = fi=‘f^= -36, ami A'= -254551 ; 

1) lo 

hence A = rf2A'= 15* x *2.54551 =57*273975, 

and 

= 4(Sr2i^75^«.,3.8V5.4x9 6}20 

=1(159-0943 - 92-16)20 = 446-229. 

Exercises 

1. Let a vessel in the form of a conic frustum, the diameters of 
its Imttom and to]) being =30 and 19*2 inches, be inclined so that 
its upper slant side shall be parallel to the horizon ; to find the 
quantity of fluid it is capable of containing in this position, the 
depth of the vessel l)eiiig=20 inches. . =1784 *9106 cubic inches. 
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2. Find tlio iingiila wliicli is compIcMiicntary to that in tlio pre- 
ccding exeicise - 7S73‘6184 cubic inchcH. 


The pi*ecediiig niles for finding tlie volumes of conic uiiguhw 
may lie proved thus : — 

I^t VAB 1)6 a cone, and EFBI) an ungula of the conic 
frustum ABIKJ. 

Prmluce (II) to meet VA |Moduced in L, draw LM parallel 
to AH, VK perpendicular to (ID pnsbiceil, and VH, 1)1 per- 
|)eiidicular to AB, and BN to (il>, ainl join N’K, VF. 

The ungula EFDB- conic solid EFBV' -conic solid KFDV. 

Let L' -^VH, 1)-AB, h -UB; 
then D~/i-TAt}; 

and let / —DI, ^/-(Jl), A ~ soirinont EFB, 

V ~ V P, iV -n LM, A, - segment EDF, 

r=VK, A'-OI), rt :^L1), 

then a -A'-(«L. 

Also, let A -minor axis of the ellipse of 
which KFI) is a segment, and V", V', v\ 
the volumes of the ungula EFBI), and the 
solids VEFB, VEFI). , ^ 

By the similar triangles, ABV, (JI)V, *' ^ 

AB:(;r)-VlI:VF, or J):f/ -I/:/' [\], 

Hence = therefore L [2] ; 

""•H.yL!], '"-fr f-’l 



Also, from the similar triangles (JBN, (II)|, and BDN, VDK, 
(IB : BN - (;i) : 1)1, and BN : VK BI) ; 1)V - 1)1 : VF. 

Hence CiB ; (i D = VK ; V F, or A : A' - f": l\ 

Tlioi. forp, I" = ^ [O 


Now, 


h' ' d) 

V' = 4AL', »' = 4A,r, nml \ - Y -d. 


Or, V=4(AI/-A,n = 4.p'^Al)- A.rfJ) ... [6). 

This is an expression for the volume of an ungula of any cone 
or pyramid. 

1. When angle VAB exceeds D(JB, the section EDF is a seg- 
ment of an elli|)sc, of which DL is the major axis -ft, and the 
minor axis A - v f^'D . LM = \JdtV. For if (i were the middle of Ll>, 
then EF would Ik* the minor axis, and CI) = 2A(t, LM~20B, and 
KF»-*4AG . GB - Cl) . LM or 


From similar triangles LAG, LCD, LD ; LG = CD : AG. 



236 


UNGULAS 


Or, a\a-h* =^d\\y ~h \ hence rt = (D-rf) ; 
hence a = j- . and h' = ~.{h - D + d). 

AIho, K \a-h\d' \ 

lienee tV = = , fh lienee 6 = rf j.- 


(/)’ -(D-rf)' 

Let A'|-a circular se^Muent, hcight=/i', and diameter 

then rt : 0 = A , : A, ; hence A, = - A , = — ■ — n A i. 

Let A"j = a segment similar to A^, but of a circle AEIi, so that 
its height is = - D + </) ; 

then A"i ; A 'j = !)'■* : ; hence, A'j ~ 

.ud 

TMo™, V.A„! j(,U, - 


diamctcr=i, similar to A and A''^, then A = A 2 l>^ and A"i=A 3 D*; 


^{a,D3- 




2. When the plane (il) passes through A, then EFI) or A be 
comes a whole ellipse, and EFB becomes the circle AFB. Also, 
A = •785-4IV’*, Aj = •78.'54o/*, /t = 1), A' =ft, = dd* - (fD. 

tt r ft ir 1^^ ! w-vo 1 /T% 


Hence by [5], 


V= - ds/Dd ) ; 


and this being subtracted from the volume of the frustum 
= •2618( complementary ungula 

«=-2618jj'^^^(D\/Drf-rf=). 

3. When DG is parallel to AC, the section EFD is a paralwla ; 
and hence its area Ai = KEF. OD, But in this case AG = CD=f?, 
A = D - r/, and E F^ = 4 A(4 . GB = idh = 4ff(D - cf) ; hence Aj = \1C 
x2V(D-f/){f ; and substituting this value of Aj in [5], 

— 1 ^ I k -Tk. A Jv nr\ J\ 




{\.D-id(D-d)\/{T)-d)d} 
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4. When the angle IKJB i» greater than VAB. the m'lhm KI>K 
heconn*« an hyperhola, anil lil> prixlucoil \vonhl then inoel< AV |»n)' 
iluceil in some |miiit, os Q alMive V. Aiul its major axis woiiM 

hel)l2--o-,. ,, ami the minor axis won III ho A f/v', • 

for in this case h -- (D - d) hecomes (I) - f/) //. 'I’lie expression for 
the area of the now Iiyperliolio segiiiont BDl*' being foniul, and 
substitnted in [5) for A,, the resiiliing expression would he the 
volume of the hyperhoHc niignla. 


IRREGULAR SOLIDS 

4sr). Problem. -To find the solidity of an irregular solid. 

Ui'LE I. — Wlien the solid is of an ohlong form, iind the areas 
of several e(|uidistaiit sections perpendicular to some line that 
measures the length of the solid, and proceed with these areas 
exactly as with e(|uii]istant ordinates (Art. ‘2U‘2), and the result 
will he the cuhic contents. 

Or, V :r )l(A+4B i 2C)D. 

Uri.K n. — Divitle the solid, hy parallel sections, into portions 
nearly equal to frustums of conic solids, find the area of a middle 
section of each portion, and multiply it hy the length of that por 
tion, and the product will he nearly its solidity, and the sum of the 
soliilities of all the portions w ill he nearly the solidity of the whole. 

Ut'LE IH. — When the solid Is not great, and is very irregular 
and insoluble in water, immei*se it in water in some vessel of a 
regular form containing a sulKcient quantity of water to cover the 
solid, then take out the ImmIv, and measure the capacity of that 
portion of the vessel which is cont.aincil l>elween the two positions 
of the .surface of the water before jiinl after the hisly was removed. 

Example. 'Find the solidity of an ohlong solid whose length 
is -UK) feet, and the areas of five equidistant sections -50, 55, 
70, 80, and 80 square feet. 

Here A t 80- 1.30, 4B-4 < l.'kl - .540, and2Crcl40; 
hence V - 1.30 + 540 + 140) x 25 - 6750 cuhic feet. 

Kxkiwisks 

1. Kind the quantity of excavation of a |>ortioii of a canal, the 
areas of five cquitlistant vertical sections lajirig -200, 240, .360, 300. 
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and 280 square feet, and the common distance of itie sections 
=25 feet =28000 cubic feet. 

2. What is the solidity of an oak-tree of irregular form, the 
lengths of four portions of it being respectively =8, 5, 6, and 7 feet, 
and the areas of their middle sections = 10, 8, 7, and 5 square feet? 

= 197 cubic feet. 

3. The surface of a portion of excavated earth is nearly of a 

rectangular form, its length is=60 feet, its mean breadth =40 feet, 
and the mean depth of the excavation =8 feet ; required the imiiiber 
of cubic yards of excavation =711*1. 


ADDITIONAL EXERCISES IN MENSURATION 

1. What is the difference between the superficial contents of a 

door =28 feet long and 20 broad, and that of two others of only 
half its dimensions ? =280 feet. 

2. It is required to cut off a piece pf a yard and a half from a 
plank = 26 inches broa<l ; what must be the length of the piece ? 

=6'23 feet. 

3. The area of an equilateral triangle is=720 ; required its side. 

=40*784. 

4. What must be the length of the radius of a circle which 

contains an acre? =117*752 feet. 

5. A circular (isli-pond is to Ije dug in a garden ; what must be the 

length of the cord with wliich its circumference is to be described, 
so that it shall just occupy half an acre? . . . =83*263 feet. 

6. What length of a plank =10 inches broad will make square 

feet? =5*4 feet. 

7. A log of wood is = 15 inches broad and 11 thick ; what length 

of it will make 10 cubic feet? . . . =8 feet 8^ inches. 

8. A round cistern is =26*3 inches in diameter ; what must be the 

diameter of another to contain twice os much, the depth being the 
same? =37*19 inches. 

9. What will he the expense of painting a conical church-spire, 

at 8d. per yard, the cireumference of the base being =64 feet, and 
its slant height = 118 feet? =£13, 19s. S^d. 

10. What would be the expense of gilding a spherical ball of 

6 feet diameter, at S^d. the square inch? . . =£237» lOs. riOd. 

1 1. How many 3-inch cubes can be cut out of a cubic foot ? =64. 

12. The nuni^rs expressing the surface and solidity of a sphere 

are the same ; what is its diameter? =6. 
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13. To wliat height above the earth Mirfacc niUHt a piM Hon aaccnfi 

to Hce one-third of ite surface ? = A height equal to its diameter. 

14. Acylindric vessel = 3 feet deep is waiitetl lliat will contain 
twice ns imich as another =2H inches deep ami -40 inches diameter ; 
what must be the diameter of the former? . 'oT'STiJ inches. 

15. A cubic foot of brass is to be drawn into a cylitulrie wire 
= 4*5 of an inch in diameter ; what will be the length of the wire? 

---97784 0 yaiils. 

16. A rectangular bowling-green, .300 feet long ami 200 broad, 

is to be raised one foot higher by means of earth dug from a ditch 
to be made around it ; what must be the depth of the ditch, its 
breadth l)eing = 8 feet ? 7 y feet . 

17. A frustum of a square pyramid iH = 18 feet long, ami the sides 
of its ends are=l and 3 feet, and it i.s to be diviiled into three equal 
[M)rtious ; what must be the length of each ? 

= 3*209, 4*.'jr)9, and 10*172. 

18. A cone =40 inches high is to be cut into three cipial parts by 
planes parallel to its ba.se ; what must he their lengths? 

= 5 0.*)7, 7*209, ami 27*734 nearly. 

19. The same number expresses the solidity and convex surface 

of a cylinder ; what is its diameter? 4. 

20. The base and head diameters of a tub are =20 and 10 inches 

resi)ectively ; what ought to lie its depth in order that it may 
contain 9163 cubic inches ? = ijO inches. 

21. A circle = 60 inches in* diameter is to Im* divided into tlirce 

equal portions by means of two concentric circles ; what must 1m* 
their diameters ? . ..... =34*641 ami 481)898. 

22. A square inscribed within a circle contains 16 8(|uare yards ; 

what is the area of the cireuniHcribcd square ? =.32 square yanis. 

23. The side of the cubic altar of Apollo at Delphi wa8 = l cubit ; 
what must be the side of the new cubic altar, whic h was to l)c 
twice the size of the former? .... =1*259921 cubits. 

24. A pot of the form of a conic frustum is 5'7 inches dc»ep, and its 

top and bottom diameters are =3 *7 and 4*23 inches ; supposing it at 
fii*st to be filled with liquid, and that a quantity of it is poured out 
till the remaining liquicl just covers the Imttom, what is the excess 
of the remaining quantity al)ove that jwured out ? = 7*0.5.34 inches. 

2.5. A conical glass, whose depth is = 6 inches, and the diameter 
of its month =5 inches, is fillecl with water, and a sphere 4 indies 
in diameter, of greater specific gravity than w’ater, is put into it ; 
how much water will run over? . . =26*2722 cubic inches. 

26. If a sphere and cone are the same as in the Inst exercise, and 
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the cone only one-hftli full of water, what portion of the vertical 
diameter of the sphere is immersed ? . — *546 inch very nearly. 

27. A cone equal to that in the former exercise being one-fiftli 

full of water, what is the diameter of a sphere which, when placed 
in it, would just be covered with the water? . =2*446 inches. 

28. A coppersmith proposes to make a flat-bottomed kettle, of 
the form of a conic frustum, to contain 13*8827 gallons ; the depth 
of the kettle to be = 12 inches, and the diameters of the top and 
bottom to be in the ratio of 5 to 3 ; what are the diameters ? 

=2.5 and 15 inches. 

29. A piece of marble, of the form of a frustum of a cone, has its 

end dinmetei*s=?lj and 4 feet, and its slant side is = 8 feet; what 
will it cost at 12s. the cubic foot? . . . =£30, Is. llfd. 

30. The price of a ball, at Id. the cubic inch, is as great as the gild- 
ing of it at .3(1. the square inch ; what is its diameter ? =18 inches. 

.31. A garden = 500 feet long and 400 broatl is sunounded by a 
terrace-walk, the surface of wdiich is one-eighth of that of the 
garden ; what is the breadth of the walk ? . . = 1.3*4848 feet. 

32. The paving of a square court at 6d. a yard cost as much as 

the enclosing of it at 5.s. a yard ; what wtis its side ? =40 yards. 

33. A reservoir is supplied from a pi))e 6 inches in diameter ; how 

many pipes of 3 inches diameter would discharge the same quantity, 
supposing the velocity the same? =4 pipes. 

.34. A pipe of 4 inches diameter, is sufficient to supply a town 
with water ; what must be the diameter of a pipe which, with the 
same velocity, will supply it when its population is increased by 
a half? =4*899 inches. 

35. The ditch of a fortification is =1000 feet long, 9 deep, 20 

broad at bottom, and 22 at top ; how many cubic yards of excava- 
tion are there in it? =7000. 

36. When the pressure of the atmosphere is = 15 lb. on the 

square inch, what would be the pressure on the surface of a man’s 
Isaly, 8uppo.sing it to be = 16 square feet? . . =34560 lb. 

.37. A silver cup, of the form of a conic frustum, whose top and 
bottom diameters are =3 and 4 inches, and depth =6 inches, being 
filled with liquor, a person drank out of it till he could just see 
the middle of the bottom ; how much did he drink? 

= 42*8567 cubic inches. 

38. The sanctuary of Rutis, in Egypt, Avas formed of one stone, 
in the form of a cube of 60 feet, open at top, and hollowed so that 
it was everywhere =6 feet thick ; required its weight, at the rate of 
1574 lb. avoirdupois the cubic foot. • • • =64.39^ tons. 
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THE COMMON SUDING-RULE 

486. The common or carpenter's sliding-rule consists of 
two pieces, each a foot long, connected hy a folding-joint. It 
is used for computing the quantity of timber and the work of 
artificers. 

AVhen the rule is opened out, oiie side or fact? of it is 
divided into inches and eighths of an inch, witli otlier scales 
of parts of an inch ; and one-half of the other side (‘on tains 
several tables of practical use. Tint the part of it usetl ft)r 
performing arithmetical operations is one face of one of the 
pieces, in the middle of which is a narrow slip of brass, 
whicli slides in a groove. 

487. On each of the two parts into which the stock is 
divided by the slider is a scale, and there are also two s(‘alt‘s 
on the slider. The scales on the stock are named A and I ), 
and those on the slider 13 and C, the .scales A and I> being 
contiguous, as are also C and I). The scab’s A, 11, C an? 
exactly equal, and are just a scale of logarithmic numbers 
like that in Article 150. The numbers on tlui scale I) 
are the scpiare roots of those opposite to them on the? 
scale C. 

488. Suppose the slider in its place, with 1 on its ex- 
tremity, coinciding with 1 on the contiguous scales, and b?t 
the number d on I) be opposite to the number c on C, then 

- c ; and were these numbers on scales of th(5 same stan- 
dard, then would 2L/f “ \ j ' ; but \jI on the scale I) is — lx; on 
the scale C ; and hence — 

489. The logarithms of the numl)ers on the scale I) an; 
double the logarithms of the same numbers on the scale C. 

In hnding any number on any of the scales which is the 
result of some operation, as of multiplication, division, <fec., it 
is necessary to know previously how many places of figures 
the number will contain ; but this is generally easily known. 
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490. Problem I.— To find the product of two numbers. 

KuLE.—Set 1 on B to one of the nuiuljers on A, then opi)osite to 
tlie other number on B i» the product on A. 

Example.— M ultiply 24 by 25. 

Set 1 on B opposite to 24 on A, then opposite to 25 on B is 600 
on A. 

For if «, 5, and are the two numbers and tluur product, 
h n 

then p = ah, and y hh -hl-hp 

that Is, the extent frOhi 1 to 6 on tlie line B is = that from a io p 
on the line A ; and, therefore, if 1 on 5 is opposite to a on A, then 
h on B will be opposite to on A. 

491. Problem IL— To divide one number by another. 

Rule.— S et 1 on B opposite to the divisor on A, then opposite to 
the dividend on A is the quotient on B. 

Example.— Divide 800 by 32. 

Set 1 on B opposite to 32 on A, then opposite to 800 on A is 25 
on B, which is the quotient. 

Let o, b, and q be the divisor, dividend, and quotient, 

then o=~, or- = ~; L6- L«=Lf7-* LI ; 

that is, the distance from a to 5 on A is = that from 1 to ^ on B. 

492. Problem III. -To perform proportion. 

Rule. — Set the first term on B to the second on A, then opposite 
to tlie third on B is tiie fourth term on A. 

Example.— F ind a fourth proportional to 20, 28, and 25. 

Set 20 on B oppo.site to 28 on A, then opposite to 25 on B is 35 
on A, which is the fourth term required. 

Let a, h, c, and d be four terms of a proportion, 
then a : 5=c : cf, or n ; c=6 :d; La~Lc=Lb-Ld; 
that is, the distance between the numbers a and c on one loga- 
rithmic line is = the distance between b and d on the same or on 
an equal line, as in Art. 152. 

493. Problem IV.— To find the square of a number. 

Rule.— S et 1 on D to 1 on C, then opiK>site to the given number 
on D is its square on C. 

Example.— Find the square of 15. 

Set 1 on D to 1 on C, tlieu opposite to 15 on D is 225 on C. 
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The reason of the rule is evident from Art. 487. 

The sqiiai*e of a number can also be fouiul by Prob. I. Art. 4tKX 
For it is just the protluct of the number by itself. Thus, 
15^^15x 15; and, by rule in Art. 490, this product is 225. 


494. Problem V.— To And the square root of a given 
number. 

Ki;LE.~-Set 1 on C to 1 on D, then opposite to the given nutii1)er 
on C is its square root on D. 

Example.— Find the square root of 256. 

Set I oil C to 1 on D, then opposite to 256 on C is 16 on 1). 

Since the iiumberH on C are the squares of those opposite to them 
on I), therefore, according a.s 1 on 1) is reekone<l 1, 10, 100,... the 1 
on C must be reckoned 1, 100, 10,000... 


495. Problem VI— To And a mean proportional between 
two numbers. 

UtJLE. - Set one of the ntitiibers on C to the same on 1), then 
opl>osite to the other iiiinilier on C is the mean proportional on 1>. 
Example.— Find a mean pro|)ortional between 9 and 16. 

Set 16 on C to 16 on I), and opposite to 9 on C will l>o 12 on I). 
The rule is proved tlius Since « : : 5 ; therefore, 

a a ir a ff , » » or nr 

h X h X X XT 

Therefore the distance 1>etwccn the 11111111 ) 61*8 a and 6 on tlic line 
C will be equal to the di.stance between a and x on the line D 
(Art. 489). 


MEASUREMENT OF TIMBER 

496. The mea.surenieiit of timlxa* is merely a particular 
application of the principle.s of the tueiiBuratioii of surfaces 
and solids ; hut as approximate rules arc sometimes adopted 
on account of their practical utility in measuring timlxir, it is 
necessary to treat this subject separately. 

497. Problem I.— To find the superficial content of a 
boast or planlc. 

Rule.— M ultiply the length by tlie breadth, and the product is 

llie area. 
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When the hoard tapers gradually, take half the sum of the two 
extreme breadths, or the breadth at the middle, for the mean 
breadth, and multiply it by the length. 

Let 5=: the breadth in inches, 

/= M length in feet, 

and II supcriicial content in feet ; then 

By the Sliding-rule.— Set^the breadth in inches on B to 12 on 
A, and opposite to the length in feet on A will be the content on 
B in feet and decimal parts of a foot. 

Example.— H ow many square feet are contained in the surface 
of a plank = 10 feet 6 inches long and 8 inches broad ? 

X 10 J = I X Y = 7 square feet. 

Or, set 8 on B to 12 on A, and opposite to 10*5 on A is 7 on B. 

The first rule depends on Art. 247. 

The reason of the method by the .sliding-rule is this The area 
or surface M^hl^h and I being the breadth and length in feet. 

When b is given in inches, then or 5/=12Al, which is 

convertible into the proportion 12 : b== I : Mf and 12, b and I being 
given, M is found by Prob. III. 

Exercises 

1. Find tlie area of a board =1.8 inches broad and 16 feet .3 inches 

long =24 square feet 54 square inches. 

2. What is the price of a plank, the length of which is =12 feet 
6 inches, and breadth= 1 foot .10 inches, at l^d. per square foot ? 

=2s. lOgd. 

3. Find the price of a plunk, the length of which is = 17 feet, and 

breadth = 1 foot 3 inches, at 24 d. a square foot. . =4s. 5j^d. 

4. What is the superficial content of a board =29 feet long and 

22 inches broad ? ...... =53j^ square feet. 

6. The length of each of five oaken planks is=17i feet, two of 
them have the mean breadth of l,3i inches, oneis = 14i inches at 
tlie middle, and tlie remaining t>vo are each = 18 inches at the 
broader end, and = 11^ inches at the other end ; what is their price 
at 3d. per square foot? =£1, 5.s. fi^d. 

498. Problem II.— To find tbe cubic content of squared 
timber of uniform breadth and thickness. 

Rule.— Find the continued product of the length, breadth, and 
thickness, and the result is the content. (See Art. .374.) 
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Let bt t, /, and V be the breadth, thickness, length, and volume 
or solidity ; then \ = bfL 

By the Sliding-rule.— Find the mean proportional lietween the 
breailth and thickness in inches (Art. 495), then set the length 
on C to 12 on D, and opposite to the mean proportional on D is the 
content on C in feet. 

When the timber is square, the mAn proportional is = the side of 
the squaie. Wlien the mean proportional is in feet, 1 on D is to be 
used Instead of 12. 


Example. — Find the solidity of a squared log of timber, of the 
invariable breadth and thickness of .32 and 20 inches, its length 
being =40 feet 6 inches. 

V = X ^ § X 40^ = 180 cubic feet. 

Or, fiml (Art. 495) the mean proportional between .32 and 20, 
which is 25*3 ; then set 40*5 on C to 12 on 1), and opposite to 25*3 
on I) is 180 on C, the content. 


The method by the sliding-nile is derived thus: — Let m = t)ie 
mean proportional between b and f, then m’^=btf and as m is in 
inches, 


, m wi j/my , V 



and 


LV-L6=2Lvrt-2Ll2; 


that is, the distance between 12 and m on D is equal to that 
between b and V on 0. 


Exeikhses 


1. Find the solidity of a log of wood = 30 inches broa<l, 18 thick, 

and 16 feet long =60 cubic feet. 

2. What is tlie content of a log the end of which is =30 inches 

by 20, and length = 20 feet? cubic feet. 

3. What is the content of a square log of wood, the side being 

= 14 inches, and the length = 12 feet? . . . = 16.^ cubic feet. 

4. The side of a square block of .sandstone is = 3 feet, and its 

length =6 feet ; what is its content? . . . =54 cubic feet. 

5. Find the cubic content of a log of wood = 20 feet 3 inches long, 

its ends being =,32 by 20 inches =60 cubic feet. 

6. The .side of a square log of wood is =2 feet, and its length 

=24 feet 1 inch ; what is its content? . . . =96| cubic feet. 


499. Problem III.— To find the content of sauared taper- 
ing timber. 

Rule. — F ind the mean breadth and thickness, and multiply 
their product by the length. 

r^MaUb Q ' 
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As in last problem, Y-btl. 

By the Sliding-rule.^The method is the same as that of last 
problem, using the mean breadth and thickness. 

Example.— T he breadth of a tajwring plank of wood at the 
two ends is =18 and 12 inches, and its thickness at the ends =14 
and 10 inches, and its length =19 feet 10 inches; what is its 
solidity ? 

Here i=^(18 + 12) = 16, and ^=i(14 + 10)=12, 
and Y . lix 19i^=24|jf cubic feet. 

The above rule, tliough generally used, is correct only in 
one case— namely, when two of the sides are parallel and the 
other two converge ; for the solid is then a prism, having one 
of the parallel sides for its base. In other cases this rule gives 
the content a little less than the real solidity, and the error 
is greater the more the difference between the breadth and thick- 
ness. But the true solidity can always be found by consider- 
ing the log a prismoid, and calculating its content by the rule 
in Art. 389. 

The preceding example, calculated thus, gives for the content 
25*067 cubic feet instead of 24^^. 

600. When the breadth is irregular, it may be measured at 
several places, and the sum of tlicse breadths, divided by their 
number, may be taken for the mean breadth. In the same way 
the mean thickness may be found. 

Exercises 

1. Find the content of a squared tapering log of wood, the 
breadth and thickness at one end being =34 and 20 inches, and 
those at the other end =26 and 16 inches, and the length =32 feet. 

= 120 cubic feet. 

2. Find the cubic content of a log, the breadth and thickness at 

one end being =33 and 22 inches, and those at the other end =27 
and 18 inches, and the length =40 feet. . . =166§ cubic feet. 

3. The breadth and thickness of one end of a piece of timber 
are =21 and 16 inches, and those at the other end are =18 and 
12 inches, and the length is =41 feet; what is its solidity? 

= 74*96 cubic feet. 

4. The breadth and thickness at the greater end of a piece of 
timber ai'e= 1*78 and 1*23 feet, and at the smaller end = 1*04 and 
0*91 feet ; what is its content, its lengtli being =27 *36 feet? 

=41*278 cubic feet. 
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501. Problem lY.— To find the content of round or un- 
EQuared timber 

Rule I. — Find the quarter girt — that U, one-fourth of 
the mean circumference — and multiply its square by the 
length. 

By the Sliding-rule.— ^Set the length on C to 12 on D, 
and opposite to the quarter girt in inch^ on I) is the content 
on C. 

Rule II.— Find one-fifth of the girt, and multiply iU square by 
twice the length. 

By the Sliding-rule.— Set twice the length on C to 12 
on D, and opposite to one- fifth of the girt on 1) is the content 
on C. 

Let / and c denote the length and mean circumfcience of a piece 
of round timber, and V its volume ; then, 

by Uiile I. , V = ( j)’/ = iWl = 062667 ; 

li.v Rule II., V=2(g)’/= 0867. 

Example. — The mean circumference of a piece of unsquareil 
timber is =6 feet 8 inches, and its length=16 feet 4 inches; what 
is its content? 

By Rule I., V= ;2)M6J = (j)». V=45 37 c'»Wc feet. 

By Rule II., 328 = (J)». Ji,’'=58 074 cubic foot. 

When the piece of timber is of a cylindric form, its 
volume, by Art. 378, is V = *07958t.*/, if l~h. Therefore the 

fii*st rule in this case gives the content too small by more than 
one-fifth part of the true solidity ; and the second gives it too 
much by aljout the 191.st part. 

When the tree tapers uniformly, it is then a frustum of 
a cone, and its true volume can be found by the rule in 
Art. 386. In this case the first nile gives a result still further 
.from the truth, for a conic fnistum exceeds a cylinder of the 
isame length, whose circumference is the mean girt of the 
frustum. 

The fii-st rule is generally followed in practice, and tlie deficiency 
pn the content given by it is intended to be a compensation to the 
^purchaser for the loss of timber caused by squaring it. 
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The following formula commeiulB itself : — 

G = | girt of tree at middle in feet. 

It n one end u 

A - 1 (I ti other end n 

L — length of log in feet, 
c-t‘ubic contents of log in feet, 

Allowance is to bo made for hark by deducting from each | girt. 
The allowance varies from half an inch in trees with thin bark to 
2 inches for trees with thick bark. 


MEASURES OP TIMBER 
100 Hiipcrlicial feet of planking =1 square. 
120 deals . . . . =1 hundred. 

50 cubic feet of squared timber = 1 load. 

40 feet of unhewn timln'r . =1 load. 

600 Huporlicial feet of inch planking- 1 load. 
Hoards 7 inches wide . . = battens. 

fi On . . = deals. 

ti 12 n . . -planks. 


To cut the best beam from a log. 

Divide the diameter, into 3 equal parts, af^ /e, and ch, and 




from e and / draw the lines at right angles to ah ; join ac, 
adt fre, and bd^ then achd is the cross section of the strongest beam 

(fig. 1). 

To out the stiffest beam, divide the diameter into 4 instead of 
8 parts (fig. 2). 
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In the following exercises the first answer is the result by the 
first rule, ami the other is that by the second rule ; — 

Exercises 

1. The mean girt of a tree is =8 feet, and its length = 24 feet; 

required its content. . =96 cubic feet, or 122 *88 cubic feet. 

2. What is the content of a piece of round timber, the girt at the 

thicker end being=16 feet, and at the smaller-- 12 feet, and its 
length = 19 feet? . . =232.^ cubic feet, or 297*92 cubic feet. 

3. Find the content of a tree whose mean girt is = 3*15 feet, and 
length = 14 feet 6 inches. =8*992 cubic feet, or 11*51 cubic feet. 

4. The girts of a piece of round timber at live <liflerent places 
are =9*43, 7*92, 6*15, 4*74, and 3*16 feet, and its length is =17 feet 
3 inches ; what is its content? 

= 42*5195 cubic feet, or 54*425 cubic feet. 


RELATIONS OF WEIGHT AND VOLUME OF BODIES 

«502. The relations of the weights and volumes of bodies 

arc determined by im^ans of their specific gravities. 

503. The specific gravity, or specific (hmsity, of any solid 
or liquid is the ratio which its density lioars to that of 
distilled water at its maximum density point (4' C., or 
39^ F.). 

Tables of .specific gravities arc formed for rcforenci^, of 
which a specimen is appended. Thus, the .specific gravity of 
mercury is 13*6, by which wo mean that any given bulk 
of mercury will weigh 13*6 time.s as much as an equal hulk 
of water at the same temperature. 

When a body is immersed in a liquid, it loses as much 
weight as the weight of the liquid di.splaced. This is the 
Principle of Archimedes, and is the foundation of the 
method adopted for finding the specific gravity of solids. 
Sec Prob. I., below. 

The following instruments are cotomonly used for finding 
specific gravitiesi namely -s — 
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(1) Nicholson's hydrometer; (2) Tweddcrs hydrometer; 
and (3) the specific gravity bottle, or Pyknometor. 

The second (Tweddcrs) hydrometer is used for finding 
the specific gravity of liquids heavier tlian water, such as 
sulphuric acid. It acts by * variable im- 
mersion' — that is, measures specific gravities 
by the depth to which it sinks. It is made 
of glass, with two globes, one for flotation, 
the other for balancing it in an upright 
position ; and the stem is so graduated that 
the reading of the number of degrees mul- 
tiplied by 5 and added to 1000 gives tljc 
sj)eoific gravity of the liquid as compared 
with water, whoso s])ecific gravity is for 
convenience taken to be 1000. Thus, 15 
Twoddel represents the specific gravity of 
1075 ; or, calling the specific gravity of water 1, it re])re8ents 
a specific gravity of 1*075. 

There are other hydrometers constructeil on 
the principle of variable immersion, such as 
those for determining the density of alcohol, 
which is lighter than water, and those employed 
for determining tlie density of salt water in a 
boiler, where the graduations are so arranged as 
to indicate in a ready manner either the strength 
of the alcohol or the quantity of salt held in 
solution in the water. 

The specific gravity bottle, in one form, is a 
bottle (b) with a fine stem (d), ending in a wide 
tube (a) having a glass stopper. The bottle is 
first weighed when empty, then when filled with 
water up to the mark (c), and finally, when filled 
^ with a given liquid up to the same mark. 

We thus ascertain the weight (1) of a given volume 
of water, (2) of the same volume, of a given liquid, and 
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ratio of the second to the lii'st gives tlio specific gravity of 
the luiuitl. 

Nicholson’s Hydrometer and its Manipulation. — Nichol- 
soifs liydronieter consists of a hollow cylinder (13) which 
ensures flotation, having at its base a loaded 
pan (C) to keep it upright, and at the to]) a 
stem supporting a dish (A) ; iii)on the stem 
a standard point (ni) is marked. 

This instrument may bo used for fimling 
Iho specific gravity of a solid or a liquid. 

For example, let the solid be a piece of 
sulpliur. Put the hydrometer in water, 
when it will require a given weight i)laced 
in (A) in order to sink the hydroinder to 
(//)). Let this weight be 125 grs. Now 
jilace the sulphur in (A)^ and add, say, 55 grs. 
in order to sink the instrument again to (m). It follows 
that the weight of the sulphur is 70 grs. 

Next place the sulphur in (C) as marked (o), and let 
34*5 grs. bo placed in the dish (A), in addition to tliO 
55 grs., in order to sink the instrument to (o). 

Then weight of .sulphur ^70 grs., 

weight of water displaced ])y sulphur =34'5 grs. 

70 

.*. Specific gravity of sulphur - = 2*03. 

In order to find the specific gravity of a liqui<l (13), let x be 
the weight which sinks the in-strument to the point (o) in 
water, (y) the weight which sinks it to the .same point in the 
liquid (13), and let W be the weight of the instrument. 

Then weight of water displaced by instrument = W 

weight of liquid displaced by instrument = W + y. 

Specific gravity of liquid (I3) = }^™~* 

fV "T” X 

Example. — ^T he standard weight of a Nicholson’s hydrometer 
U 1250 grs. ; a small substance is placed in the upper pan, and it is 
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found that 530 grs. are neetled to sink the instrument to the stan- 
dard point ; hut ^vhen the substance is put in the lower pan, 
620 grs. are required. What is the specific gravity of the substance ? 

Standard weiglit = 1250 grs. 

AVcight required to sink the instrument to 

standard point — " 

. • . Weiglit of body = 720 m 

Extra weight requireil wlieii laxly is placed in the lower pan 
^620 - 530^:90 grs. 

720 

Specific gravity of the body — 

Definition of a Perfect Fluid. — A ‘ perfect * fluid is 
defined to bo a substance which offers no resistance to a 
continuous cliango of shape. There are two kinds of fluids 
— those which arc practically incompressible, termed liquids ; 
and those wliich are easily compriissed, called gases and 
vapours. We know of no substance which completely fulfils 
the above definition ; but water, many other liquids, and all 
gases so lu^irly comply with it that for many purposes we 
may in practice consider them as perfect fluids. 

Viscosity. — All known fluids, however, do offer some resist- 
ance to Ji change of shape, although they have no elasticity 
of form or power of recovery when the stress that has 
proiluced the change is removed ; and the property in virtue 
of which they do so is called the viscosity of the fluid. The 
viscosity of a fluid is measured by the sluairing stress required 
to deform it at the uniform rate of unit shear per unit time. 

In many investigations it is necessary, for simplicity, to 
assume that wo are dealing with a perfect fluid ; it is there- 
fore of the first importance that these definitions bo clearly 
understood. 

504. The following table contains the specific gravities of 
the most common solids and fluids, those for solids and 
liquids being referred to water as standard, those for gases 
to air as standard. Referred to water, the specific gravity 
of air at 0* C. and 30 inches barometric pressure is 0*001293. 
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TAHF.E OF SPECIFIC GRAVITIES 


MKTAIiS 


1 f'""i 

0-690 

Aluininium, sheot, . 

2 670 

1 

to 

0-696 

»i cast, . 

2T)60 

Biroh. 

0-711 

Antimony, tt 

6-720 

" \ 

to 

0-730 

Risiniith, II 

9-822 

Box, 


1 -280 

Copper bolts, . 

8-850 

(’edar, West Indian, 


0-748 

II wire, . 

8-900 

II American, . 


0-554 

Gold, . . . . 

18-417 

II Lebanon, 


0-486 

Iron, cast, average. 

7*248 

Cliestimt, 


0-606 

M wrought, average, . 

7-780 

Cork, 


0-240 

Lead, cast. 

11 -.360 

Deal, Christiania, . 


0-689 

II sheet, . 

1 1 -400 

Ebony, 


1-187 

Mercury, 

1.3 -.596 

Elm, English, . 


0.35.3 

Platinum, 

21 -.5.31 

II II . . 


0-.579 

n slieet, 

2.3-000 

II Canadian, 


0-725 

Silver, .... 

10-474 

Fir, spruce*, 


0-512 

Steel, .... 

8-000 

•1 mab*, 


0-5r)0 

Tin, cast, 

7-291 

II female, 


0-498 

Zinc, II ... 

7-000 

Hornbeam, 


0-760 



Iroiiwood, 


1-1.30 

Alloys 


Green heart. 


1-14.3 

Aluminium bronze, 00 to 


Larch, 


0-.343 

O.") per cent, copper. 

7-680 

II ... 


0-556 

Bell-metal (small hells), . 

8-050 

Lignum-vit,T, . 


I -3.33 

Brass, ca.st. 

8-400 

Lime, 


0-564 

II sheet, . 

8-440 

Mah<»gany, N.assaii, 


0-668 

M wire, . 

8-540 

•I Honduras, 


0-560 

Gold (standanl), 

17-724 

M Spanish, 


0-8.32 

Gun -metal (10 copper, 


Maple, 


0 675 

I tin) 

8-464 

G.ak, African, 


0-988 

Silver (standard), . 

10,312 

II American, red, 


0-8.30 

Speculum (metal), . 

7-447 

II II whitCi 


0-779 

\VIiite-nietal (Bahhett), . 

7-310 

II English, 


0-777 



If II • 

, 

0-9.34 

Timber 


1 ffrom 

0-.376 

Acaoin 

0-710 

roie, reo, . 

t/O 

0-667 

’ ‘ * 1 to 

0-790 

f from 

0-432 

Ash 

0-690 

II wniWf . ^ 

to 

0-553 

’ * * { to 

0-760 

It yellow, . 

. 

0-508 
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. 0*649 
( from 0*550 
t to 0*601 

( from 0*466 
I to 0*654 

. 0*960 
/from 0*740 
\ to 0*860 


Stones, &c. 


Agate 

2*590 

Amethyst, common. 

2*750 

Basalt, Scotch, 

2*950 

II (ireenstone. 

2*900 

M Welsh, 

2*750 

c.,.ik, . . ('■■■;: 

2*330 

2*620 

Firestone, 

1*800 

(fianite, Aberdeen gray. 

2*620 

II II red, 

2*620 

II Cornish, . 

2*660 

II Mount Sorrel, . 

2*670 

liimcstonc, compact. 

2*580 

II Purheck, 

2*600 

II Blue Liius, 

2*467 

II Lithograpliic, 

2*600 

Marble, Statuary, . 

2*718 

II Italian, 

2*726 

II Brabant block, . 

2*697 

Oolite, Portland Stone, . 

2*423 

II Bath II . 

Sandstone (Arbroath 

1*978 

pavement). 

2*477 

II Braniley Fall, 

2*500 

II Caithness, 

2*638 

II Craigleitli, 

2*450 

II ' Derby grit, . 

2*150 

It Red (Cheshire), 2*510 

Slate, Anglesea, 

2*870 

M Cornwall, 

2*610 

It Welsh, . 

2*880 

Trap 

2*720 


Miscellaneous Substances 


Asphalt, .... 

2*500 

n • 1 /from 

1*600 

vOllllllwflf \ . 

' to 

2*000 

II London stock. 

1*840 

II Red, 

2*160 

II Welsh fire, . 

2*400 

II Stourbridge fire, . 

2*200 

Cement, Portland, . from 

3*100 

II II in powder. 

3*155 

II Roman, 

1*600 

Clay, .... 

1*900 

Coal, Anthracite, . 

1*530 

II Cannel, 

1*272 

II Glasgow, 

1*290 

•1 Newcastle, 

1*269 

Coke, .... 

0*744 

Concrete, ordinary, 

1*900 

II in cement. 

2*200 

Earn., . . /f'"'" 

1*520 

* \ to 

2*000 

Gla.ss, Hint, 

3*078 

II crown, . 

2*620 

II common green. 

2*628 

II plate, . 

2*760 

Gntta-percha, . 

0*966 

Gypsum, .... 

2*286 

Ice, if from water purged 


from air. 

0*954 

India-rubber, . 

0*930 

Ivory, .... 

1*820 

Lime, quick, . 

0*843 

Mortar, . . /f'"'" 

1*380 

\ to 

1*900 

II average, 

1*700 

Pitch, .... 

1*150 

Plumbago, 

2*267 

Snow, .... 

0*083 

Sand, quartz, . 

2*750 

II river. 

1*880 

II pit (coarse), . 

1*610 

II ir (fine), , 

1*620 


Pine, Dantzic, 

It Memo], . 

Higa, . 
Satin wood, 
Teak, 
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Band, pit, Thames, 


1*640 

BhiiiKle, . 


1*420 

Tallow, . 


0-940 

Tar, 


1*016 

Tile, common. 


1-810 

H 


1*850 

Liquids, 

&c. 


Water, distilled. 

, , 

1*000 

M sea. 


1*027 

Acetic acid, . 

. 

1-060 

Alcohol, absolute, 


0*792 

M of commerce, . 

0*800 

M proof. 


0*916 

Chloroform, 


1*490 

Citric acid, 


1*034 

Ether, . 


0*716 

Fluoric acid, . 


1-060 

Hytlrochloric acid. 


1*200 

Milk, . 


1*032 

Nitric acid, 


1*420 

Oil, Liiiseeil, . 


0-940 

n Olive, 


0-915 

11 Whale, 


0*923 

Petroleum, crude. 


0*885 

II refined, 


0*910 

Sulphuric acid, 


1*843 

Oil, Amber, 


0*868 

II Cinnamon, 


1*043 


Oil, Lavender, 

0-894 

.1 Turpentine, 

0-864 

II Sweet aliiioiids. 

0-932 

II Codfish, . 

0-923 

II Hempseed, 

0*926 

Porter, brown stout, 

1*011 

Proof spirit, . 

0*922 

Strong ale, 

1 -050 

Wine, Port, . 

0-997 

II Champagne, 

0-997 

Brandy, French, 

0-941 

Rectified spirit. 

0-838 

Oases 


Atmospheric air. 

1 -(KK) 

Ammoniacal gan, 

0-590 

Carbonic acid gas, . 

1*527 

M oxide gas, 

0-972 

Carburetted hydrogen 


gas, .... 

0-972 

(ylilorine gas, . 

2 m ) 

Cyanogen gas, 

1 -805 

Hydriodic Acid gas, 

4-340 

Hydrogen gas. 

0-069 

Iodine, vapour of, . 

8-716 

Nitrous oxide gas, . 

1 -527 

Oxygen gas, . 

1*111 

Prussic acid gas. 

0-937 

Steam of water at 212®, . 

0-623 


505. The weight of a cubic foot of water is very nearly 
1000 ounces, or 62^ lb. avoirdupois, and tliereforc, if the 
decimal point in the numbers in the preceding table for 
solids and fluids is removed three figures to the right, the 
numbers will denote very nearly the weight in ounces of a 
cubic foot of the different substances. 

The weight of a cubic foot of water at the maximum 
density, and in a vacuum, is 999*278 ounces avoirdupois, 
and that of a cubic inch is 253 grains, or *527 ounce troy, 
or *6783 ounce avoirdupois. 
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The weight of a cubic foot of air at O'" C. and 30 inches 
barometric pressure is 0 08071 lb. 

USEFUL MEMORANDA IN CONNECTION WITH WATER* 

1 cubic foot of water = 62 •4‘2o lb. = -557 cwt. = 028 ton. 

1 gallon M = 10 lb. = *16 cubic foot. 

1 cubic inch n = *03612 lb. 

1 II foot II =6*24 gallons = say 6 f gallons. 

1 cwt. II =1*8 cubic feet= 1 1 *2 gallons. 

I ton 11 =35*9 II =224 gallons. 

1 cubic foot of sea water = 64*11 lb. 

Weight of sea water = 1 *027 weight of fresh water. 

I cubic inch of ice at 32"* F. = *0334 lb. 

1 II foot II It =57*8 Ih. 

1 lb. II II =29*94 cubic inches. 

Snow, I cubic inch = *003 lb. 

II 1 II foot = 5 *2 lb. 

II 1 lb. =332*3 cubic inches = *1923 cubic foot. 

Snowfall = *433 lb. per inch depth per superficial foot. 

Inches of rainfall x 2323200 = cubic feet per square mile. 

II II X 14^ = millions of gallons n n 


506, Problem I.— To find the specific gravity of a body. 

Case 1. — When the boily is heavier than water. 

Rule. — Find the weight of the Ixidy in air and also in water; 
then the difference of these weights is to the former weight as the 
specific gravity of water to that of the body. 

When water is the standard, its specific gravity is 1, and the 
specific gravity of the body is the quotient, obtained by dividing 
the whole weight by the difference of the weights. 

Let wf be the weights of the body in air and water, and -s' 
the specific gi’avities of the Ixidy and of water ; 
then w - w * : w = s' : ,9, or vj ~ : ir = I : . 9 , when 5' = 1 , 


^ — — : — . or when «' = 1, s— — 
w - w w - w 


Example. —A piece of silver w'eigh.s 33*6 ounces in air, and 
29*56 ounces in water ; what is its specific gravity? 


* For ordinary calculations the weight of a cubic foot of fresh water Is assumed 
mU> 63*6 lb. or 1000 ounces. 
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ws' 33fty' , 

^ w-w' 33-6-29'56~ 3*04 
Or, when «' = 1, 5 = 1 1 *05. 

507. The rule is founded on tlie hydrostatic principle that a 
bo<ly iniinei‘sc<l in a Iluid lighter than itself loses as much of its 
weight as that of an equal volume of the iluid. Hence, if to" 
= the weight of a portion of water equal in volume to that of 
the immersed body, then w''=w-to'; and hence w'' : w==s' : s, 
or w-to' : w=s*: s. 

The weight of a portion of air, equal in volume to that of the 
body, Is here disregarded. 

Exkuci.ses 


1. A piece of limestone weighs in air 20 lb., and in water 

134 lb. ; what is its specific gravity ? .... —3*077. 

2. A piece of steel was found to weigh 78*5 lb. in air, ami 

68*5 lb. ill water ; what was its specific gravity ? . . =7 *85. 

3. A bar of lead weighed 30 cwt. in air, and only 27 cwt. 1 quarter 
11 lb. 5 ounces in water ; required its specific gravity. . =11*325. 

Case 2. — AVhen the body is lighter than water. 

Rule. — Find the weight of the body in air, and the weight in 
water of another boily, which, >vhen attached to the former, will 
make it sink; find also the weight in water of the compound mass; 
from the sum of the two former weights subtract the latter; then 

The remainder is to the weight of the given Ijody as the specific 
gravity of water to that of the given body. 

Let w denote the weight of the given body, 
w' the w'cight in water of the attached body, 

W' II ,1 I, compound moss ; 

then, s and s' remaining as formerly, 

+ w' ~ W' : : St or= 1 : if «'=1, 


ws' 


Example. — A piece of ash weighs 60 lb. in air, and to it is affixed 
a piece of copper >vhich weighs in water 40 lb., and the compound 
weighs also in water 25 lb. ; what is the specific gravity of the ash ? 


_ 60 #' — if#'=rl 

W'"'60r+40~25“ 75 “* * 


Since the attached body is weighed in water both times, its 
weight remains the same ; lienee the weight lost in water by the 
lighter body = (i:; + w' - W') ; therefore, by the last case, 
u» + w'- W' : ic=«': s=l : s, if it's!. 
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Exercises 

1. If a^ece of elm weighs 30 lb. in air, and a piece of copper, 

wliicli weighs 32 lb. in water, be affixed to it, and the com- 
pound weigh 12 lb. in water, what is the specific gravity of 
the elili ? = *6. 

2. If a piece of cork weighs 25 lb. in air, and a piece of lead, 

weighing 91*17 lb. in water, be attached to it, and the compound 
mass weigh 12 lb. in w'ater, what is the specific gravity of the 
cork ? = *24. 

3. If a piece of beech weigh 42*6 lb. in air, and a piece of iron, 

weighing 40*7 lb. in water, be attached to it, and the compound 
mass weigh 33*3 lb. in water, what is the specific gravity of the 
beech ? = *852. 

508. Problem II.— To find the weight of a body when its 
cubic content and specific gravity are given. 

llULE. — Multiply, the number of cubic feet in the volume by the 
specific gravity of the body, and tills product by 1000, and the 
result is t)ie weight in ounces ; or, 

ic= lOOO^v ounces =62^«v lb. 

b'or, by Art. 505, 1000 times the specific gravity is the weight 
of a cubic foot of the boily in avoirdupois ounces ; hence the rule is 
obvious. 

Example. — Find the weight of a bar of cast iron, its breadth 
and thickness being = 4 and 2^ inches, and length = 8 feet. 

V = 6/f = J X X 8= I cubic foot ; 

hence , io = 62*6 x 7*248 x J =453 x | = 261S lb. 

Exercises 

1. Fiml the weight of a block of marble of the specific gravity 
of 2*7, its length, breadth, and thickness being respectively =6 feet, 

5 feet, and 18 inches. . . =3 tons 7 cwt. 3 qr. 5 lb. 12 ounces. 

2. One of the stones in the walls of Baalbec was a block of 
marble 63 feet long, its breadth and thickness being each 12 
feet ; what is its weight, the specific gravity being 2*7 ? 

= 683 tons 8 cwt. 3 qr. 

3. Find the weight of a log of oak 24 feet long, 3 broad, and 1 

foot thick, its specific gravity lieing *925. =37 cwt. 18 lb. 8 ounces. 

4. How many male fir-planks 16 feet long, 9 inches bixtad, and 

6 inches thick will a ship 400 tons burden cai*ry T . . =4344 bV 
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509. ProUaxn III.— -To find the cubic content of a body 
when its weight is giyen. 

Rule. — D ivide the >veight of the l>Oiiy in ounces by 1000 times 
its specific gravity, and the quotient is the content in feet ; or, 

Divide twice the weight in pounds by 125^. 

By last problem, ii7 = 10005t? ounces =621^u lb. ; 

hence «= -- - 

1000* 62is 126* 

The first value must be used when w is given in ounces, and the 
last when w is given in pounds. 

Example. — Find tlie content of an irregular block of samistone 
weighing 1 cwt, its specific gravity iieing 2-52. 

cubic feet= 1228*8 cubic inches. 

Exehcises 

1. How many cubic feet are in a ton-weight of male fir? 

=rCr>16.36. 

2. How many cubic feet are contained in a block of sandstone 

weighing 8 tons, its specific gravity being 2*52? . . =11.3{ feet. 

3. Find the number of cubic feet contained in a ton of dry oak of 

the specific gravity *925 =38*74(5. 


510. Problem IV.— To find the quantity of either of the 
ingredients in a compound consisting of two, when the 
specific gravities of the compound and of the ingredients 
are given. 


Rule. — Multiply the weight of the mass hy the specific gravity 
of the l>ody whose quantity is to he found, and hy the difference 
between the specific gravity of the mass and the other IxKly ; 
divide this product hy the difference of the specific gravities of the 
l>odies, multiplied into the specific gravity of the compound mass; 
and the quotient will be the quantity of that liody. 

Let W, w, uf denote the weights of the compound and of 
the ingredients ; and S, their specific gravities respectively, 
9 being that of the denser ingredient ; 


then 


and 


Example.-— A composition weighing 56 lb., having a specific 
gravity 8*784, consists of tin and copper of the specific gravities 
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7 '32 and 9 rcBpectively ; what are the quantities of the 
ingredients? 

1*464x9x56 13 176 _ _ 

1-68 X 8-784 


and hence = W - -m; = 56 - 50 = 6. 

Or there are 56 lb. of copper and 6 of tin. 
liy Art. 505, the volume of the body whose weight is w in ounces 

is V = ; and the same applies to the bodies whose weights are 


ti/ and W, and hence multiplying by 1000, 

V) It/ W . . . 

+ / = TT » also w + W . 
s s .S 

From these tw'o equations are easily found the two formuUe given 
above ; and hence the origin of the rule. 

Note . — This rule in many cases of alloys gives only approximate 
results ; for experiment shows that in these cases the density is in 
some instances greater, and in other instances less, than what would 
result from a simple mixture of the ingredients. This indicates 
something of the nature of chemical action. 


Exercises 

1. An alloy of the specilic gravity 7'8 weighs 10 lb., and is 
composed of copper and zinc of the specific gravities 9 and 7*2; 
what is the weight of the ingredients? 

=3*846 lb. of copper, and 6- 154 lb. of zinc. 

2. An alloy of the specilic gravity 7*7, consisting of copper and 
tin of the specific gravities 9 and 7*3, weighs 25 ounces ; what is 
the weight of each of the ingreilients ? 

=6*875 ounces of copper, and 18*125 of tin. 

3. A circular piece of gold and a common cork have equal 

weights and diameters, and the cork is 1| inches long. How thick 
is the piece of gold, the specific gravity of the gold being 19*25, 
and that of the cork *25? inch. 

4. Given that the specific gravity of petroleum is 0*88, and that 

a quart of water weighs 40 ounces; iind how many gallons of 
petroleum will weigh 38^ lb. . . . . . =4i gallons. 

6. Find the weight of a piece of oak 7 feet high, 3 feet wide, and 
inches thick, taking the specilic gmvity of oak as *93. 

= 162*578 lb. 

6. If the specific gravity of bra.ss be taken as 8*4, find the weight 
of a bar of the same material 10 inches long and 4 square inches in 
section = 12f ( lb. 
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7. Tlie »|>ecific gravity of mercury is 13 G ; fiiitl the length of a 
colurim of water 1 inch in diameter wliich shall bo equal to a 
column of mercury of the same diameter which is 30 inches in 
length =34 feet. 


ARCHED ROOFS 

611. Arched roofs are either vaults, domes, saloons, or 
groins. 

Vaulted roofs consist of two similar arches sjainging from 
two oppOvSite Avails, and meeting in a line at the top, or (dsi* 
forming a continuous arch. 

Domes are formed by arches springing from a circular or 
jx)lygonjd base, and meeting in a point above. 

Saloons are formed by arches connecting the sid(*-wallH 
Avitli a Hat roof or ceiling in the middle. 

Groins are formed by the intersection of vaults Avith r*ach 
other, 

512. Arched roofs are either circular, elliptical, or Gothic. 
In the first kind the arch is a portion of the circumfenMu^e 
of a circle ; in the second it is a portion of the circumference 
of an ellipse; and in the third kind there arc two arches 
Avhich arc portions of circles having dilferent centres, ami 
Avhich meet at an angle in a lino directly over the mitldle of 
the breadth, or span, of the arcli. 

513. By the cubic content of arched roofs is to ]>c under- 
stood tlie content of the vacant space coiitaine(l by its arclies, 
and a horizontal plane passing through tlie base of the arch. 

VAULTS 

514. Problem I.— To And the cubic content of a vaulted 
roof. 

Rule.— M ultiply the area of one end, or of a vertical section, by 
the length. 

Let is = the area of the end, f=the length ; then V =JRl, 

The areas of the ends ai-e to be found' by means of the rules in 
the * Mensuration of Surfaces.* 

rnc. Mftth. B 
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Example. -Filul the volume of a semicircular vault, the span 
of which iH = 20, and its leii;,^th-60 feet. 

/It r. *7854 X 20“x J-T 157 08, 
and V = AU -- 1 57 *08 x 60 = 94*24 *8 ciihic feet. 

Exercises 

1. Find the cuhic content of an elliptic vault whose span is=30, 

heij'ht= 12, and lenj^th-CO feet. . . . =16964 '64 culnc feet. 

2. Wliat is the cuhic content of a (lothic vault, its span heinj? 
=24, the chord of each arch =24, and the distance of each arch from 
the middle of it.s chord = 9, and the lenj^th of the vault =30 feet? 

= 17028-1218 cubic feet. 

515. Problem II. -To find tbe surface of a vaulted roof. 

UiiLE.™ Multiply the length of the arch hy the length of the 
vault. 

Lcto! = thc length of the arch, f=that of the vault, and s = the 
surface; then.s'=<(/. 

Exam I' liK.— What is the siirface of a semicircular vault, the 
span of which is = 20, and length -60? 

rt^7r/-.r.-3*1416x 10 = 31-416, 
and .s’=o/ =31 '416 x 60= 1884 06. 

Exercises 

1. Wliat is the surface of a circular vaultc<l roof, the span of 
w hich is = 60 feet, and its length = 120 feet ? = 1 1.309-76 square feet. 

2. Find the surface of a vaulted roof, its length and that of its 

arch being =106 and 42 ’4 feet. . . . =499 '38 square yards. 


DOMES 

616. A dome with a polygonal base and circular arches, whose 
radii arc equal to the apothem of the base, is called a polygonal 
spherical dome. 

517. Problem III.— To find the cubic contents of a dome. 

Rule. — Multiply the area of the base by two- thirds of the 
height. 

Let 6 = the base, 7i=the height; then V=SM. 

Example.— -What is the solidity of a liexagonal spherical dome, 
a side of its base being =20 feet? 

Hero 6=ix6sA=3x20x/i=60/< (Art. 267), 

and V=|6/i=|60/i«=40A*; 
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and for (lig. to Art. 266) ACB is in this case iin equi- 

lateral triangle, and AC = s, AF = A^, and CF = /<, also CF’* 

hence V = 40Vt = 30jf2=30 x 20-— 12000 cubic feet. 

Exercises 

1. Find the content of a spherical dome wliose circular hose has 

a diameter = 30 feet =7068*6 cubic feet. 

2. What is the content of an octagonal dome, each side of its 
base being = 40 feet, and its lieiglit = 42 ^ct ? = 216313 *53 cubic feet. 

518. Problem IV. -To find the surface of a dome. 

Kulk.-- Wbon the dome is liemispheiical, its surface is twice the 
area of the base ; or, .y = 2 x •78.">-lfA’. 

When the dome is elliptical on a circular base, multiidy twice 
tbe area of the base by the height, and divide the product by the 
radius of tbe base ; the (juotient will be the surface. 

In other cases, multiply double the area of the base by the height 
of the donie, and divide the product by the radius of the base for 

an approximation to the surface ; or s~^~{2bh). 

Example - -Find the surface of a hexagonal spherical dome, 
each side of its base being- .30 feet. 

Here h -- r, and 5 = 2/> = 2 x 30'* x 2*698 = 4670*4 s<| uare feet. 

EXKIU'ISKS 

1. How many square yards of painting arc containe<l in a bend* 

spherical dome = 50 feet diameter? . . =436*3 square yards. 

2. Find the surface of a dome with a circular base = 100 feet 

circumference, its height l)eing=20 feet. . =2000 square feet. 

SALOONS 

519. The vacuity of a saloon is the space contained by a hori- 
zontal plane through the base of the arches, the Hat ceiling, and 
the arches. 

620. Problem V.— To find the vacuity of a saloon. 

Rule. — Find the continued product of the height of the arc, 
its breadth or horizontal projection, the perimeter of the ceiling, 
anil '7854. 

From a side of the room, or its diandeter when circular, take a 
like side or diameter of the ceiling, multiply the square of the 
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remainder by the corre.spondini:' tabular area for regular polygons, 
or by 1 when the room is rectangular, or by *7854 when circular, 
and multiply this product by § of the Iieight. 

Multiply the area of the Hat ceiling by the height of the arch, 
and the sum of this jtroduct, and the two preceding, will l>e the 
content. 

Let A, 6, and p he the height and brea<lth of the arc and 
perimeter of ceiling ; S, s two corresponding sides of the room 
and ceiling ; a' the aims of the ceiling and of corresponding 
tabular polygon (Art. 268) ; and A, H, 0 the three products ; 
then A ~ •7854/^/1 H = g (S - C = ah , and V ~ A + B + C. 

For a square or reiitangular room take 1 for a\ and for a circular 
room take •7854. 

Example.— F ind the cubic content of a .saloon formed by a 
circular (puulrantal arc of 2 feet radius, connecting a ceiling with 
a rectangular room =20 feet long and 16 wide. 

A = *7854^1/) = ‘7854 x 2 x 2 x 56 = 1 75*9.3 
B = §(S-.s‘)VA = H(*20-16)"- xlx 2= 21 -.3.3 
Q-ah, . r- 16x12 x 2 . =384 __ 

Hence V=AfB + C . . =581-26 cubic feet. 

ExKuriSK 

A circular building = 40 feet diameter, and =25 feet high to the 
ceiling, is covered with a saloon, the circular quadrantal arc of 
wliich Is =5 feet radius ; required the cubic contents of the room. 

=30779 ‘46 cubic feet. 

521. Problem VI— To find the curve surface of a saloon. 

Rule.— M ultiply the length of the arch by the mean perimeter. 

Let / = the length of the arc, and /?=the mean perimeter measured 
along the middle of the arch ; then s=pl. 

Example. — The breadth of the curve surface of a saloon is =10 
feet, and the mean perimeter =150 feet ; what is its curve surface? 
tr: 150 X 10= 1500 SqURie fCCt. 

Exercise 

Find the curve surface of a saloon, whose breadth is=8i feet, 
and mean perimeter =164 feet. • . . = 1394 square feet. 

GROINS 

522. Problem VII. -To find the cubic contents of the 
vaeuity of a groin. 
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Rule.— Multiply the area of the base 
product by '904. 

V= '9046/1. 


by the height, and this 


Example.— F ind the vacuity of a square ciicuhir groin, the si(h? 
of its ba.se being = 24 feet, and its height = 12 feet. 

V = '9046/i= *904 X 24® x 12 = 6248*4 cubic f<‘et. 


Exerci.se 

Find the content of the vacuity of an elliptical groin with a 
square ba.se, whoso side is =20 feet, and the height of the groin 
= 6 feet =21 60*6 cubic feet. 


62 : 1 . Problem VIII.— To find the surface of a groin. 

Rule.— M ultiply the area of the ba.se by I* 141 6. 

This rule will give very nearly the surface for circular and 
elliptical groins of small eccentricity. 

6 = 1*14166. 

Example. — Find the surface <»f a circular groin with a .square* 
haso, whose side is =12 feet. 

« = 1*14166=1 1416 X 12® - 164 '30 square feet. 

liXElW^t.SE 

What is the surface of a circular groin having a square base, 
whose side is = 9 feet ? = 92'4696 srpiare feet. 


GAUGING 

524. Gauging is tlio art of mcjusuring the (linicnsicuis a?nl 
computing the capacity of any ves.scl or any portion of it. 

The vessels usually gauged arc casks, tun.s, stills, and ships. 
The dimensions of the three former kinds arc generally taken 
in inches, as the object is to determine the numl)er of gallons 
of liquid contained in them. 

When the cai)acity of a ves.sel is known in cubic incbo.s, 
the number of gallons contained in it could then he easily 
fotind by dividing the capacity by 277*274, the nurnl>cr 
of cubic inches in an imperial gallon. The capacities of 
vessels can bo found by means of the nilos in the * ^lon- 
suration of Solids,* but they can be found more readily by 
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means of certain numbers called divisors, multipliers, and 
gauge-points. 

PRINCIPLES AND DEFINITIONS OP TERMS 

525. For Rectilineal Figures. — The mnnber of cubic iiiclies in 
tlie measure of capacity or rpiantity of any vessel or solid is called 
the divisor for that body. 

The number of cubic inches in the caj>acity being divided by the 
divisor, will give the capacity or quantity in the required denomina- 
tion. Thus, the number of cubic inches in the capacity of a vessel 
being divided by 277*274, gives the number of im])erial gallons ; by 
2218*192, gives the number of imperial bushels. So the number of 
cubic inches contained in a (piantity of dry starch being divided 
by 40*3, will give the number of pounds, for 40*3 is the number of 
cubic inches in a pound of starch. 

520. The reciprocals of the divisors arc the multipliers. 

It is evident that if, instead of dividing by the preceding 
divisors, we multi[)ly by their reciprocals, the results will be the 
same. These multipliers will therefore be found by dividing 1 
by the preceding divisors. 

527. The square roots of the divisors are called gauge-points. 

The gauge-points are just the sides of squares, of which the con- 
tent at one inch deep is the measure of capacity or of quantity— 
that is, 1 gallon, 1 bushel, or 1 pound of starch, soap, tallow, or glass. 

528. lly the content of any given surface at one inch deep 

is meant the content in cubic inches of a right prism or vessel 
whose height or depth is I inch, and base the given surface. 

Thus the content of a circular area is the content of a cylinder 1 inch 
high, whose bivse is the circle ; the content of a square is the content 
of a parallelepiped 1 inch high, whose base is the given square. 

Let V = the volume of a vessel or solid in cubic inches, 
c= II capacity of it in the required denomination, 

?n= II number of cubic inches in the measure of capacity, 
as in 1 gallon, 1 pound, &c., 

. 71= II multiplier, 
y= II gauge-point; 

c=-=nV, for 71=—, 

77i m 

1 = Mit and ff = ; 

V 

® m if 


then 

also 

hence also 
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. 120 . For Circular Areas.— If tln5 number of cubic inches in the 
measure of capacity or quantity Is diviilcd by the number *785308 
or *7854, the quotients are tlie circular divisors. 

Let 7 /i| = this divisor, and r/^the diameter of tlie area; 

then V = ; and hence, — for in. - _ . 

tn in I * *785398 

.530. Tf the niiniV)er *785398 is divided by the number of cubic 
inches in llio measure of capacity or (piantity, the <]uotients arc 

the circular multipliers. 

It is evident that the multiplier is tlie reciprocal of ;y<, ; hence 

C = }lifP, 


531. 4’he square roots of the circular divisors are the circular 

gauge-points. 

The <'au<^c-points are the diameters of circles, of which the 
content at 1 inch deep is the number of cubic inches in the measure 
of capacity or quantity. 






Since when c = l, ~ 1, therefore r/’* -•///., 

tHi nil * ^ 

or 

53*2. Polygonal Areas. — If the number of cubic inches in the 
measure of cai»acity is divided by the tabular areas of polyi^Mms 
(Art. *208), the quotients are the polygonal divisors. 

Thu.s, if a —the area of any rc;.^ular polNj^on, and s its side, 

- M II a similar regular polygon whose side is 1, 
m.j- II poly<;onal divisor. 


then 


til 


« — c— - 


5,3.3. The reciprocals of the divisors are the multipliers. 


[;e c - //.A ■ 


If //a=the multiplier, then 

534. The s<piarc roots of the divisors are the gauge-pointS. 

The gaiigC'poiiits arc the siiles of regular polygons whose areas 
are equal to the number of cubic inches in the measure of capacity. 

For if g,^= the gauge-point, then or 

Hence ni—g.?a^, or g.» is the .side of the polygon, whose content 
is m. 


535. Spherical Areas. — If the circular divisors are increased in 
the ratio of 2 to 3, the results are the spherical divisors; the 
Spherical multipliers are the reciprocals of the divisors ; and the 
spherical gauge-points are the square roots of the divisors. 
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By Art. 631, c =— A, if /i=thc height of the cylinder. Now, if 

(/=the diameter of a sphere, and the divisor, 

•5236r/» 2 •7864^/3 3 

m 3 m :hwj 2 ‘ •* 

And if W;, is tlie reciprocal of /Wg, c-w/f*- 
Also the gauge-point < 73 =\/wi 3 is the diameter of a sphere whose 
volume is=?//#/ 3 . 

.3 3 m 


For = - or m= •5236(73«. 


636. For Conical Vessels. —The conical divisors are three 
times those for cylinders, the multipliers arc their reciprocals, 
and the gauge-points are the square roots of the divisors. 

Tlie reason why the divisors are three times as great as those for 
cylinders is, that the volume of a cylinder is three times that of a 
cone of the same haso .and height. It can also be proved, as is 
similarly done in the [ueceding articles, that the gauge-])oint is 
the diameter of a cone which at one inch of height is equal to the 
measure of capacity. 


637. For Prismoidal Vessels.— If the divisors for rectilineal 
and cylindric ligures are multiplied by 6, the products will be 
prismoidal divisors; their reciprocals, the prismoidal multi- 
pliers ; and the square roots of the prismoidal divisors, the 

prismoidal gauge-points. 


TABLES OF MULTIPLIERS, DIVISORS, AND 
OAUOE-POINTS 

I. FOR PRISM. VTIC VESSELS WITH SQUARE BASES. 


Mtiiisuroa 

Divisors 

Multipliers 

Gauge-points 

Inches in the area of unity, 

1 

1 

1 

Superficial foot, 

144 

*006944 

12 

A solid foot, 

1728 

■000378 

41*57 

Imperial gallon, 

277*274 

•00.3607 

16*63 

II bushel, 

2218*192 

•000451 

47 1 

A pound of lianl soap, . 

27*14 

•036845 

5*21 

II II dry starch, . 

40*30 

•024813 

6*35 

II M green glas.s, . 

12*18 

*082102 

3*48 
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II. FOR CYLINDRIC VI^SKLS 


Measures 

Divisors 

Multipliers 

(taupe-puints 

Inches in the area of unity, 
A superficial foot, . 

A solid foot. 

Imperial gallon, 

II Imshel, 

A pound of hard soap, . 

11 It dry starch, . 

II II green glass, . 

1-27324 

18.3-34 

22(K)lfi 

3.>3 04 
2824*29 

51*3 

15*5 

•78.5.398 

•(K).5454 

-000454 

•tK)2S.33 

-000356 

•02805 

•010491 

■064516 

1-128 

1.3.54 

46*91 

18*79 

5.3-14 

5*97 

7*16 

,3*94 

III. FOR REOULAll 

POLYGONAL PllISMATIO VESSELS 

Measures 

Divisors 

MultipliiTs 

Gau^e-poijits 

PKNTA(H)NAL BASE 




Imperial gallons, 

161*161 

•(X)62a5 

12-69 

II bushels. 

1289 -288 

-(KH)776 

.35-91 

HEXAGONAL BASE 




Imperial gallons. 

KM3-723 

•009.37 

10 -.3.3 

II bushels, . 

8,53*782 

•001171 

29-22 

IlKPTAGONAL BASE 




Imperial gallons, 

76-3()2 

•016106 

8*73 

1 ! bushels. 

610*414 

*(M)1638 

24-71 

OCTAGONAL BASE 




Imperial gallons. 

57 '4-25 

•017414 

7-58 

M bushels. 

459-403 

•(X12177 

21 -4,3 

IV. FOR CONICAL VESSELS. 

Mea.snres 

Divisors 

Multipliers 

GAUf'e-[>oints 

Imperial gallons. 

1059-109 

•000944 

32-54 

»« bushels. 

8472-87 

•000118 

92 049 
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V. FOR SPHERICAL VESSELS 


MoaHures 

Divisoi’M 

Miiltipliiirs 

Gauge-points 

Imperial gallons. 

.529-554 

•(K)1888 

23-01 

II bushels, . 

4236-4.34 

•000236 

65 09 


Vr. PHISMOIDAL VESSELS, FRUSTUMS, OR CYLINDROIDS 


MeaaureH 

Divisora 

Multipliers 

Gauge-points 

WITH SQUARE ENDS 




Imperial gallons, 

1663*644 

*000601 

40-79 

II bushels, . 

13309 15 

•000075 

115 -.36 

WITH CIRCULAR ENDS 




Imperial gallons. 

2118-217 

•000472 

46*02 

It bushels. 

16945 74 

•00(X)59 1 

1.30-17 


538. Problem I.— To gauge regular rectilineal and circular 
areas one inch deep. 

UuLE. — Find the square of the side or tlie diameter in inches, 
and multiply or divide it by the proper multiplier or divisor for 
the regular ligure. 


c= - = c=— or c-~ 


f/2 


m 


VI 


Vy(P. 


Example.— Find the content of a square cistern whose side is 
= 108 inches in imperial gallons. 


Or, 


108 ’^ 
r7-274 

c=n^= -003607 x 1083=42072. 


c = - = V =42 067. 

VI 277274 


Exercises 

1. ' If the side of a square is =49 inches, what is its content in 

imperial gallons ? =8*66. 

2. What is the content of a regular octagon whose side is = 150 

inches in imperial gallons ? =391*8. 

3. Find the content of a circular tun in imperial gallons, its 

diameter being = 72 inches =14 *684. 
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539. Problem II. —To gauge areas one inch deep. 

Hulk.— F ind the superlicial content, and divide or multiply it 
by the proper divisor or multiplier, for the required denomination. 

Example. — Find the area of a rectangular cistern in imperial 
bushels, its length and breadth being -7‘2 and 42 inches. 

_V 72x42 

ExEinn.SKs 

1. Find the content in pounds of hard soap of an oblong vessel, 

its length being — 201, ainl its breadth — 60 inches. . . —444*36. 

2. Fin«l the area of a triangular ve.ssel in imperial gallon-s, its base 
being = 100 inches, and the jjcrpendicular on it - 80 inches. 14*426. 

3. Required the content of a jiarallelogram in pounds of hard 

soap, the length being = 84 inches, and the perpendicular breadth 
- 32 inches -90 04. 

4. What is the area in imperial bushels of a trapezoid, the parallcd 
sides being=60 and 145, and the perpemlicular breailth = 80 indues? 

- 3'69S. 

5. Find the area of a qua<lri lateral in pounds of dry starch, one 

of its diagonals being = 80, and the pcrpemliculais on it from the 
opposite angles being =24*6 and 14*4. .... —38*7. 

6. What is the areji in imperial gallons of an oval lignre \vhos<^ 

transverse diameter is = 85 inches, ainl six e<|uidistant onlinates, 
whose common distance is =15 inches, being in order 40*6, 44*3, 
50*4, 50*1, 42*7, and 38*2, and two .segments at each end, whose 
bases are the extreme ordinates, and heights = 5 inches, and nearly 
of a parabolic form ? - 13*22. 

540. Problem III.— To find the area of an ellipse when 
its two axes are given. 

Rule.— F ind its area by the rule in Art. 428, ami divide or 
multiply it by the proper divisor or factor, and the result will be 
the required area ; or. 

Find the pro<luct of the axes, and multiply or divide it by the 
circular factor or divisor, and the result is the area. 

Exerclsk-s 

1. Find the area of an ellipse in imperial gallons, its axes Ijeing 

=99 and 75 =21*03. 

2. Find the content of an ellipse in imperial gallons, its axes 

being = 108 and 75 =-22 947. 
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541. Problem IV. — To gauge solids whose bases are 
regular figures. 

Rule.— F ind the cubic content; then multiply or diviiie it by 
the proper multiplier or divisor correspondinj; to the required 
measure or weight ; or, 

Multiply the square of the given side or diameter ]>y the depth, 
and divide or multiply the product by the proper tabular divisor or 
multiplier for the given Itgiirc of the base (Art. 5.37). 

V 

If V=the volume, c= or c=ti\. 

m 


Example.— F ind the content of an octagonal prism in imperial 
bushels, its side being -GO inches, and depth -75. 

By Art. 369, V=4-8284 x 60^ x 75= 1.303668, 

, V 1.30,3668 , , 

and c = ^ , n = 5^7 -7 bushels ; 

iti 2218*19 

or c = = *002177 x 60^ x 75 = 587 *79 bushels. 


EXEKOtSKS 

1. Find the content in imperial gallons and bushels of a vessel 

with a square bottom, each side being=,30 inches, and its depth 
= 40. ........ =129*83 and 10*236. 

2. What is the content in imperial bushels of a cylindric vessel 
whose diameter is =48 inchcvS, and depth = 64 inches? 

=52*2 bushels. 

3. Find the content in imperial bushels of a regular pentagonal 

prismatic vessel, aside of its base being = 54 inches, and its depth 
=80 inches, =180*94. 

4. Find the content in imperial gallons of a conical ves.sel, the 
diameter of its base being =27 inches, and its height =60 inches. 

=41*3. 

5. What is the content in imperial bushels of a pyramidal vessel 

who.se base is a regular hexagon, the length of its side being=40 
inches, and the heiglit of the vessel=72 inches? . . =44*96. 

6. Find the content of a conical vessel in imperial gallons, the 
diameter of its base being =60 inches, and its height =60 inches. 

=203*9. 

7. What is the content in imperial bushels of a pyramidal ve.ssel, 

whose base is a regular octagon, its side being =105 inches, and its 
depth= 120 inches? =960*5. 


^ 542. Problem V.—To find the content of a spherical vessel. 

Rule.— F ind the volume of the sphere, and multiply or divide 
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it by the proper multiplier or divisor for the required ineasurc or 
weight ; or, 

Divide or multiply the cube of the diameter by the corresponding 
tabular divisor or multiplier (Art. 527). 

Exekcisks 

1. Find the content of a spherical vessel whose diameter is = 34 

inches in imperial gallons =74*2. 

2. Find the content in imperial bushels of a spherical vessel 

whose diameter is = 68 inches = 74 *2. 

543. Problem VI.— To find the content of a spheroid. 

Rule. — F ind its volume, and multiply or divide it by the pwper 
multiplier or divisor for the required inestsure or weight ; or. 

Multiply the square of the e<[uatoiial diameter by the polar 
diameter, and divide or multiply the product by the divisor or 
multiplier for spherical vessels. (See Art. 447.) 

For, if h is the equatorial <liameter and a the polar diameter of 
a spheroid, and a the <Uameter of a sphere ; v the volume of the 
spheroid, and w' that of the sphere ; 
tlien (Art. 447), v = -5236^<62, and ?’' = '5236rt3; 
ami hence v : = 

from which the rules are evident. 

KXKUCISK.S 

1. Find the content in imperial gallons of a prolate spheroid, its 

polar diameter being = 72 inches, and its equatorial = 50. =339*0. 

2. AVhat is the content in imperial bushels of a prolate spheroid 

whose dianietei’s are = 70 and 90? =104*1. 

544. Problem VII. — To find the content of a frustum of a 
cone or pyramid, or of a prismoid or cylindroid. 

Rule.— T o the areas of the ends add four times the area of the 
middle section ; multiply the sum by one-sixth of the height, and 
tlie product is the volume. Divide or multiply the volume by the 
proper divisor or multiplier for the given denomination, and the 
result is the content. (See Art. .389.) 

V=]^A(B + ft-f'4M). and orc = wV. 

For regular figures, to the squares of a side of each end add four 
times the square of the side of the middle section, multiply the sum 
by one-sixth of the height, and this protluct by the multiplier for 
the coiTesponding prisnioidal vessels ; 

c = iA{E*-f€3-f4e'«}»; 
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in wliich E-a side of tlie greater end, €=a side of tlie less end, 
<;' = J{E + c}, and « = the prismatic multiplier for the form of the 
base, or the cylindrio miiUipUer if the frustum he that of a cone. 

Examples.—!. Find the content in imperial gallons of a vessel, 
^vl^ch is a frustum of a square pyramid, the sides of its ends being 
= 78 and 42 indies, and its deptli=60 inches. 

V = 10(78* I- 42* + 120*) = 222480, 

V 222480 

and 277^^74 ~ imperial gallons. 

2. What is the content in imperial gallons of a frustum of a 
regular hexagonal pyramid, the sides of its ends being = 72 and 
48 inches, and its depth =72 inches? 

It is found that V =682400-28 cubic indies, 

V 

and c = — =2461 1 imperial gallons. 

1 1 ere n = 00937, and V = i/<( E* + c* + 4^') A', 

or c = X 72(72* + 48* + 4 x 60*) x -00937 

= 12x21888x 00937=246l-09 imperial gallons. 

Exercises 

1. What is the content in imperial gallons of a frustum of a 

square pyramid, the sides of its ends being =52 and 28, and its 
depth =36 indies? =213*996. 

2. What is the content in imperial gallons of a frustum of a 

regular hexagonal pyramid, the sides of its ends being =54 and 
36, and its depth = 48 inches? =922*9. 

3. Find the content in imperial gallons of a frustum of a 
rectangular pyramid, the sides of its greater end being =36 and 
16, those of its smaller end =27 and 12, and its depth = 80 inches. 

= 128*12. 

4. WJiat is the content of a conic frustum in imperial gallons, 

the diameters of its ends l)eing=44 and 16, and its depth =40 
inches? =109*39. 

5. What is the content in imperial gallons of a vessel of the 

form of an elliptic cone, the diameters of one end being =48 and 42, 
and those of theother=40 and 34 inches, the corresponding axes of 
the ends being parallel, and the depth = 30 indies ? . = 142*55. 

The contents of other solids can be found by determining their 
volumes by the usual rules, and then dividing by the proper number 
for the required measure of quantity. The contents of many solids 
of rather irregular figures can be calculated by means of the tirat 
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and second rules of Art. 485, >vliicli may also be used for regular 
figures, as portions of conoids and spheres. 

545. Problem VIIL—To gauge mash-tuns, stills, and other 
brewing and distilling vessels. 

Divide the ves.sel into small portions by means of planes parallel 
to its base ; find the areas of the middle sections of these portions, 
and multiply these areas by the corresponding depths of the por- 
tions to which they belong : the products are the volumes of the 
portions, and the sum of these volumes is the whole volume ; 
divide the whole volume by the number corresponding to the re- 
fjuired measure or weight, and the result is the requiretl content. 

The vessel is divided into portions of 6 or of 10 inches de«*p, 
according as the sides are more or less inclined; and so that the 
ditlerence of the corresponding diameters of two successive mi^hlle 
sections may not differ by more than 1 inch. 

When the vessel is nearly circular, cross — that is, perpendicular 
—diameters are taken at the middle of any portion, and the mean 
of them is considered to be the diameter of a cylinder of the same 
depth as that portion, whose volume is nearly equal to it. In 
this case the volumes of the ditferent portions are calculated as 
cylinders. 

Kxamplk.— F ind the content, in imperial gallons, of an under- 
back, the form of which is nearly the frustum of a cone, from 
the following dimensions, the cross diameters being measured at 
the middle of the several portions into which the vessel is divided, 
their depths being those in the lii-st column ; — 


iV'pth 
<»f rortiuiis 

of 

MifMlt; Sections 

(’loss Diann-tors 

Mean 

8 

4 

70 

68-8 

69*4 

10 

13 

72 

72*2 

721 

10 

23 

73-6 

73 -.5 

73*5 

10 

33 

74 

73 '8 

73*9 


The whole depth is 38 inches. The area to 1 inch deep of the 
middle section of the first portion is found thus : — 

« - rf* m = 69 4* 4- 353 04 = 1 3 64. 

In the same manner, the areas to 1 inch deep for the other middle 
sections is found to l»e, in order, 14*73, 15*3, 15'47 ; and each of 
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these being multiplied by the depths, and the sum of the results 
taken, it will be the content as under : — 

For the 1st portion, content = 13*64 x 8 = 109*12 
„ 2iid .. .. ==14*73x10=147-3 

„ 3rd » u =15*3 X 10= 153*0 

„ 4th .. „ =15*47x10= 154*7 

Content of vessel in imperial gallons = 564*12 

It is usual to construct a table containing the contents of a 
fixed vessel, as of a mash* tun or still, for every inch in depth. 
The contents for the first inch of depth from the bottom of the 
preceding vessel is 15*47 ; for two inches, it is the double of this, 
or 30-94 ; for three inches, it is three times this, or 46*41 ; and so 
on. For the area of each of the first ten inches, it is 15*47 ; for 
each of the next ten inches, it is 15*3; and a. table is thus easily 
constructed. 


Exercises 


1. Find the content in imperial gallons of a flat-bottomed copper, 
the mean diameters at the middle of four portions into which it is 
divided by horizontal sections being as under : — 


Depth of Tort ions 
ill liiclios 

12 

10 

10 

10 


Mean Dianioters of their 
Middle »Sectiun8 

54-4 

51*9 

49*6 

47*3 


Whole depth =42 

Content in imperial gallons = 310. 

The bottoms of coppers are seldom flat ; they are generally 
rising or falling — that is, convex or concave internally. The 
content of a vessel with a rising or falling crown, as the bottom 
is in this case called, is found by calculating, as in the preceding 
example, the content above the centre of the crown when it is 
rising, and then adding the content of the space contained between 
the bottom and a horizontal plane touching its crown, from which 
the depth of the vessel is taken. The content of this portion is 
most easily found by measuring the quantity of water required to 
fill it, till the bottom is covered. A similar method is adopted for 
a falling crown. 

2. Find the content of a still, fi*om the dimensions below, the 
uppermost portion being considereil a frustum of a sphere, the 
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croa* iUainelei‘8 at its two ends being given, and also those at the 
iniiKlIe of other four portions, the quantity of water required to 
cover its rising crown being 35 gallons : — 


of Portions 

Cross Diameters 

Content In 

1 Inches 


s 

Iinperiiil (iallons 


f27 

27 1 


8 

155*2 

r>4*8} 

43*5 

9 

69-8 

60*2 

91*77 

9 

63*8 

64*4 

104*74 

9 

64 

64*6 

105*4 

10*5 

62 

62*4 

115*07 


45*5 = whole depth. = 495*52. 

648. When the sides of the vessel arc sloping and straight, 
though the vessel be circular or oval, if two corresponding 
diainetei‘8 at the top ainl bottom are measured, those at any 
intermediate depth are easily found. Thus, if c denotes the 
exces.s of the top diameter above that at the bottom, and if h 
is the depth of the vessel, and h' the depth of any other |>lace, 
reckoning from the bottom, and e' the excess of the <liamctcr 
there above the bottom diameter ; then 

h : h'=e : c\ and > 

e! being thus found, if it is added to the bottom diameter, the 
result is the diameter at the given depth. If A'— 10 inches, then 
e* is the diflerence of diameters for every 10 inches ; ami the 
<liametcrs for every 10 inches of depth are therefore easily foiind^ 
The cross diameters are computed in the same manner ; and then 
the content at every inch of depth can l»e found and registered in 
a table. 


CASK GAUGING 

547. Casks are usually divided into four varieties : — The first 
variety is the middle frustum of a spheroi<l ; the second, the 
middle frustum of a paralmlic spindle ; the third, two equal 
frustums of a paraboloid united at their bases ; and the fourth, 
two equal conic frustums united at their bases. 

The rules for calculating the contents of the middle frustums of 
circular, elliptic, and hyperbolic spindles are too ditlicult for the 
purpo.ses of practical ganging, and they are therefore omitted in 
treatises on this subject. 

When the cask is much curved, it is considered to Mong to the 
first variety ; when less curved, to the second ; when still less, to 

Pnu lUth s 
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the tliircl ; and when it is straight from the bung to the 1»ead, 
to tlie fourth variety. 


First Variety 

54B. Problem IX.— To find tbe content of a cask of the 
first or spheroidal variety. 

Kulk. — To twice the square of the bung diameter add the 
square of the head dianieter, iiiu1ti{dy the siini by the length of 
the cask, and divide tlie product by 1059*108, and the quotient 
is the content in imperial gallons, the dimensions ])eing all taken 
in inches ; or, 

C = (2112 + H2)L -f 1059*108, 

where H, 11 are the hea<l and bung diameters, and L the length of 
the cask. 

iVo/c. "Tins is just the rule given in Art. 449 in the fii*st 
case ; only, instead of multiplying by *2618 or ^ of *7854, 
and then dividing by 277*274 for imperial gallons, the divisor 
1069*108 is taken, which is 3 times the divisor 353*030 for circular 
areas. 

Exami’LK.— W hat is the content of a cask whose bung and head 
diameters are -32 and 24, and length =40 inches ? 

0 = (2I12 f TI2)L^ 1059*108 = (2 x .322 + 242) x 40+1059*108 
= (2048 + 576) X 40 + 1059*108=99*1 imperial gallons. 

Exercises 

1. Find the content in imperial gallons of a cask whose bung 
and head diameters are = 30 and 18, and length =40 inches. =80*2. 

2. What is the content of a cask whose bung and head dia- 
meters are =24 and 20, and length =.30 inches ? . . =43*97. 


Second Variety 

649. Problem X.— To find the content of a cask of the 
second variety. 

Rule.'— T o twice the square of the bung diameter add the 
square of the he.ad diameter, and from the sum subtract ^ of the 
square of the dillerence of these diametei*s ; multiply the remainder 
by the length, and the proiluct, divided by 1059*108, will give the 
content in imperial gallons. 

0 = {2B2 + H2 - |(B - H)2}L + 1059*108. 
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The rule in this case is the same as that in Art. 473, which is 
easily reduced to this form. 

Example.- — L et the dimensions of a cask of second variety 
he the same as those given in the example for the lirst variety, to 
lind its content. 

C-{*2132 t IP- g(B- H)2}L^ lOoO lOS 
= (2 X 322 + 24-‘ - g X 82) X 40 1 059 i08 
— (2624 - 25 ‘6)40 -r 1059-108 - 98-1 imperial gallons. 

Exkkcises 

1. Find the content of a cask whose hung and end (lianiet<M's 

are = 48 and 36, and length = 60 inches ;i3l-24. 

2. What is the content of a cask whose hung and head tlia- 

metei-s are = 36 and 20, ami its length = 40 inches? . . *109-14. 

Third Variety 

550. Problem XI. —To find the content of a cask of the 
third variety. 

ItrLK. -Add the square of the hung diatneter to that of the 
hentl iliameter, multiply the sum hy the length, and diviile th<^ 
proiluct hy 706-0724 for its content. 

C = ( 132 ^ -r 706 -0724. 

The formula is the same as that in Art. 446 ; only, instead of 
multiplying hy ^ x -7854, and dividing hy 277*274, the equivalent 
<livisor 706-0724 is used. 

Example. — W hat is the content in imperial gallons of a cask 
of the third variety, of the same dimensions as that in the example 
for the first variety ? 

C = ( B2 + H2) L -r 706 -0724 = (322 ^ 242 ) x 40 -f 706 0724 
= ( 1024 r 576) X 40 ^ 706 0724 = 90 64. 

Exercisk-s 

1. Find the content of a ca.sk whose hung and heatl diameters 

are = 30 and 24, and its length = 36 =75-26. 

2. What is the content of a cask, whose hung ami hea<l dia- 
meters are =29 and 15, and its length =24 inches? . . =36*2.3. 

Fourth Variety 

551. Problem XII.— To find the content of a cask of the 
fourth variety. 

UuLE. — Add together the product of the hung and head 
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diameters, and their squares; multiply the sum by the length, 
and divide the product by 1059*1086 for the content. 

C = (B2 f BH + H2)L 10591086. 

For this is the formula of Art. 386, except that, instead of the 
factor *2618 or J x *7854, and tlie divisor 277*274, the equivalent 
divisor 10591086 is taken. 

Example. — Find the content of a cask of the fourth variety, 
whose hung and head diameters are=32 and 24, and length 
—40 inches. 

C = (B2 + BII + mh -r 1059 1086 
= ( 1024 + 768 + 576) x 40 ^ 1059 *1 1 = 89 *43. 

Exercises 

1. What is the content of a cask whose bung diameter is =32 

inches, end diameter- 18, and length = 38 inches? . . =69*04. 

2. Find the content of a cask whose diameters are =40 and 20, 

and length = 50 inches =132*2. 

MEAN DIAMETERS OP CASKS 

552. The mean diameter of a cask is llte diameter of a 
cylinder of the same length, who.se capacity is equal to that 
of the cask. 

The mean diameter may be found by means of the following 
table, the con.struction of which is this If the bung diameter be 
denoted by 1, and the head diameter, divided by the bung diameter, 
be denoted by H, the conteiits of the four varieties of casks will 
be expresseil by 

i(2 + H-), *(8 + 4H + 3lP), ^(1 + H2), ^(l + H + H®), 
multiplied by •7854L; but if D= the mean diameters, the contents 
are also exprease<l by *7854 OTj ; hence, as each of the above 
expressions x •7854L is equal to the last, therefore these expres- 
sions themselves are = D® for the four varieties, or D for these 
varieties is equal to the square root of each of them. For example, 
when H = *5, then, for the first variety, D=\/i(2 + H*) = *866 ; 

which is the number under the first variety in the following Table 
opposite to ‘5 or H. In the same manner, all the other numbers 
in the Table are found, for H = *51, *52, *53,... up to 1. The 
nuiubei’s marked H are just the ratio of the bung to the head 
diameter, and the numbers under the different varieties are the 
mean diametei's when the bung diameter is=l, and the ratio H is 
its head diameter. 
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TABLE OF MEAN DIAMETERS WHEN THE mJN(; 
DIAMETER 18 = 1 


H 

Firit 

Variety 

Sec«>»d 

Variety 

Third 

Variety 

Fourth 

Variety 

H 

First 

Variety 

SctMlnl 
V»i. lely 

! Third 
i Varlet y 

1 Fourth 
i Variety 

•50 

•8660 

•8465 

•7905 

•7637 

•76 

•9270 

•9227 

■8881 

•8827 

•51 

•8680 

•8493 

•7037 

•7681 

•77 

•9296 

•9258 

•8044 

•8874 

•52 

•8700 

•8520 

•7970 

•7725 

•78 

•9324 

• 9‘>90 

•8967 

•8922 

■53 

•8720 

•8548 

•8003 

•7769 

•79 

•9352 

•9320 

•9011 

•8970 

•54 

•8740 

•8576 

•8036 

•7813 

•80 

■ 9 ;«o 

•9352 

•9055 

•9018 

•55 

•8760 

•8605 

•8070 

•7858 

•81 

•9409 

•9383 

•9100 

•9066 

• 5 B 

•8781 

•8633 

•8104 

•7902 

•82 

•9438 

9415 

*9144 

•9114 

•57 

•8802 

•8662 

•8140 

•7947 

•83 

•9467 

•9446 

•9189 

•9163 

•58 

•8824 

•8690 

•8174 

•7992 

•84 

•9496 

•9478 

•9234 

•921 1 

•59 

•8846 

•8720 

•8210 

•8037 

•85 

•9526 

*9510 

•9280 

*9260 

‘GO 

•8869 

•8748 

•8246 

‘8082 

•86 

•9556 

•9542 

•9326 

•9308 

•61 

•8892 

•8777 

•8282 

•8128 

•87 

•9586 

•0574 

•9372 

•9357 

•62 

•8915 

•8806 

•8320 

•8173 

•88 

•9616 

• 9()()6 

*9419 

•9406 

•63 

•8938 

•8835 

•8357 

•8220 

•89 

•9647 

•9638 

•9466 

•9455 

•64 

•8962 

•8865 

•8395 

•8265 

•90 

•9678 

•9671 

•9513 

•9504 

* 6.7 

•8986 

•8894 

•8433 

•8311 

•91 

•9710 

1 -9703 

•9560 

•9553 

•66 

•9010 

•8924 

•8472 

•8357 

•92 

•9740 

•9736 

•9608 

•9602 

•67 

■oou 

•8954 

•8511 

•8404 

•93 

•9772 

■9768 

'9656 

•9652 

•68 

• 90 f )0 

*8983 

•8551 

•8450 

•94 

•9804 

•9801 

•9704 

•9701 

•69 

•9084 

•9013 

•8590 

•8497 

•95 

•9836 

•9834 

•9753 

•9751 

•70 

•9110 

•9044 

•8631 

•8544 

•96 

•9868 

•9867 

•9802 

• 98 ( K ) 

•71 

•9136 

•9074 

•8672 

•8590 

1 -97 

•9901 

•mo 

■9851 

■9850 

•72 

•9162 

•9104 

•8713 

•8637 

•98 

•9933 

•9033 

•9900 1 

•9900 

•73 

•0188 

•9135 

•8754 

•8685 

•99 

•9966 1 

•9966 

•0950 j 

•9950 

•74 

•9215 

•9166 

•8796 

•8732 

TOO 

1 0000 1 

1 -mjo 

I mH ) i 

1 - 00 (XI 

•75 

•9242 

•9196 

•8838 

• 8780 , 


1 

1 

1 



Problem XIII ~ To find the capacity of a cask 
of any of the four varieties by means of their mean 
diameters, found by the Table. 

Rule. — Divide the head by the bun" dinmebn*, and find llie 
quotient in the column marked H in tlie Talde, and opposite to it 
and under the proper variety is the mean diameter (»f a similar 
cask, whose bung diameter is 1. 

Multiply this tabular mean diameter by the given bung diameter, 
and the product is tiie required mean diameter, the square of 
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wliicli, niiiltiplied by the length, ainl the pvo<bict, divided by 
353*036, or multiplied by *0028325, is tlic content in imperial 
galluiiM ; or, 

C = D2L4353*036, or C - •t)028325I)H.. 

For, if D=:thc mean <Uanieter, the content is 

C ^ 4- 353 036. 

Instead of thi.s divisor, the corresponding multiplier may be use<l, 
and then 

C= 0028325D2L. 

Example. — Find tlie content of a cask of the first variety, whose 
diameters are = 30 and 24, and length = 36 inches. 

H = |J = *8, and opposite to *8 is *938 = 0'; 
then I)= HD' =30 x *938 -28*14, 

and C= *0028.325 D‘^L= *0028325 x 28 14‘^ x .3() = 80*7. 

ExKitrisK 

What ar(! the contents of each of four casks of the four varieties, 
their diameters being =32 ami 24, and length = 40 inches? 

For the first, 99*1 ; for the second, 98*11 ; for the third, 90*62 ; 
and for the fourth, 89*44. 

CONTENTS OP CASKS WHOSE BUNG DIAMETERS AND 
LENGTHS ARB UNITY 

564. The contents of casks may be more readily computed by 
means of a Table of the contents of casks whose bung diameters 
and lengths are = l. 

Let D' have the same meaning a.s in the prece<ling problem— 
that is, let it denote the numbers in the preceding Table under the 
difTerent varieties, which are just the mean diameters of casks 
whose bung diameters are 1 and head diameters H ; also, let C' be 
the contei»t of a cask whose mean diameter is D'and length 1, and 
which may be called the standard cask ; then 

C' = D'»L'x^^*^^ = D’*-r363U36, for L' = l. 

Hence, if the numbers in the preceding Table are squared, and the 
square divided by 353*036, or multiplied by *0028325, the results 
will be the contents C' required. The following Table can thus be 
constructeil from the preceding one. Thus, for example, when 
H = *75, then, by the preceding Table, D' for the second variety is 
*9196, and 

C'=D'* 4- 353*036= *9196*- 353*036= *0023954, 
which is just the capacity opposite to *75 in the following Table : — 
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TABLE OF CONTENTS IN IMFEIOAL OALLONS OF 
STANDARD ( ASKS (V 


11' 

First, Vari<*ty 

Secoiiil Vaiifty 

'I’hinl Variety 

Fidiith Variety 

•50 

•0021244 

•0020300 

■0017704 

•0< 11 65-23 

•51 

•0021340 

00-20433 

■(X)178.17 

•0016713 

•52 

•0021437 

•0020567 

‘0017993 

•(H)16905 

•53 

•0021536 

•0020702 

•(K)I8l4l 

■IH) 17098 

•54 

•0021637 

•0020838 

•0018293 

•0017-294 

•55 

•0021740 

•(K)20975 

•(K) 18447 

•0017491 

•56 

•0021845 

•0021114 

•fH)l8604 

•(M)17690 

•57 

•0021951 

0021-253 

•0018764 

•(K> 17891 

•58 

•002-2060 

•0021394 

•0018927 

•(X) 18094 

•59 

•0022170 

•0021536 

•0019093 

•0018-299 

■60 

•00-22283 

•0021679 

•0019-261 

•(X) 18506 

•61 

•0022397 

•00218-23 

•0019433 

■(K)18715 

•62 

•0022)13 

•0021968 

•(Ki 19607 

00189-25 

•63 

00-22631 

•0022114 

•(Mil 9784 

•1H)19138 

•64 

•0022751 

•002-2-262 

•fMn9964 

001935-2 

•65 

•002-2873 

00-2-2410 

•(K)-20147 

•(XH9568 

•66 

•0022997 

•00-2-2500 

•(K)-20332 

•(K)19786 

•67 1 

•0023122 

•(H)‘2-2711 

•(K 1-20521 

•0O-20(X)6 

•68 

•0023250 

•0022863 

•<H)-2071-2 

■00-20228 

•69 

•00-23379 

•0023016 

•(H)‘20906 

•(X)‘20452 

*70 

•0023510 

•0023170 

•(J021 103 

•002f)678 

•71 

•0023643 

•00-23326 

•0021302 

•(X)‘2(XX)5 

•72 

•0023778 

•0023482 

•00-21505 

•0021135 

•73 

•0023915 

•00‘2:i640 

•0021710 , 

•0021366 

•74 

•0024054 

•0023799 

•0021918 

•(K)21599 

•75 

•0024195 

•0023954 

•(X)-2-2l‘29 

•(X)-21834 

•76 

•0024337 

00-24120 

•(X)‘22343 

•(Xe207l 

’77 

•0024482 

•0024-282 

•0022560 

•0022310 

•78 

•0024628 

•0024445 

■0O-22780 

•(X)-2-2551 

•79 

•0024777 

•0024610 

•fK)-23002 

•0022794 

•80 

•0024927 

•0024776 

•0023227 

•(H)23038 

•81 

•0025079 

•0024942 

■00*23455 

•(X)23285 

•82 

•0025233 

•0025110 

•0023686 

•0023533 

•83 

•0025388 

•0025279 

00239-20 

•0023783 

•84 

•0026540 

•0025449 

•0024156 

•0024035 

i 
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H' 

First Variety 

Second Variety 

Tliird Variety 

Fourth Variety 

•85 

•0025706 

•0025621 

•0024396 

•0024289 

•86 

•0025867 

•0025793 

•0024638 

•0024545 

•87 

•0026030 

•0025967 

0024883 

•0024803 

•88 

•0026196 

•0026141 

•0025131 

•0025063 

•89 

•0026.363 

•0026.317 

•0025381 

•0025324 

•90 

•0026532 

•0026494 

•0025635 

•0025588 

•91 

•0026703 

•0026672 

•0025891 

•0025853 

•92 

•0026875 

•0026851 

•00261.50 

•0026120 

•9.3 

•0027050 

•0027032 

•0026412 

•0026.380 

•94 

•0027227 

•0027213 

•0026677 

•0026660 

•95 

•0027405 

•0027396 

•0026945 

•00269.3.3 

•96 

•0027585 

•0027579 

•0027215 

■0027*208 

•97 

•0027768 

•0027764 

*0027480 

•0027484 

•98 

•00279.32 

•0()*27950 

•0027765 

•(KV27763 

•99 

•00*28138 

•m)28l.37 

•0028044 

•0028043 

100 

•00283*26 

•0028326 

•0028326 

•0028326 


555. Problem XIV.— To find the content of a cask by 
means of the Table of Contents of Standard Casks. 

Divide the head hy the bun«^ diameter^ and find tlie quotient in 
the cohiiiiii If, aiul opposite to it and uiuler the proper variety is 
the content C' of tlie standard cask ; multiply this tabular content 
by the square of the biiiij' diameter of the given cask, and this 
product by the length, both in inches, and the result will be the 
required content in imperial gallons. 

For, by Art. 55.S, C = D2L-r 35.3 0.36 ; 
and D«=B2D'a, also (Art. 554) C' = D'2 ^.353 0.36 ; 

hence C-C'BSL. 

Example. — F ind the content of a cask of the fii-st variety, 
whose diameters are =30 and 24, and length = 36 inches. 

= -8 ; and hence C'= 0024927, 

and C=C'B2L= 0024927 x 30* x .36 = 80*7. 

The same answer as that to the example in Art. 553. 

Exercises 

1. What are the contents of each of four casks of the four 
varieties, their diameters being=32 and 24, and length =40 inches? 

The contents will be the same as for the four casks in the 
exercise to the preceding problem. 
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2. Find the contents of each of four ca.sks of the four varieties, 
their diameters being=31‘5 and 24*5, and the length = 42 inches. 

Content for the fii*st= 102*6, the second = 101 *87, the third 
=94-9, and the fourth =93 *98. 

3. What is tlie content of a pipe of wine, \yliose length is =50 

inches, head diameter =22*7, and hung diameter =31 7, the cask 
being of the fii*st variety ? =11910. 


GENERAL METHOD FOR A CASK OP ANY FORM 
556 . Problem XV.— To find the content of a cask of any 
form, by one method, independently of tables. 

Rule. —Add together 39 times the square of the bung diameter, 
25 times the square of the head diameter, and 26 times tlie product 
of the diameters ; multiply the sum by the length, and divide the 
protluct by 31773*25 for the content in imperial gallons. 

C = (.3911^ + 2511^ I 26BII)L + 3I77.3 25. 

Example. — Find the content of a cask who.se diameters are 
= 32 and 24, and length =40 inches. 

C = (39B2 + 25112 + 2811H)L + 31 773*25 
= (39 X 32® + 25 X 24® + 26 x 32 x 24) x -10 + 3 J 773 *25 
=93*5 imperial gallons. 


Find the content 
length =60 inches. 


Exercise 

of a cask whose dbiincters are -.36 and 48, ami 

. 315*7. 


Or the capacity in imperial gallon.s of anj cask may Ikj found as 
follows : — 

Let D, f/= inside diameters at the heads, B = in.side diameter at 
the bung, and L the length, all in inches ; 
then the capacity in iinpeiial gallons 

= *00141621.(0 -r^fB®). 

The buoyancy in pounds equals ten times the cap.acity in gallons 
minus the weight of the cask itself. 


ULLAGE OP CASKS 

The ullage of a cask is the content of the part occupied by 
liquor in it when not full, or of the empty part.^ Only two cases 
are usually considered — namely, when the cask is lying, or he” 
it is standing. When the ullage of the part filled is foiiml, that 
of the empty part can be obtained by subtracting the ullage found 
from the content of the whole cask. 
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657. Problem XVI. —To find the ullage of the filled part 
of a lying cask in imperial gallons. 

UuLE. — Divide the number of wet inches by the bung diameter, 
and if the quotient is under *5, deduct from it ^ of what it wants 
of *5 ; but when the quotient exceeds ‘5, add | of that excess to it ; 
then if the remainder in the former case, or the sum in tlie latter, 
be multiplied by the content of the whole cask, the product will be 
the ullage of the part iillcd. 

Let VV = FK the wet inches, 

lt = W^B, 

C' = the content of the cask, 

U= II ullage of EBDG, 

I) = R--5; 

then U = (K+iD)C, 

■ ■' using - when R < *5, and + when U > ’5. 

Example. — The content of a lying cask is =98 gallons, the bung 
diameter =32, and wet inches -10; required the ullage of the part 
filled. 

R = W-rB=]l8 ^- -3125, D = -5 - -3125 =-1875, ^D= 0469; 
hence U = ( R - iV)C = ( *3125 - 0469) x 98 = *2656 x 98 = 26 03. 

Let li, L' = the length of the given and experimental cask used 
in constructing the lines S.S. and S.L. on the 
gauger’s rule. 

C, C' = their capacities ; and lienee C'=100. 

U, U' = the capacity of a portion of the given cask when 
lying to be ullagetl, and of a similar portion of 
experimental cask ; 

W, W' = the wet inches for these portions. 

Then L:W = L':W', 

and log. L - log. W =log. L' - log. W'. 

Hence, since the slider for the line 8.L. is a logarithmic line, the 
distance from L to W on it is equal to that from L' to W' ; and 
when L on the slider is opposite to C' or 100 on S.L., W on the 
slider will be opposite to the same number on S.L. that W' would 
be opposite to when L' is opposite to 100 on S.L. ; that is, W 
would be oppo.site to U', the ullage of a similar portion of 
the experimental cask, which is therefore obtained by the above 
rule. 

Again, C' or 100 : C = U': U ; and since C', C, and U' are known, 
therefore U, their fourth proportional, can be found by means of 
the lines A, B, according to the rule in Art. 492. 
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Exercise 

The content of a lyinj' caskis=90, its hunj; (lianieter-36, and 
the wet inches=27 ; find the ullage of the part filled. -73 125. 

558. Problem XVn.--To find the ullage of the filled part 
of a standing cask in imperial gallons. 

Rule. — Divide the nunibei* of wet inches hy the length of the 
cask, then if the quotient is less than 5, subtract frotn it j>art 
of what it wants of *5 ; but if it is greater than *5, add to it ,‘fl of 
its excess above *5; then multiply the remainder in the former 
case, or the sum in the latter, by the content of the cask, and the 
product will be the ullage. 

Let W = GH the wet inches, / ] \ 

R = W^L, ‘ 

and let C, U, and D have the same meaning as in ^ r, ^ 
last problem ; I * i 

then U = (R+^D)C, 

using - when R < *5, and + when R • *5. 

This rule is proved in exactly the same manner as that of the 
jneceding j)roblem. 

Example.— The content of a standing cask is=120 gallons, its 
length = 48, and the wet inches =40; required the ullage of the part 
filled. 

R=W4-L = tg = S = -83; hence D= S, and ,'oD~^ 03. 

Hence U = (R + tiol>)C = C85+ ’OS) x 120= '8(5 x 120= 104. 

Exercise 

The content of a cask is=105 gallons, its length = 45 inches, and 
the wet inches =25 ; what is the ullage of the part lilleil i =58 0. 

MALT-GAUOINO 

659. Barley to le malted in steeped in water in a cistern for not 
less than 40 hours. When sufficiently steeped, it is then removed 
to a frame called a couch-frame, where it remains without altern- 
tion for about 26 hours ; it is then reckoned a floor of malt, till it 
is ready for the kiln. • • i 

During the steeping, the barley swells about J of its origin a 
hulk, or 1 of its bulk then ; after lieing less than 72 hours out of 
the cistern, it is considered to have increased i of its hulk at t int 
time ; and after being out a longer time, it is considered to have 
increased by i of ite bulk then ; and hence the rule in the following 
problem : — 
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560. Problem XVIII.~-Having given the cistern, couch, 
or floor gauge of a quantity of malt, to And the net 
bushels. 

Rule. — M ultiply the ciHtern or couch huBhels hy *8, and the floor 
hiiftliels by §, when it has been out of the cistern for less than 72 
hours, or by i when it has l)een out a longer time. 

Exekoi.se.s 

1. The number of couch bushels of malt is = 420; what are the 

not bushels ? = .330. 

2. If the number of floor bushels, which has been .30 hours out 

of the cistern, is =524, what are the net bushels? . . =.349J. 

3. What is the number of net bushels corresponding to 6.36 
bushels that have been out of the floor for more than 72 hours? 

= 318. 

During the process uf malting, the malt is repeatedly gauged, 
an<l the duty is charged on the greatest gauge, after the legal 
deductions are. made, whether that arises from the measurements 
taken in the couch, frame, or floor. The greatest gauge can be 
determined by the following problem : — 

661 . Problem XIX.— Having given the greatest cistern 
or couch gauge, or the greatest floor-gauge, to determine 
which is the greatest or duty gauge. 

Rule.— M ultiply the greatest cistern or couch gauge by 1*2 if 
the floor-gauge has been taken before the malt was 72 hours out 
of the cistern, or by 1*6 if taken after that time; then, if this 
gauge is greater than the floor-gjiuge, it is to be taken for the 
duty-gauge, otherwise the floor-gauge is to be taken. 

Since the cistern and couch gauges are each to be multiplied 
by the same number 1*2 to obtain the floor-gauge, therefore, in 
this problem, the couch or cistern gauge is to be taken in prefer- 
ence, according as it is the greater. 

Example. — If the cistern and couch gauges, after l)eiiig more 
than 72'hoai*sout of the cistern, are respectively = 131*2 and 132, 
and the floor-gauge =205*2 bushels, which will afford the greatest 
or duty gauge? 

The couch-gauge exceeds the cistern-gauge ; 
hence 132x1*6=211*2. 

So that the couch bushels produce 6 bushels more than the floor- 
gauge. 
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Exercises 

j. Whether will 120 cistern bushels or 146 floor bushels, which 
have been less than 72 houi-a out of the cistern, prmlucc the 
greatest gauge? .... The floor-gange by 2 bushels. 

2. Whether will 145 couch bushels or 230 floor bushels, after the 
malt has been more than 72 hours out of the cistern, ])ro<luce the 
greatest gauge ? , . . The coiicii -gauge i»y 2 bushels. 

562. Problem XX.— To find the content of a cistern* 
couch, or floor of malt. 

Kule. — Make the malt of as nearly a uniform depth as 
possible, then measure the length and breadth, and take a 
number of equidistant depths, the sum of which, divided by 
their number, will give the mean depth ; multiply the length, 
breadth, and depth together, and their product by 000451 for 
the content in bushels. 

If the base is not a rectangle, find its area, and multiply it by 
the depth and by the proper multiplier; or calculate as in the 
previous rules. 

Example. — Find the quantity of malt in a rectangular floor, its 
length being = 48 inches, its breadth =32, and depth, at six different 
places = 61, 5 *8, 6*3, 5*9, 6 4, and 5*5. 

J(61-f5*8 { 6-3 + 5*9-l-6'4 + 5*5) = ix.36--6, 
and c=48 X 32 x 6 x 000451 =4-156 imperial bushels. 

Exercises 

1. What is the content in imperial bushels of a cistern of malt 

whose length and breadth are =160 and 108 inches, and mean depth 
=4-68 inches? 

2. What is the content of a floor of malt the length of which is 

= 280 inches, the breadth = 144 inches, and the depths at 5 places 
are = 21-6, 22-3, 22-9, 23*4, and 23-55? . . . . =413 69. 

3. Find the content of a regular hexagonal cistern of malt, the 
length of its side being =269 inches, and its mean depth =5 inches. 

= 423 6. 

THE DIAGONAL ROD 

663. The diagonal gauging-rod is 4 feet long and *4 of an inch 
square. The four sides of it contain different lines ; the principal 
one of which is a line for im|>erlal gallbns for gauging casks. 

The use of the piincipal line is to determine the content of a cask 
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From thh formula the numljera showing the contents can easily 
Ijo caIcnIatefL 

Thus, to fnul the content C for a diagonal D of 30 inches, 
C=To®(foI>"=T4i^x 30^=6075. 

So that at 30 inches from the end of the rod is placed 60 75 ^r^illon-s 
for the content of a cask w/iose diagonal is 30 inches. In a si/iiiJar 
manner, the other numbers showing the content are calculated and 
marked on the rod. 

Another line on a different side of the rod is maiked Seg. St. 
for ullaging a standing cask. Another side contains tables for 
nIJaging lying casks. The remaining side contains lines for 
ullaging ca.sks of known capacity — as firkins, barrels, &c., either 
lying or standing. 

The diagonal dimeiision can easily be found by calculation when 
the usual dimensions are known— namely, the head and bung 
diameters, and the length. For it is easily perceived, by the 
figure to Art. 557, When a line is drawn through H, parallel to 
EF, to meet BA produced in some point P, that PH=iIi half the 
length, and BP=i(B + H), or half the sum of the bung and head 
diameters HK, AB, and (Eucl. I. 47) 

BH2=: PH* + BP*= (iL)* f { J(B + H)}*, 
or D*=iL*+ JM*, if M=B+H, and D=the diagonal. 

The content obtained by using the diagonal rod will not be vei> 
correct unless the cask be of the most common form— tliat is, 
intermediate between the second and third varieties. 
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BAROMETRIC MEASUREMENT OF EEIQETS 

564, The dilfevence of the heights of mountains, or of 
other situations, can he determined by means of the atmo- 
sj)]ieric pressure at these places ; and the absolute height of 
one of them above tlic level of the sea being known by the 
same or any other method, the height of the others 
the same Jovol is also known. 

The principle on which the method is founded is, that 
when various corrections are made for difference of tempera- 
ture and other variable elements, the differences of heiglits 
are proportional to the differences of the logarithms of ilie 
atmosplieric pressures. 


THE THERMOMETER 

r)65. A thermometer is an instrument for measuring the tem- 
perature of bodies— -that is, their state with respect to sensihle 
Iieat. 

Bodies are found to change their volume with a change of 
temperature, and the former change is adopted as a measure of 
the latter. The volumes of most bodies, for any increase or tie 
crease of temperature, undergo a con esponding expansion or con- 
traction. As the change of volume of Iluids for a given change of 

temj^erature is greater than for solids, they are preferred , 

for the construction of thermometers. J3ut even a iluid 
expands so little for a moderate change of temperature 
that particular contrivances are resorted to to render more 
apparent the real expansion or contraction. The usual 
method is to enclo.se the fluid in a glass vessel, AB, 
consisting of a narrow-bored tube and a liollow bulb, B, 
formed on one of its extremitie.s. Since the capacity 
of the bulb is many times greater than that of tlie 
tube, the rise or fall of the fluid in tlie lube, due to any 
change of volume, will be many times greater than if 
the tube had not a bulb. The fluid employed is coloured 
spirit of wine, or, more generally, mercury; and a graduated 
scale, ED, is attached to the stom to show the expansion. 
Thus, if the upper part, C, of the mercuiy is opposite to 57 on 
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the scale, the temperature is said to be 57 degrees, or 57°. Before 
the scale can be constructed, at least two points corresponding 
to two known temperatures must iirst be found. Two such 
points, called fixed points, can be determined as corresponding 
to the temperature of any fluid when freezing and boiling under 
given conditions. The freezing and boiling points of water are 
generally used. 

There are three different methods in use for graduating the scale 
of a thermometer. When the freezing-point is marked 32®, and 
the boiling-point 212®, the scale is called Fahrenheit’s; when 
the freezing-point is marked 0®, and the boiling-point 100°, it is 
called centigrade ; and when the freezing-point is marked 0®, and 
the boiling-point 80®, it is called Reaumur’s. 

Reaumur’s theriiioineter is not in use in any English -speaking 
country. 

566. Problem I.— To reduce degrees of temperature of the 
centigrade thermometer to degrees of Fahrenheit’s scale; 
and conversely. 

Rule.-— M ultiply the centigrade degrees by 9, and divide the 
product by 5; then add 32 to the quotient, and the sum is 
the temperature on Fahrenheit’s scale. 

From the number of degrees on Fahrenheit’s scale subtract 32, 
multiply the remainder by 5 ; and the product being divided by 9, 
will give the temperature in centigrade degrees. 

Let t =the temperature on Fahrenheit’s scale, 
f = II II the centigrade scale ; 

then f =r32 + g/', and - 32). 

Example. — Find the number of degrees on Fahrenheit’s scale 
cori-espoiiding to 20 on the centigrade scale. 

f = ,32-H<' = .32 + |x20 = 32 + 36 = 68. 

Between the freezing and boiling points, there are on the 
centigrade scale 100®, and on Fahrenheit’s 180°; these numbers 
are proportional to 5 and 9 ; hence for corresponding tempera- 
tures #, V there will be the proportion 

(<-32):f' = 9:6, 

from which the formulae ai'e easily obtained. 

Exercises 

1. Find the number of degrees on Fahrenheit’s scale correspond- 
ing to 25° on the centigrade scale. =77°* 
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2. Find the temperature on Fahrenheit’s scale corresponding to 

14'’ *4 on the centigrade scale -r>7''-92. 

3. Fiml the temperature on the centigrmle scale oorrospomling 

to 80'’ on Fahrenheit’s -20'’ *(5. 

COMPARISON OP DIFFERENT LINEAL MEASURES 

667. Problem II. — To reduce metres to imperial feet ; 
and conversely. 

Rule.— M ultiply metres by 3*2808, ajid the product will he the 
equivalent iiumher of inqierial feet. 

Multiply imperial feet hy *3048, and the protluct will he the 
equivalent iiumhcr of metres. 

Let F = the numher of impmial feet, 

and M— m equivalent numher of metres ; 

then F 3 •2808M, and M = *30481^ 

Example. — Find the numher of imperial feet in 3462 metres. 

F = 3462 X 3*2809 -- 11368 *47. 

Exkiwji.ses 

1. How many imperial feet and fathoms are contained in 6264*6 

metres? -20620*7 feet, or 3420*1 fathoms. 

2. In 7646 metres how many imperial feet? . :.-26082*48 feet. 

OLD AND NEW DIVISIONS OP THE CIRCLE 

568, There are 100 centesimal degrees, called also grades, in a 
quadrant, 100 minutes in one of these degrees, and UK) seeoiitl.s 
in a minute ; this division wa.H used hy some French authors ; 
the nonagcsiinal is the usual division of a quadrant into 90 
degree.s. 

569. Problem III. — To reduce the centesimal degrees of 
an arc to nonagesimal degrees ; and conversely. 

Rule. — From the centesimal degrees subtract them, 

and the remainder is the equivalent numher of nonagesimal 
degrees. 

To the nonagesimal degrees add I of them, and the sum will Ihj 
the equivalent numher of centesimal degrees. 

Let d =the numlrer of noiiage.simal degrees, 

II equivalent numher of centesimal degrees ; 
then d = d' - = -nycf', and d' — d^ Id = 

pne. Math. T 
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The given minutes and seconds, if there are any, are to he 
i-eAwced to the decimal of a degree before applying the rule. 

Examples.— 1. Express 60® 45' 24" of the centesimal division in 
degrees of the nonagesiinal division. 

60*4524 =54® *40716=54® 24' 25*776". 

2. Convert 54® 24' 25*776" of the nonagesimal division into 
grades. 

</'=r^+J<^=:54 *40716^-6*04524 = 60*4524 = 60® 25' 24". 

Exercises 

1. Convert 25® 14' 25*4" of the centesimal division to degrees of 
the nonagesimal division. ..... =22® .37' 41*8,3". 

2. Express 28® 40' 28*64" of the nonagesimal division in terms of 

the centesimal division. ..... =.31® 86' 6*9". 

[In consequence of the 60 seconds and 60 minutes, the word 
scxn^miaal is frequently used instead of rionage.simal.] 


THE BAROMETER 

570. The barometer is an instrument for ineasnring the weight 
or pressure of the atmosphere. Air is an elastic fluid, whose 
density is very scnsitiv'c to changes of pressure or of temperature, 
and is also sensibly affected by the quantity of water vapour 
present, though within the range of natural tempciature this 
quantity is very small. Atmospheric air being a gravitating body, 
the pressure cause«l ])y it on any .surface — as, for instance, a square 
inch — measures the weight of a column of air whose base is this sur- 
face, and whose height extends to the top of the atmo- 
sphere ; and it is found, by means of the barometer, 
that this pressure is, at its me.m state, nearly equal 
to the weight of a column of mercury standing on 
the same base, and having a height of 30 indies. 

If HLS' represent a bent tube with parallel branches 
standing in a vertical position, and open at both ends 
at S' and 'T, then if merciuy be poured into it till it 
stand at H in one branch, it will rise to S' in the other 
to a level with II. But let the luanch TL he closed 
at the top, and let all the air be removed from the 
region HT above the mercury surface, then it will 
he found that the column of mercury MH does not 
require for its support the column in SS'. If the tubes are 
long enough, it will be found possible to retain in the closed 
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tnbc A column of mercury MH alwut 30 incliea lon^% althon^'h llie 
covieapondinpr part SS' in the open hranch is empty of mercury. 
In ahort, the column of mercury Mil is sn])ported by the jiressuro 
of the air on tho .surface S ; and since the wci^dife of a column of 
mercury 1 s<|iiare inch in section and 30 indies hif^li is J4-7 lb., it 
follows that this is the measure of tho atmospheric pressure. A 
round bulb at S, with a small openiiif^ at e, is generally madcj on 
the end of the barometric lube in onler that the snrfaee of the 
mercury in it at S may be mneb j^reater than the surface at il. 
Tlie surface S will con.sequently alter its position very lillle, while 
tho surface II moves up or down over the ran^e of variation 
correspond in to that of the atmospheric pressure, which is only 
between three and four inches. The atmospheric pressure cbaiif^es 
eontinnally from various causes, and tbendore the leiii^'th of the 
barometric column varies accordingly, its mean beif^bt bein;^ from 
29*5 to 30 inclie.s at the sea-levol accordiiij; to locality. 

Since mercury is subject to a sensible variation of volume from 
cliaiij^e of tempera! ure (Art 565), the lenj^tb of the barometri<; <‘o]nmn 
must always lie reduced to \vbat it would be at some stamlaid 
temperature, in order to express exactly tlie atmosj>lieric pressnrt*. 


571. Problem IV.— To reduce the height of the barometer 
for a given temperature of the mercury to its height for 
any other proposed temperature. 

Ki le.— M ultiply the beij^dit of the barometer by lOtMM), iio 
creased bv the excess of the propo.sed iem]>erature above :V2' ; 
.and divide the product by 10000, increased l.y the cxirss of the 
given temperature above 32'’, .and the quotient will be tin; icquiuM 
height. 

Let h i=tbe required height of barometer, 

.1 given height of barometer, 

f •= M temperature for height /<, 

„ u M /i'; 


then 


10000 

'^~i0000-M<' “:i:i)' ’ 


Example.— I f the height of the barometer iK = 30 inclicf wh. n 
the temperature of the mercury 18=62'’, what would its ' 
1 k» for the same atmospheric pressure if tlie tempcratuie o ic 
mercury were = 87 ° ? 

10000 + (« - 32 ) 

'"'--imoW'-m 10020 
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Tlio volume of mercury varies of its volume at zero for 
every change of one centigra«le degree of its temperature, or 
X ff = TflioTr nearly for I Fahrenheit, the cliange of volume 
between the freezing and boiling points being assumed to be 
uniform for a merourial thermometer.* 

Hence, if //, - the height of barometer at 32®, its increase for 

{f - 32) degrees : 

and hence h K 

, , KKKK) -!-(/- 32), 

Similarly, A /,, ; 

A l0000 + (< -32) 

and from this expression the rule is obtained. 

When /, /' arc within the limits of natural temperature, the 
more simple formula. 


and hence 


may be used, where k is the variation of A' for {t-i') degrees. 
The maximum error caused by using this formula will be simply 
•0000 of an inch, if neither t nor t' should exceed 122’, or the 
error is less than inch, or less than the errors of 

observation in noting the height of the barometer. The preceding 
example, calculated by this formula, gives A -30i05. 


Exkucisks 

1. Find the height of the barometer by both formulie for the 
temperature of 8f5®, when its height at 60® is = 30’2 inches. 

= 30*2703 and 30*2755. 

2. If, at the temperature of 87®, the height of the barometer 
was observed to be = 29*75 inches, what would its height be at 
the temperature of 69® by both formub'c? =29*6967 ami 29*6964. 


RELATION OP VOLUME AND TEMPERATURE OF AIR 

572. Problem V.— Given the volume of a quantity of air 
at the temperature of 32^ to find its volume at any other 
temperature, the pressure being the same. 

Multiply the given volume by 9 times the excess of the given 


Blot, Tmiti de Physique^ vol. 1. 
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temi>eiaiiire above 32% and divide tlie product by 4000, and tiio 
quotient will be tlie increase of volume. 

Let ri = tlie volume at 32, 

V = II II the given temperature, 
t — n given temi)erature ; 
then V = j 0 % o(^ - 32)/v 

It could also be j)rovcd, as in the preceding juoblem, that, if r' 
be the volume at the temperature t' t)f the air whose voliinie is 
at 32% 

f0{/'^32) 3712 I tV' 

^ <1 ~ 4000 r0(< - 32) " 37 12 1- 1)^ ' 

Example. — T he volume of a quantity (»f gas at. tin* tempera- 
ture of 32^ was = 1000 cubic inches; what wsis its volume when its 
temperature w’as raised to 02 ? 

- -^2)/’,= 1000 X 20 -- 1000 | 45 
= 1045 cubic inches. 

Air, when heated from 32'’ to any higher temperature, ex 
pands very nearly uniformly that is, for equal incieiucnfM 
of temperature, there are equal increnumts of volume. For 
moderate heights in the atmosphere, the decrease of temperature 
may, for practical purposes, be assumed to he })ro]>ortional to 
the increase of height. Then if /r, is the height of a column 
extending to a moderate height, when 32' is the mean tem- 
perature— that is, the tenipeiature at the midtile ptdnt t>r half 
the sum of the extreme temjMuatures at tin* lowtu- ami upper 
extremities of the column -its height /i, when tin* imsMu temjtera 
ture has any t)ther value (u ‘"in be ft>untl in tluj same manner 
as r found from vq ; or, 

h -- /f'l + 4 00 3 ( % - 32)/< j , 

where = the mean temperature = + f'), if ^ and tlenote the 

teini)eratures at the lower and upper ends of t!ie column. 

Exercises 

1. If the volume of a quantity of air at the temperature of 

freezing is =2500 cubic feet, what would its volume be at the 
temperature of 87® ? -2809*375. 

2. If the height of a column of atmospheric air whose mean 

temperature is 32* is = 5000 feet, wiiat wouhl be its height w'ere 
the mean temperature 57’? =5281*25. 
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MEASUREMENT OP HEIGHTS 

573. In the mejiHurcincnt of heij^hts by the barometer, the 
thorinometer l)y which tlie temperature of tlie air is mea.sure<l is 
called the detached thermometer ; and that by which the tempcMa- 
ture of the mercury in the barometer is measured is called the 
attached thermometer. At the lower and upper stations, whase 
dillerence of level i.s to be determined, the pressure and temperature 
of the air in the shade, ami the temperature of the mercury in the 
barometer, are observed ; and from these observation.s the tliftcr- 
ence of level can be computed. The observations otHght to be made 
during settlcil weather ; ami the best time of the da^ for doing so 
is between eleven and twelve o’clock — the mgriiing and evening 
being unfavourable times for this purpose. 


574. Problem VI. —Given the pressure and temperature of 
the air, and of the mercury in the barometer, at two 
stations, to find their difference of level. 

MkthoI) 1. — IluiiK. Ueduce the barometric column at the upper 
station to its length for the* temperature of the mercury at the 
lower station by Art. 571. 

Find the difference of the common logarithms of this reduced 
column ami that at the lower stiition ; and this difference, 
multiplied by lOtXH), will give the lii’st approximate height in 
fathoms. 

lltNluce this height, considered as the length of a column of air 
at the temperature of freezing, to its length for the mean tem- 
perature of the detachetl (hernionieters .at the two stations by 
Art. 572; and this reduced length, multiplied by 6 , will be the 
second approximate height in feet. 

To this last height add the ,^5 part of the second approxi- 
mate height in fathoms, and the sum is the reijuived height 
in feet. 

Let jjf y>' = the barometric heights at the lower and upper station, 
S and S' suppose, 

I, V «= tlH» tenipeititures of the air at S and S', 

T, T'= II It M mercury at S and S', 

+ t')™the mean value of t and t\ 

<f =T - T' the difference of temperatures of iiiereui'>’, 

3 & the mluced value of p' to temperature T, 

11 first approximate height in fathoms, the second 
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approximate height in fathoms and feet, and the retiuiicd height 
in feet ; 

then Pi =p' + jTg ljsQ(fp\ or L(/ij - - Lcf + Lp' - 4 ; 

A" = l(){)00(4i-L;>,), 

and h = 6{r + ^ &{ - 32)4" } ; 

and A = 

Instead of reducing ;/ to its value at the tomperatnic T, and 
//may both lie reduced to their values at any eoimnoii lernpeia- 
tures, as their ratio will then he always the same ; and iriNleail of 
multiplying the ditterence of the logaiithms of p and //, hy KHHH), 
the decimal jibilit'jnay merely be removed 4 plaei's to the light, 
fu the precedin^'formula, p and ;/ may he (‘xjne^sed in any 
denomination, prQvideil it he the .same; hut the teiinieratures 
are according to Falirenlieit’s scale. 


Example. — Find the diirerence of level hetween two places 
at which the haromelric pressures were oh.served t*) he~.*Jl *72.") 
and 27*84 inches, the temperatures of the air-Oo-To' and 54*2.) , 
and the temperatures of the mercury -60 05' and 50‘7D'. 


hence 

and 


p =31*725, t =a>*75, T =60 05, 
y =27*84, i'=54 *25, T' = 50-75; 

A- =120, (I--. 9 3, 

+ •0001i/i/=27*84+ *0001 xy-3x 27*84 = 27*866. 


Lp . . =1*5014016 

L/>, . . = 1 *4450746 


•0563270, or 563 '27 4" 


0 

“ 32)4" - h63 - 

Then 64 ^ 

AiidtirtOf4, 

Required height 4 . . - 


:i5'47 
59S-74 4, 
.3592*44 --4' 
5 99 

3598*43 feet. 


575. The preceding rule has been derived from the formula 
4= 18336(1 + 

in which the coefficient is expressed in metres, uml the l«mipera- 
tures on the centigrade scale, and p^Pu are tlie haromelric heigdiU 
reduced to a common temperature, iis in the preceding article. 
When reduced to imperial fathoms the cocdlicient is=lf)025 very 
nearly, and iMjcomes on Fahrenheit’s scale ^.y-32, when* 

^ssthe sum of the temperatures of the air; also (Art. 572) 
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must be useil for or xAff '* ijiiy x i(^ + ^')» or TTftn)(^ + ^'), 

becomes 4 o’oo{i* “ ^^2}, ami the formula is 

h - 10025{ I + , o ( is - 32)}( l.p - L;>i). 

The term multiplied by 10000, will ^ve tbc approxi 

mate height in fathoms to within the whole at its mean value, 

and the result is therefore h”. To h" is then to he added the term 
- 32)A", and the sum is //j, which, multiplied by 6, will give 
A' the second approximate height in feet. Since 20 = 4 X 0 of 10000, 
there ought now, for the omission of 2.'> in the coellicient, to he 
added to K 4 X 0 of h' to give A. But when the formula is complete 
there is a term in the denominator - 1 - *0027 cos 2/,*depen(lent 011 
the variation of gravity with the latitude /, land fSr the mean 
latitude of Britain, or M ' 30', this term is nearlj '^^ 1 aVa ; hence 
the coellicient ought, for this latitude, to he re<luce<l about xVotj 
part and increased 4 X,, ; and 1 a'rtd = , 1 X 0 ; that is, the whole 

increase of h! ought to he nXn part of h\ or merely jXo of is to he 
added to /t' for the re<iuircd height in feet. 

'Fhe preceding method is aj>plicahle, with suflicient accuracy, for 
the height of any mountain in Great Britain. In other cases one 
of the two following methods must he used : — 

576. Method 2. — 'J’he second method is by means of Tables 
containing the logarithms of all the possible values of the terms of 
the formula for every integral value of .v, rf, and /, the latitude. 
This method is the most sijople, concise, and expeditious. 

UlTI.K. * -Using the same notation os in the last method, o))po8ite 
to the value of d in Table II. liiid the value of B ; then let 
U = L/> V-B. 

'riien, opposite to the value of a- in Table I. Iind the value of A ; 
and opjwsite to the latitude I in Table III. find the corresponding 
value of C ; and let 

U' = A + C + L.K. 

When the height does not exceed two or three thousand feet, the 
value of A' thus found will he sulliciently correct ; hut when the 
height is considerably greater, find in Table IV. the number of 
thousands in A', denoted by n in the hrst horizontal line, and under 
it is a correction c ; also, when the value of s is ditlerent from 64, 
find its value in Table V., in the first horizontal line, and under 
it is a number A*, which, multiplied by n, gives a second correction 
c'=7ik, and then the required height is h—h' + c + c\ 

577. When the lower station is .some thousands of feet above the 
level of the sea, a third correction c" will l>e found by multiplying 
the value of A*i in Table VI., which corresponds to w', the number 
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Of thousands in this height, by «. the nu.nlK^r of thonsan.Is i„ 

tho product by 10; that is 

c Ihis correction is always nd.litive, and 

h=h' + c + c' + c". 


TABLE I 
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TABLE IV 



Example. — F iml the jiltitmle for the ohsrrvations in the c\!iM)j>le 
of the lii-st method, supposing the latitude to be = 55'*. 

2> ^31-725, t =6575", T =60 05", 
y=27*84, <^ = 54-25" , T'=ri0;75", 
lienee . . ,s=120, d — 0*3, and ^ = 55''. 

Jj,p . . =1-50140 And . L.K = 2 75(74 

L.y . . =L44467 vV^ 4 -80584 

•05673 C = 0 00060 

B=: *00040 Therefore, L. A' = 3 *556 18 
Hence, . . . H='^33 And. . A/- 3500 

By Table IV., the value of c . . 0*6 

II II V^. , II II d . . — *6 

Therefore, A = 3009 -2 

Had the lower station ]>eeii 6lKX> feet above llie levtd of the sea, 
it would have Iwjen iicces.Hary to add to this value of h tlie eorrec* 
tion from Table VI. ; nanicly, under a' = 6, multiplied by 

1*0 x3*6, and then the value of h would have been 
3609-2 + 2-l = 36ll-3. 

The value of A' = 3599 is just tV » ^<^>1 j^reater than that found 
by the first method. But as the formula in the first method is 
adapted to the latitude 54" 30% liad the latitude in the exaiiipie 
been assumed considerably ditfereht> the results wtuihi alwj have 
differed considerably. Whmi either the latitude differs consider* 
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ably from 54® 30', or the height excee<l8 three or four thousand feet, 
the second or third method must be used. 

578. Method 3. — Tlie altitude may also be computed indepen- 
dently of the preceding Tables, and with equal accuracy, though 
witli more calculation, by means of the complete formula, 


601G0 9 

1 - 0027 cos 2/* ^ 4000 * ^ 




in which h is expressed in imperial feet, is = A.9-32, is the 


reduce<l value of p* (Art. 571), and r is the raditis of the earth in 
feet at the lower station. The quantity h in tlie hist two factors 
may, without sensible mror, be taken equal to the approximate 
value of //, as found from the two preceding factors. 


Tlie above formula is that given by Poisson, with merely an adap- 
tation to imperial measures ainl to Fahrenheit's scale ; but p and p^ 
may be in any denomination provided it is the same in both cases. 


579. Principles of the Method. - It is proved in the principles 
of pneumatics that if the altitudes, reckoning vertically from the 
surface of the earth, are taken in arithmetical progression, the 


pressures of the air are in a iliminishing geometrical progression, 
supposing the temperature uniform, and the tension of the vapour 
in it proportional to the pressure. Now, at the height hy let the 
pressure be 

and let hy h + ky . . h-\-nk . . [1], 


and py rpy r'^p . . , r"p . . . [2], 

be an arithmetical and a geometrical series, such that any term 
in the latter (as r^p) denotes the pressure at the height, denoted 
by the corresponding term of the former (as h then the 


dill'erence between any two terms of the former series will be pro- 
portional to the dill’erence of the logarithms of the corresponding 
terms of the latter. 


For let a be such a numlier that and let m be such a 

quantity that /t - m/*-, then the term A-m/*:of series [1] has corre- 
sponding to it the term in [2], and the unit of measure of 

pressure being assumed equal to that corresponding to a height 
4 = 0 — that is, to h~vik — it follows that and therefore 

p=zr^n^ = But since h — mlCy therefore nk = nhlmy 

and consequently = «*+»•*-'"» = p . = r**p ; and hence if 

h~\j,p for the aystem whose base is a, then is 4-fn/*;=L'. 


for the same system. 

If A 4- n'k and r*^'p are another two corresponding terms of these 
twoeeries, it is similarly proved that 
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and therefore if the lieij^hts h vni: and are denoted hy A, 

and /< 2 , and the pressures r»y>, i by and p.,, then is 

//2 - Ai = IV. p.x - IV. Pi* 

And, .since the logarithms of the same niimhers in diHeient 
systems are always proportional, if L denote conmion logaiitliiiis, 
then tliere is some number M', such that if N is any number, 
L'.N = M'L.N; hence 

//2 - A, =]Vr(L./y, -L.;a^). 

As the pimsures diminish while tlie heights increa.sc, the ex- 
ponents of a — that is, the logarithms -will be negative; but this 
circumstance does not aH'ect the preceding reasoning. 

By means of this formula, then, the ditlerence of level of the 
two .stations could be computed, were tbe air always in the same 
state, and the mercury in the barometer at the freezing-point of 
water. But as this is not the case, the valm* of the pressure 
must be corrected, as in Art. 571, which intr«)duces tin* term 
p4^ + iuoTra^^)» where Again, the mean temperaluie 

of the air being different from 32, the column of air must be 
corrected for this temperature = 32 (by Art. ru2)’, aiul 

hence the factor (lH'?u®ofVi) is formed. Again, the hnce of 
gravity at the mean latitmle 45^ being considered 1, at 
any other latitude I it is iei>rescnted by 1 - ■(K)27 (*os 2/, 
and this expression in the investigation b(‘comes a factor of 
the denominator. The same investigation introduces also the 
last factor of the formula (1 +A/r) and the term preceding it, 
or 2L(l+A/r). 

When the higher station is situatc<l on a nearly level surface, 
such as tableland, and its height above the level of the .sea i.s 
required, instead of the fraction A//’, only 5A/8/- is to be taken ; 
and for an in.sulated mountain, ^A/r would probably be more 
correct than A/r. The fifth of the following exercises affords an 
application of the former rem.ark. 

When the term A/r of the formula, .and that depending on the 
latitude, are omitted, and the coefficient increased from lS,3.3(j 
metres to 18393 metres— that is, from 10025 fathoms to KKHiO— 
the results obtained will be sufficiently correct, if they do not 
exceed seven or eight thousand feet. This coefficient was empiri- 
cally determined by Ramond, from numerou.s barometric and 
trigonometric measurements of niountains in the Pyrenees. The 
formula is then 


10060(1 + ” ^Pi)’ 
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This coefficient, however, is rather large for the mountains and 
latitude of Ilritain. 

580. The iiuniher M', wliich is termed the barometric modulus, 
is found by combined observation ,and theory to be 18336 metres, 
or 10025 fathoms nearly, supposing the temperature that of freez- 
ing, and tlie air in a medium hygrornetric state. As the mean 
temperature of tlu^ two stations, however, is generally considerably 
above freezing, ami the hygrornetric state indicates move than a 
medium Immi<lity, the air will be of less s])ecific gravity tlian if it 
contained only the mean quantity of water vapour at freezing; and 
if tho consequently greater expansion of the aerial column is not 
taken into account, the computed altitudes will bo rather less than 
the real, an<l at an average by about -gl-^ part. The expansion 
from this cau.so can be computed by means of tho principle ex- 
plained in Art. 572. But tho diminution of tho temperature in 
ascenfiing is greater nearer the earth, and consequently the mean 
temperature will exceed the temperature at the mean 

height. Were only tho half of a degree too great, the excess of 
the computed ahckvo the true height would be about ^ Jo part of the 
latter. It appears, then, that those two errors, being of opj>osito 
kinds, tend to compensate each other. 

In conseipience of these two sources of error, great heights would 
bo more accurately determined by taking observations at inter- 
mediate stations, and computing separately tho diirorence of level 
of every two succeeding stations. 

In tho following exercises, the heights in Britain are computed 
by the first two methods, and the corrections, from Table IV, are 
aildeil to the heights found by the first method. 

Exercises 

1. Find the height of Arthur Seat from these observations 

At Leith Pier tho height of tho barometer was =20 *567 inches, 
attached thermometer = .55 •25”, detached thermometer = 54” ; on 
the summit of Arthur Seat tho barometer was =28 -704, attached 
thermometer = 51*75”, and detached thermometer = 50*5” ; and 
f=66” =801-3 feet. 

2. Find the height of tho Erzegeberg, near Ilfeld, from these 
observations : — 

p =326-5 lines, T =7*6”, t =7*8”, 
y =317*8 .. T'=6-4”, P=6-2”, and /=51” ,34'. 

The height of the barometer is expressed in French lines, and the 
temperature in Reaumur's scale =724*6 feet. 
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3. Required the height of Ben Lomond from these data ; - 

p =30*295 inches, T =75*5% t -75*5'’, 

^/=27-064 I. T'=60*r, ^ = 60*2", and /=r)0\ 

The height of the summit above the upper barometer -llial is, 
above the surface of its cistern— being =2 feet, I lie height of tlu’ 
lower barometer above the lake =2 feet, and the lieight of the 
lake above the Rea=32 feet , . . ~3isr3. or 3182 0 feet. 

4. Find the height of the Pie de Bigorre from these ol)soi vations, 
the temperatures being on the centigrmie scale 

p =73*558 centimetres, T =18*C2;T, t =19*1 25’, 
y = 53*72 „ T'= 0 * 7 .r, r - 4^aml/ 43^ 

• 8579*9 feet. 

The altitude of the Pic de Bigorre was found trigonometrically 
by Rjimond to be=2613i37 metres, or 8573*4 feet, or 0*5 feet less 
than the preceding result. 

5. Required the height of Guanaxuato from these ohservations 
matle by Humboldt : — 

Ceutiiiietres Centii^radi? DpjjroftH 

p =76-315, T =< =25*3", 

;3'=60*095, T' = <'=21*3, and f = 2r. 

The height is 684G’2 feet ; but if only I of the correction c + cMs 
taken (Art. 579), the height is=(>838'4 feet, which is -8 feet 
more than the height found by Poisson ii. 031). 

6. Required the height of Mont Blanc from these ohservations 
of Saus.su re : — 

Freiicli Inclie.s On Rfiauiimr’s Scale 

p =27*207, T =^ = 22 0’, 

/?' = 16*042, T' = /'=“ 2 ;r, and / 45 45'; 

tlie summit of the mountain being = 3*3 feet above the upper 
station, the lower station = 116*6 feet above the Ijuke of (•emjva, 
and the lake = 1228*8 feet above the level of the sea. 

The height iR = 15818*l feet. The same found geometrically 
by Corabeuf is = 15783, or 35*1 feet les.s. 

7. Find the height of Chimborazo from these observations of 
Humboldt 

Centimetreii OntlRnwlfl Degrees 

p =76*2, T =25*3°, t = 25*3°, 

y=37*727, T' = 10°, <'=- 1*6°, and / = r 45'; 

the height of the summit above the upper station being =2f)00 feet. 

=21293 feet. 
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MEASUREMENT OF DISTANOES B7 THE VELOCITY 
OF SOUND 

581. Since the velocity with which sound passes through 
the atniospliero has heeu determined with considerable pre- 
cision, at least to witliiii about a two-hundredtli part, tlie 
formula expressing that velocity can therefore be employed 
to determine the distance of the source of any sound, such as 
the report of a gun or a peal of thunder. All wo need to 
know is the time elapsed between the Hash of the powder 
or of the lightning and the perception of the sound. But 
tliis time can easily ]>e found ; for the velocity Avith wliich 
the light of the flash is conveyed (namely, 186,000 miles 
per second) is so great compared with the rapidity of the 
propagation of sound, that the time required for tlie former 
conveyance is practically insensible ; and therefore the time 
elapsed between the perception of the flash and the per- 
ception of the sound is just to be reckoned the time 
required for the propagation of the sound alone. 


SOUND 

Velocity of sound in air at 32” F. . . 1090 feet per second. 


II 

II 

water 

= 4900 

M 


It 

II 

wet sand . 

= 825 

M 


II 

II 

contorteil rock 

= 1090 

n 


II 

II 

discontinuous granite 

-= 1306 

II 


II 

II 

solid granite . 

1664 

M 


II 

II 

iron .... 

= 17500 

If 


II 

II 

copper 

= 10378 

M 



II 

wood . = 1 1000 to 16700 

M 



Distant sounds may be heard on a still day : — 

Human voice, 160 yards. 

Rifle, 5350 „ 

Military band, .... 5200 n 

Artillery — fleld-guns, . . . .35000 n 
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582. Problem.— Given the time reauired for the convey- 
ance of sound from one place to another, to determine 
their distance. 

Ui'LK 1. — To 1090 a<l(l the proOiiot of ri4 inultiplioO hy the 
exces^s of the temperature al)ove of Fahrenheit’s seule, or .sub- 
tract it if below 3‘2“, ami the sum or OiOereUce multiplied hy tlie 
.seconds in tlie j'iven time will he the distance in feet 

Let ti~t- 3*2, t hein^ the temperature of ilie air, 
and w=:the required velocity ; 

then i;= 1090 f 1*1 4^,. 

Also, let # = the numher of seconds ohserveil, 
and d— u require<l distance in feet ; 

then d~vt. 

583. Kulk II. — If much accuracy is not required, the velocity 
of sound may ho considered a.s eon.stant and -11*25, the velocity 
obtained from tlie preceding; formula, for 6‘2.^'. 

For let fir=:62| - .32-30 75, 
then ?; = 1090+1 14 x 30 75=1125 nearly. 

Example. — Find the di.stance of a ship, having observed that 
the report of a gun fired on boanl of it was heanl 10 seconds after 
the tliuili was seen ; the temperature of the air hedng 62". 

Here f, - 52" - 32" =20", ami t -10s.; 
hence w --= 1 090 4 - M 4 x 20 =. 1 09< 1 + 22 8 = 1 1 1 2 8, 

and = 1 1 1*2*8 x 10 = 1 1 1 28. 

584. When there is wind, it will aflect the velocity of the convey, 

ance of sound. If the direction of the wiml is perpemlieular to the 
direction of conveyance of the sound, it will not malerially allect 
this velocity ; although it is found hy experiencf* that, from some 
peculiar influence, it is sensibly altered. If /- the inclination of the 
direction in which the wind is blowing to the direction in which the 
sound is moving, 'i;' = the wind’s vehicity, and r" the alteration pro* 
duced on the velocity of the sound hy the wiml, t lien it is easily i>rove<l 
that r': v' — J : cos /, and v*' — v' cos i ; 

and hence hcconies cos i. 

When tt>90" its cosine is negative, anti v liecoines v~v'\ These 
conclusions assume that the wind alters the vcdocity of soiiml hy 
the quantity of the constituent of its motion, reckonctl in the 
direction of the stmnd ; hut it is found by experiment that this is 
not strictly the case. 

The above rules have been dcfluced from a great variety of ex- 
periments made by different philosophers ; see Herschers Treatise 

Pne. Matli. U 
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on Round in the EnmfcloptBdia MettopoUtana. The velocity of 
Botitul is also sliglitly Effected by the hygroinetric state of the 
atinosplicrc, but the results can only be taken intd Account iti 
delicate philosophical cxperinients. 

Exercises 

1. Eind the distance of a thiirnler cloud when the time elapsed 

between the Hash of lightning and the iliunder is — 6 seconds (by 
Art. 583) =1 mile 490 yards. 

2. An echo of a sound was reflected from a rock in 4 seconds 

after the .sound, the temperature of the air being — 60’; required 
the di.staiicc of the ruck and the velocity of the sound by the first 
method. . . . The velocity — 1121*92, and tlistaiice - 2243*84. 

3. Eind the velocity of sound for a temperature =^69’, and the 
distance of a gun when the sound is heard 12 seconds after seeing 
the flash. . Velocity = 11.32*18, and di.stance -: 13.586*16 feet. 

4. When the temperature of the atmosphere was ==25" centigrade, 
a peal of thunder w’as heard 13 seconds after seeing the fla.sh ; find 
the velocity of the sound and the distance of the thunder in miles. 

Velocity — 1141*3, and distance — 2*81 mile.s. 


MEASUREMENT OF HEIGHTS AND DISTANCES 


585. Problem I.— To find the diameter of the earth when 
the height of a mountain and the depression of the horizon 
from its top are given, supposing its form to be spherical. 
Let ADII be the earth, AB the height of the mountain, and BH 



a line draw’ii from it to the horizon at H. 

Measure AB, the height of the mountain, 
ami the angle of depression of H, or its com- 
plement ABH. 

Draw AT and BR perpendicular to AB ; 
draw HC from TI to the centre C of the earth, 
and produce the vertical BA through C to D. 

The atigle HBK of depres.sion of H at B 


being known, its complement ABH = 90“-HBR is known. 


In the triangle ABT, right-angled at A, the side AB and angle 


B are known ; hence find AT and BT thus : — 


AT 

AB 



=sec B. 
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But AT=TH; 

hence BH - BT + TH - BT + AT. 

Then in the triangle BCII, Bil in known, and nkso angle B; 

licnce fiinl CH thus: — jjjj — 1*^** J being now found, the 

diameter AD -‘2I1C. 

Kxami'LK. -If from a point 2 miles above the surface of a globe, 
the angle <»f dcpressi<iii <if the horizon was found to be -=»2“ 2', 
re«pnre<l the diameter of the globe. 

Angle ABIl -IXr HBH ~ 90 - 2" 2' 87“ 58'. 

1. To And AT and BT in triangle ABT 
T., tan B 87" 58', = 1 1 *4497317 L, sec H 87' 58', . - 1 1 

L, AB2, . . =: (»*:10103(K) L, AB2, . . - 0 .3010300 

11*7507617 11*7510352 

10^^ 10 

L, AT 56*33284, . ^1 *7507617 L, BT 56*368.34, ^ 1*7510352 

and BlI-A'r+BT-^ 112 7012. 

2. To And CH in triangle BCH 
L, tan B 87' 58', .... - 11*4497317 

L, Bll 112*7012, . . . . =r 2*0519285 

13*.50166<12 

10 

L, OH 3174*39 r- 3*5016602 

And diameter A 1) -2011^6:448*78. 

Kxkrcisk 

If the height c»f the Peak of Tenerifle is — 12350 feet, and the 
depression of the horizon from its summit - 1" 58' 10", rerpiired the 
diameter of the earth. "7914*826 miles. 

586. Problem II. — Tlio converse problem may now 1)0 easily 
solved —namely, To find the height of a mountain when 
the depression of the horison from its summit and the 
diameter of the earth is giireil. 

For in the triangle BCH, right-anglc4l at H, the side CII, the 
earth’s radius is known, and also angle OBH the complement of 
the depression, and hence CB can l^e computed. 

Then AB = BC - AC = require«l height. 
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BBFRACTION 

387. The elevation of objects at a considerable distance is sensibly 
in<;ieased by atniospberic refraction ; for instead of a ray of light 
from any object moving in a straight line through the atmosphere, 
its path deviates a little from a rectilineal direction, and in ordi- 
nary states of the air it is a curve line, the concavity of which is 
turned towards the earth. 

Thus, let BS be the altitude of a mountain, then ifs summit S 
is seen from a point A, by means of a ray of light moving in a 
ciirvilineal direction SCA ; and if AS' is a 
tangent to this eurve at A, the summit S 
will appear to be at S'; so that its apparent 
altitude exceeds its real altitude, or its angle 
of elevation is increased by the angle 
SAS', supposing AS joined by a straight 
line. 

In a similar manner the point A, when seen from S, appears to 
lie in the direction SA', and the real angle of dei)ression HSA 
oxcee<Is the ai)parent depression HSA' by the angle ASA'. 

The distance of the horizon,.seen from any point above the earth’s 
surface, is greater in consequence of refraction than it would be 
were there no refraction. The former may be called the actual, 
and the latter the tangential distance of the horizon. 

When the actual distance of the horizon is known, the tangential 
distance is fouiul by subtracting of the former from it ; and when 
the tangential distance is known, the actual distance is found by 
adding itself to it. 

Hence, also, a height just visible at Jt given distance when 
there is refraction would be lower than one just visible at the 
same distance when there is no refraction. Therefore, if a 
height be calculated by the preceding method (Art. 586) when 
the actual distance is given, the height thus computed must be 
diminished by about ^ part of itself in order to obtain the true 
height. 

68a Problem III.— Given the diameter of the earth and 
the height of a mountain, to find the distance of the visible 
horizon from its summit when the effect of refraction is 
considered. 

Let S be the summit of the mountain, E the earth’s centre, 
AB its surface, and A the horizon seen from S, supposing no 
refraction. 
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In the triangle ASK the shle ES is known, for KSr^KRt RS, 
and ER and RS are known; also the side AE is known; and 
angle A is a right aingle ; henee liinl angle E, 
and then AS; then if of AS he added to it, 
the sum is the visilile distance of the hoiizon. 

ExamIM.K. - (Jiveii the height RS of a nioun' 
tain S4.)0 feet, and the diameter of the eaith 
71M‘2 miles, to find the distance of the horizon 
from its summit. 

RS -- 8400 fc‘et 7 5 » ^ m i les . 1 1)( 1 1 T) ; 
hence ES - ER -t- RS -- x Toil* f l OOl o - -0015. 



1. To find angle E 2. To find AS 

L, ES.WCOlo, . 3-59743*21 ■ lu- 

L, EA 3900, . 3 597*2503 , L, .sin E r 37' 48 ", H l54tK)‘28 

j E, ES 3957 0, . 3 5J)743‘2I 

L, cos E 1 37' 48 ", -- 9 9998*242 ' 1., AS 1 12*57, . *21)514349 

The distance may also Ihj found thus (Euel. 111. .30) : 

Let I) the earth’s <liameter, 

then AS-' - RS(D + RS) 1 -6015(791*24 1 001.5) -= 1 0015 x 7913*0015 ; 
hence AS- v 12073 03*28 -= 1 1*257. 

The tangential distance of the horizon AS - 112-57 

4- AS - JO 23 

The actual distance . . . . ~l-2’2*8 


Exercise 

At what distance from the Hiimmit nf Mount Etna is the apparent 
horizon, the heiglit of the mounUiin lxjing= 10903 feet ? 

= 139-840 miles. 

.^9. Problem IV. -Given the distance at which a moun- 
tain is visible at sea, to find its height, the diameter of 
the earth being 7912 miles. 

From the givi-n distance deduct ^ of it, and the remainder will 
he AS (fig. to Art. 588) ; then in the triangle EAS, EA, the radius 
of the earth, is known, and AS is given ; hence angle E and ES 
can l>e found. Then RS = ES- RE is known. 

Example.— I f the distance at which a mountain is visible at 
sea l)e= 180 miles, requiretl its height. 

The tangential distance of S from the hori7.on is less, or 
= 180-15=165; hence, in the triangle AES, AS must be con- 
sidered to l>e only 165 miles. 
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1. To find angle B 
L, AE 3966, . . = 3-6972563 

L, AS 165, . . = 2 2174839 

10 ; 

L, tan E 2® 23' 1 812", = 8 6202276 


2. To find BS 

L, Mn E, . . = 8-6198604 

10 - 

L, AS 165, . . = 2-217 4839 

L, ES 3959*437 = 3-6976335 

BE := 3966- 

BS= 3-437 miles = 18147 ft. 


Exercises 

1. The distance at which a mountain is visible at sea is = 142 

miles ; required its height =21 43 miles. 

2. The distance at which a mountain is visible at sea is=120 

miles ; reciuired its height =1-862 miles. 


690. It can easily he proved that, if 6, e' are the two angles of 
depression of two distant objects, taken at each other, ainl a the 
angle at the earth’s centre, the refraction, supposing it the same 
for both, and denoting it ]>y r, is found from the formula 

i-c'). 

Thus, if « '-angle at the earth’s centre, found by reckoning T 
for every geographical mile, or 6076 feet, and if it = 40' 20", and 
if c, c' he respectively 20' 12" and 14' 2", then 2r = 40' 20" 
~(20' 12 "h- 14' 2") = 40' 20" -34' 14" = 6' 6", and r = 3' 3", or rather 
more than of n. 

If one of the angles, instead of being one of depression, he one 
of elevation, its sign must he changed. Thus, if e' is an angle of 
elevation, then 

2r—a - ie- c')=rf + - g. 

Any distance on the earth’s surface may he converted into 
angular measure hy allowing 1® for a geographical mile, or for 
69 06 English miles, or 1' for every 6076 feet. 

'riio effect of refraction varies very much with the state of the 
atmosphere. In extreme ca.ses the variation is from to xV ^f f6e 
distance ; hut in ordinary states of the atmosphere it varies from 
iV to of which the mean is By French mathematicians it 
is reckoned at about 079 of this <listance. 

W hen great accuracy is required, small angles of elevation must 
ho diminished or small angles of depression increased hy of the 
distance, or 5" for 6076 feet ; that is, 1" for 1216-2 feet, or 1" for 
every 405 yards nearly. 

691. Another correction is also necessary, when great accuracy 
is required, on account of the earth’s curvature. Thus, if CD 
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the vertica! height of an ohject, aiul AH a hori/ontal line 
from A, the angle of elevation CAH ought to l)o increased 
hy HAD, which is half the angle at the 
earth’s centre, suhtended hy the arc AD. 

Hence half-a-ininnte must he a<lded for every 
GOTO feet of distance, or I 'for every ‘20*J.Vfeet, 
or G7i yards. The angle ADC also exceeds a right 
angle hy the .same ({uantity, or it is:rt9() half 
the angle snhtende«l hy the distance AD. 

Thus, if AD-iViSO feet, or 1 Kngli>li mile, and the angle «»f eleva- 
tion CAH 1*2’ 4', it must he incrcjised hv ',^*'*^*1x1" ‘2G", and it 

■ ‘2tr2'«> 

iKJComes 1*2 4' ‘2G"- angle CAD; also angle AD(’ IM) 0' ‘2(>". 
There an* then two angles of the triangle Al)(’ namely, A and 
D known, and the si<le AD; hene<* (U) can he calculated. Hut 
when C.\H is a small angle it must he diminished, on account of 
refrac'tion, hy 1" for every 40.5 yards, or VoV 1 I'*! '• 

60*2. The following example is here given as an illusl ration of 
the appli<!atinn of lhe.se corrections. 

Kxamim.K.-- (liven the angle of elev.ation - l.V 0", and the distance 
AD ‘2t)‘17 nautical miles, to find the elevation of (• above A. 

The angle (.’AH (»f true elevation is found hy deducting the 
refraction from the ohserved elevation of C above A ; ami as llufie 


are (K) nautical miles in T, therefore 

AD ‘2017 miles *20' 10" 

Hefraction - iV ad, . ... I 41 

Ohserved elevation, .... 16 D 

True elevation (^ AH, .... l.’l 10 

Alsf^ HAD==i(*20' 10"), , . . . -^ 10 6 

Hence CAD ‘2;i 24 


and ADC-=9<t" + 10' T/'^OO" 10' ,6". 



To And CD In triangle ACD 
O ISO’ (A ; DWIHO'-OO’.TT ‘20" SO' ‘20' .31". 


L, eosee C SO ‘20' 31", . 

10-00(H>‘200 

L, sin A 0 2.r ‘24", . 

7 *8.320380 

L, AD 2017, . 

1*3047(»60 

li, CD in nautical miles, 

1*1370661 

L, 6070 feet (in a mile), 

3-78.36178 

L, CD in feet, 

• . . -r ‘2*0212829 

Hence, .... 

. CD=834*‘2. 
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The relative height of the point C above A is tlierefore 834*2 
feet; but if the latter point were, say, 240 feet above the level of 
the sea, then the absolute height of C above the sea would be 
-=834 2 + 240 =1074*2. 

CONCISE FORMULiB FOR HEIGHTS 

693. Tlie distance at which the sunnnit of an object may be seen 
at sea, when its height is known, and the lieight of an object when 
the distance at which its summit can be seen at sea is known, may 
be found more simply tims : — 

Let 1) =tlie diameter of the earth, 
h — n height of the object, 

e/ = II distance at sea at which the summit of the object is 
visible ; 

then = = 

Now, A'-* will be very small compared with DA, for A is so com- 
pared with D. If A were 3*956 miles, it would just be 
of D, and the error produced on the value of by rejecting 
tl»e term A‘^ would just be part of A in defect. The formula 
then becomes 

and also 

When d is 100 miles, it would give an error on the value of A of 
about part in excess. When A or d is less, the errors are also 
less. 

The formula may be simplified by taking d in miles and A in feet ; 
then since = = ^ nearly, 

therefore and A=^c^, 

where the denomination of d is miles, and that of A is feet. 

Since 5^J} = 1*4985, and ^ = 1*5, therefore i is too 

great. The value of d^j therefore, in miles will be too great by the 
part of A in feet ; and the value of A in feet will be about the 
pait of d^ in miles too small. 

The former simplification makes errors on the values of d and A 
respectively in defect and excess, and the latter in excess and 
defect ; and they thus to some extent compensate each other. 

694. AVhen the summit of one object is just visible from that of 
another, the line joining them being a tangent to the surface of the 
sea, the distance at which each of the objects separately is visible 
must be calculated, and the sum of these is the whole distance at 
which they are mutually visible. 

Thus, if AB is a lighthou.se, just visible from the mast £ of a 
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Bhip, the wliole distance EK, or DCA, is just the sum of the 
distances DC and CA. Now, the liei^ht DE being given, tlio 
ilistance CD can be found; and AB being g 9 

known, CA can be calculated ; ami hence the 
whole distance DCA can be found. 

The formula d^=\h gives the value of were there no refrac- 
tion; and if to this value of is ailded |’, of itself, the result will 
bo the value of </, increased by the eflect of mean refraction. So 
the formula A- i(<f*gives h too great when t! is the aj»parent dis- 
tance; and if of d is subtracted from d, tin* formula, with 
this reduced value of f/, will give the corrected value of A. Or the 
formula becomes, with this reduction, h~~l{d - 
nearly, and ff- - gA ; and h — Also, since a “ f; and Itf- J 
x -^A=:jA, therefore the formula A gives a value of A about 
I of itself less than the other, or h = ld~. 

Examples. — 1. At what distance can an object -‘24 feet high be 
seen at sea ? 

% x24 = 36, and d-i\ miles. 

This is the distance were there no refraction ; but the distance is 
increased I'l lefraction ; hence the corrected ilistance-C'So miles. 

( )r, (P - Ih -- 1 X 24 -- 43*2, and d = 0 'oj. 

2. From what height will the horixon bc^l2 miles distant? 

A - X 12’^ — 90 feet. 

But refraction makes it visible i\ farther ; hence A must be 

less, 

or A -3(</ - |'^y = Sxn*=80-6 feet. 

Or, /j^S(f-=Sxia“=.80feet. 



CrUVATUnE and hkkhaction 


D 

C 

C-u 

; 

I) 

C 

C K 

1) 

C 

C-K 

, 

•66 

•o7 

« 1 

24- 

20-57 

12 

06 

82 

2 

2-67 

229 

7 1 

32*67 

28 -Of) 

14 

130 

112 

3 

6* 

5-14 : 

8 ' 

4267 

36*57 

16 

170 

146 

4 

10-67 

914 ! 


54- 

46*3t) 

18 

216 

185 

5 i 

16*67 

14*29 

10 1 

66*67 

57*14 

■ 20 

‘266*7 

2‘28 6 


D=di>tance in statute miles, C=curvature in feet = iD* approxi- 
mately, C K - curvature less refraction approximately. 
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Tu the following exercises the effect of refraction is taken into 
account. 

Exkrcises 

1. At what distance can an object =54 feet high be seen at sea? 

=9*8 miles. 

2. At what distance can the top of a lighthouse = 2 16 feet high 

be seen at sea? =19*7 miles. 

6. Keqnire<l the distance of the visible horizon from the top of 
Arthur Seat, which is = 820 feci high ? . . . =38*26 miles. 

4. From what height will the horizon be = 36 miles distant? 

= 720 feet. 

5. From a sliip’s mast at the height of 120 feet, tlie top of a 

lighthouse “240 feet aljove the level of the sea was just visible ; 
refjiiireel the distance of the ship and lighthouse. . =35*5 miles. 

6. If from the summit of a mountain = 11,310 feet high, the 

distance of the visible horizon is=142 miles, required the earth’s 
diameter =7910 miles. 


LEVELLING 

595. The object of levelling is to determine the differ- 
onco between the true and apparent level at one place in 
reference to another, or the dilference of true level of two 
places. 

596. A lino of true level is sucli that all points in it are 
equally distant from tlie centre of the earth. 

597. A line of apparent level at any place is a horizontal 
lino j)assing tlirough that place. 

Let ^IN be an arc of the earth^s surface, and LT another 
concentric with MX, and LP a tangent to 
the arc LT at L. Then L and P are in the 
same apparent level when P is seen from L ; 
also L and T are on the same true level ; and 
PT is the difference between the true and apparent level in 
reference to L at a distance from it equal to LT. 
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The point P, on apparent level with L, is h>un(l hy mam 
of a level placed horizontally at L. 

598. The spirit-level (SL) consists of a olass Uiho nrarly 
filled with spirit of wine, and enclosed in a brass tube, 
except the upper part. It is sometimes 
placed j)arallel to tlie axis of a t(‘Ie- 
scope, and wIkmi bron,L,dit to a level, 
a point at a distance may 1 m‘ found on 
the. same level with th<‘ axis of the 
t(d(*scope, by looking throuj^h it to a 
polo or other object at a distance, and iiinlin;^^ the ])nint on it 
that appears to coincide with the intm’seetion of two very tinf. 
wires that cross each other within the ti‘]r*scope. 

The spirit-level is also s(»metimes attached to a bar <if brass 
F(i, witli two upright pieces FK, (JO, and small op«*nin^s or 
sights at E and O, so jdaced as to be on a horizontal line, 
W’bcMi the levfd SL is horizontal, which is the case when an 
air-biibhle at P is at the middle |)oinf . 

The. plumb-line level is furnished with sights like the spirit- 
level, or Avith a tolesciope. The horizontal 
jjositioii of the sights F, O is dotermiinMl by 
the vertieal position of tlie jdummet PW. 

Tlie fluid-level consists of a tube KPO 
filled with some fluid to K and O, Avhicli are 
therefore on the same level. 

Square staffs are also used in levelling. They are wooden 
rods, divided into feet and parts of a fo(jt, with movable 
vanes; and when used, are lixe.d verlieally in the ground. 

599. Problem I.— To And the difference between the true 
and apparent level for any given distance. 

PT (fig. to Art. rj97) is the difference l>etween true ft»id apparent 
level for the distance MN, and may l>e found hy the formula 
where h is in feet and d in miles. 

But if refraction is taken into account, d must he previously 
diiiiinislKHl by I’j part, or the forinnla h-lcP enij>loyed. In 
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levelling, liowever, the distances are generally small, seldom more 
than 300 or 400 yards ; and this correction for so short a distance 
may generally he neglected. 

Examples.— 1. A j)lace at the distance of a mile from another 
is on the same apparent level with the latter; what is the height 
of the former above the point of true level with the latter? 

HererZ -l mile, and 4 — ^^^=§xl=8 inches. 

2. Wiiafc is the diflerence between true and apparent level at 
the distance of 2022 feet? 

Here miles =‘383; hence = x *383^ or /t=’0978 

foot = 1*176 inches. 

3. Required the difference between true and apparent level at a 
distance of 4 miles. 

A = = § X 42 = § X 16 = lOS feet. 

Exercises 

1 . Required the diflerence between true and apparent level at 

the distance of 2J miles -4 feet 2 inches. 

2. What is the difference between true and apparent level at 

the distance of 1240 feet? =0*44 inch. 

3. Required the difference between true and apparent level at 

the distance of 1700 feet = *888 inch. 

4. What is the difference between true and apparent level at 

the distance of IJ miles? =12.^ inches. 

5. If at a point in the surface of a canal it is found that for a 

distance of 3J miles the surface of the earth is on an apparent 
level with it, required the depth of the surface of the canal below 
the surface of the earth at that distance. . . =8 feet 2 inches. 


600. It is convenient to have formuhe when the distance is given 
in feet, yards, or chains, to find the dill’erence of true and apparent 
level in inches. 

When d is yards and h inches, * 


or 


r_ S(r- _ , 

82x2202“ 8x2*202’^ 


•000002583(^2. 


When ft is feet and h inches, then, instead of cP in the preced- 
ing formula, substitute =i(P, and 4= *000000287(^2. 

When d is imperial chains and h inches, then, since 80 chains 
s=l mile, 

h 

i2^ 


J - *( Si) ’ ~ 80« “ 8 X W* * “ 800 - 
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The two following formulae, in whieh logarithms are used, may 
sometimes he conveniently employed. Taking the formula when 
d ami h are expressed in miles, or it may be altered 

thus : — 

When d and h are in feet, 

( DA 7912, 

\6280/ 5280 “ 5^'*’ “ 7912 x 5280’ 

aiul LA=2Ix;+8-3790798. 


Wlien A is feet and d iin])erial chains. 


and 



7912 


7iy and h 


7912 X 40* 


LA = 2L^/ + 40I8I()7.'5. 


Similarly, when A is inches ami d chains, 
LArr!>Lr/ + :V0973487. 


Examples.— 1 . What is the dillerence between true and apparent 
level at the di.stance of 3o40 feet? 

A= •(X)00002S7fr‘*= 000000287 x 35402-3-59 inches. 

Or, Ui -= 2L//3540 -H 8-3790798 - 2 x 3-5*1^)033 4 8-371K)798 
= 7 098006G f 8-3790798 - 1-4770804 -= LO -299970 feet, 
or 3 '5997 inches. 

2. Find the dilferonce between true an<l apparent level corre- 
sponding to a distance of 400 chains. 

inches = 10 feet 8 inches. 

oOU 81^) 2 

KXKRriSE.S 

1. What is the diirerence l>etween true and apparent level at 

the distance of 3100 feet ? * 2-70 inches. 

2. Kequired the dillerence between true nml apparent level for 

a distance of 140 chains. = 2*0437 feet. 

3. Required the difference of true and apparent level for a 

distance of 100 chains =2*8733 feet. 


601 . Problem II.- To find the difference of true level of 
two places on tbe surface of the earth not far distant. 

Rule.— In each of the vertical lines passing through the 
two places, find a point on the same true level with some 
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intermediate point, and the difference of the vertical heights 
of these two points above the given points is the difference of 
true level. 

Thus, let A and li be tbe two places on the earth’s surface. 
Place a level at L, some intcrniediate position, and two square 
stalls at A and B, and find two points E and F on tbe same 
apparent level with L ; and inciisure tlie heights AE, BF, and 
the distances MA, MB; then calculate the 
distances EC and FI) of true level below 
apparent level by last problem. 

Were the instrument L ]»l{iced in tbe 
middle between the two i>laces, the points E and F that are on 
af>parent level would evidently be also on a true level ; for then 
CE would be c<iual to DF, though the distances and refraction 
were considerable. 

Having found EC and FD, the |Munts C and D of true level are 
then known j and hence A(^, BD are known, and their difference 
is the diderence <if true level. If AC exceed Bl)< then A is 
evidently lower than B. 

Example. — Let the distance of the level from the two stations 
A ainl B be = 240 yards and 300 yards; let AE and BF be = 10 
and 0 feet respectively ; what is the difference of true level of A 
and B ? 

EC=A= -0000025830?= ‘147 inch, 

T)F=/i= -000002583^;*= *232 inch ; 

hence AC = A E - EC = 10 ft. - '148 in. = 9 ft. 1 1 *852 in. 

BD = BF - UF= 6 ft. - -232 in. =5 ft. 11-768 in. 

Therefore AC - BD= 119-852 inches -71*768 inches = 48 -084 inches 
=4 feet -084 inch = the height of the point B above A. 

Were the instriiinent L in the middle between A and B, then E 
and F would bo in the same true level, and the difference of level 
of A and B would be=10-6=4 feet. 

Exercises 

1. Find the difference between the true level of two places A and 

B, having given the distances AM, MB, 1040 and 1820 feet, and 
tlie heights AE, BF, of apparent level with 5 feet and 6 feet 
respectively. . = 1 1 *36 inches. 

2. Let the distances AM, MB he =12 and 18 chains, the heights 

AE, be = 3 feet 2 inches and 5 feet 8 inches ; find the difference of 
trim level of A find fi =2 feet 6*77 inches. 
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802 . Problem m. —To find tbe difference of true level of 
two places at a considerable distance. 

Let A and K be the two places. 

Tfike in termed iat-e places B, C, 1), so that the distaficos of any 
two successive places may not exceetl a (piarter a mile. By last 
])rohleni^ find the diflerence of tine level of A and B hy mcaiiM 
of observations taken with a level 

at some convenient station between ^ ^ — — '^E 

A ami B. Find in a similar man- 
ner the diflerence of true level of B and (\ C and 1), 1) and 
E ; then the difrereiiee of level of A and B is easily fouml 
thus : — 

When one place is higher than the next succj‘cdin;^, icekoii 
the diflerence of level positive; ami when lower, negative; find 
the sum of the positive ami also of the nc^^ative, and tlwn 
the diflerence of these sums is the diflerence of level of the 
first and last places. The first ]>lace is hi^^her than the last, 
when the Rum of tin? positive niiiiihers exceeds that of the nef>a* 
the, and lower when the contrary is the case. 


Example. 


Let A he 4 feet 8 inches 

hi^^her than B, or H 4 feet 3 inches, 

B It 3 It *2 ti 

lower II (’, II 

3 M 2 I. 

C „ 2 (i .. 

lii;(her n 1), n 

, 1-2 .. 8 

1) :i .. 8 .1 

lower It E, n 

1 -- 3 II H II 

Sum of ])ositive, . 

. . =0 feet 

0 inehes. 

II nej'ative, 

8 .1 

10 „ 

Difference, . 

. . -0 feet 

] inch. 


Hence A is 1 inch lower than E. 

Exercisrs 

1. Let A lie = 10 feet al>ovo B, B = H feet below C, and C = 12 feet 
above D ; find the ilifference of level of A and D. 

A is = 14 feet almve T). 

2. liCt A be = 12 feet 4 Inches aliove B, B = 8 feet .*1 ineheM helow 
C. C = 10 feet 11 inches aliove D, ami D=3 feet 2 inches lielow K ; 
what is the difference of level of A and E? 

A is = 11 feet 10 inches above E. 
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603. Problem IV.~To And the difference of level between 
two objects when the observations are taken nearly in the 
middle between every two successive stations. 

A back observation is one taken on a staff 1>ehincl the station, 
arni a fore observation is one taken on a staff before the station— 
that is, in the direction in wliich the observer is advancing with 
Ills operations. 

In this inetliod the effects of refraction and of the earth’s curva- 
ture are the same for each pair of l)ack and fore observations taken 
at tho same station, so that the points of apparent level for these 
two observations are also points of true level ; and thus no correc- 
tion is necessary for either curvature or refraction. 

Kulk. — Find the sum of the back and fore observations sepa- 
rately ; the excess of the former above the latter will show the 
ascent from the first to the last station, or tl»e excess of the latter 
above the former will show the descent. 

Exami'LK.— From stations at nearly equal distances between the 
points A ami lb H and C, (’ and 1), D and E, the observations 
were as in the following Table ; find the ditlerence of level of A 
and E. 


Nutiiber of 

nistanco of Station 

Back 

Fore 

Station 

from 

from 

Oliservation 

Observation 

1 

A 200 


4*2 

1*5 

2 

15 .345 

C 342 

2*3 

6*7 

3 

C 500 

D 504 

21 

3-9 

4 ; 

D 128r> 

E 1280 

9'5 

4-2 j 


2,330 

2326 

18-1 

15-3 I 


2326 


15-3 



4656 


2*8 



Hence the height of E above A is 2*8 feet, and the distance is 
==4656 feet. 

Exercises 

1. What is the <lifference of level of A and D, and their distance, 
taking the data from the last example ? 

D is=2-5 feet lower than A, and the distance is =2091 feet. 

2. Required the height of the point A above E, and their dis- 
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tanc« from the ilata in the subjoinetl 'rahlo, avvauged aa in tlio 
preceding example. 



Diiitaiico 

»*f station 

Hack 

Kora 

Statiuii 

from , 

flulll 

Ohsei \ alioti 

< U).s«‘rvHlion 

1 

A lot) 

H l.K) 

3 1 

21 

o 

n o42 

( * 142 

4-3 

3 2 

3 

t; 2.13 

1) 213 

2-7 

SI 

4 

1)711 . 

K 7.13 

7 '4 

»*6 


A above E T) *) feet, and their tlistance -33U4 f«‘et. 


STRENGTH OF MATERIALS AND THEIR ESSENTIAL 
PROPERTIES. 

604. The propeiti(?s of iiiatteT uro almost inniimera))!**, 
but they may be divided into two classes --(1) Essential 
properties ; (2) Contingent properties. I'he es.s(;ntial j)io 
perties are those without which matter cannot possibly exist. 
The contingent properties ani tho.'se which we. timl matter 
possessing, but without which we could conceive it to exist. 

Essential Properties.— (i) Extension meaiiM that pioperty by 
wliich every body must occupy a certain bulk or volume. When 
we siiy that one body has the same volume as another, we do not 
mean that it has an C(pial quantity of matter, hut only tiiat it 
occupies an equal space. 

(2) Impenetrability means that every lK)dy occupii*s space to 
the exclusion of every <»ther body, or that two bodies cannot exist 
in tlic .same spjice at tlie .same time. 

Contingent Properties. — (I) Divisibility nieans that matter 

may l>e divided into a great hut not an infinite nnmher of parts. 
The iiltiinate particles of matter are termed nlonis^ derived from a 
Greek word signifying indivisible. 

(2) Porosity signifies that every body containii tliroiigliout its 
mass minute spaces or interstices to a greater or less extent. 
This has l>een provetl to be the ^ase Avitli many snl>stanceH, and 
there is evidence that lea^ls us to l>elieve it to l»e true for all. 

Prae. SUth V 
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(3) Density is that property l»y which one bo<ly ilifferR from 
another in respect of the quantity of matter which it contains in a 
given volume. The density of a substance is either the number of 
units of mass in a unit of volume, in whicli case it is equal to tho 
heaviness (that is, weight of unit volume of substance in standard 
units of weight) ; or it is the ratio of the mass of a given volume 
of tho substance to the mass of an equal volume of water, in 
which case it is equal to the specific gravity. 

(4) Cohesion is that property by which particles of matter 
mutually attract each other at insensible or indefinitely small 
distances. It is generally regarded as dillering from gravitation, 
which acta at all distances. It is, however, conceivable that 
the two kinds of attractive forces may be fundamentally tho 
same. 

(5) Compressibility and dilatability are inoperties common to 
all bodies, by wdiich they are capable of being compressed like a 
sponge, or extended like a piece of india-rubber, in a greater or less 
degree. 

(6) Rigidity signilies the stiftness to resist change of shape when 
acted on by external forces. Unpliable materials which possess 
this property in a large degree are termed hardy whilst those which 
readily yield to pressure are called soft. Substances which cannot 
resist a change of shape without breaking are termed bnttlCy whilst 
those that do resist, and at the same time change their form, are 
said to he tough. 

(7) Tenacity i^ the resistance (due to cohesion) which a body 
offers to being pulled asunder, and it is measured by the ten- 
sile strength in lb. per square inch of the cross section of the 
body. 

(8) Malleability is that property by which certain solids may 
be rolled, pressed, or beaten out from one shape to another without 
fracture. It is therefore a property depending upon the softness, 
toughness, and tenacity of the material. 

(9) Ductility is that i>roperty by which some metals may be 
drawn through a die-plate into wires or tubes. A metal is said to 
be homogeneous when it is of the same density and composition 
throughout its mass. It is isotropic when it has the same elastic 
properties in all directions, 

(10) Elasticity is that property possessed by all substances in 
a greater or less degree of regaining their original size and shape 
after the removal of the force which caused a change of form. 
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When a solid does not return to its ori^^inal form or shape after 
the force has i>eeti removed, it has been stretched beyond the 
ela*«tic limit of the material. 

(11) Fusibility is that property whereby motnls and many 
other sulwtunees, such as reMins, tallows, become liquid on 
beiii;; raised to a certain temperature. 

The f«>llowiii«; 'rable shows in round numbera the melting poinU 
of a few df the commoner metals 


Mki.tino-I’oints of Mktals in Dkoukks Kaiikkniii:it 


Nfmcnry, 

.^8 

Copper, .... 

2000 

Tin, 

. +440 

Cerman silver, 

2000 

Bismuth, 

. 500 

Cold 

2(KK) 

Lead, 

. 000 

(‘ast-iroii, 

‘22(M) 

/inc, 

. 700 

Steel, .... 

2500 

Atitimony, 

. 8(X) 

Nickel, also Aluminium, 

28(X) 

Brass, . 

. 18fK) 

Wronght-iroii, 

.'b'iOO 

Silver, , 

. 1850 

Platinum, . 

35(H) 

60d. It is convenient 

to iiitrotliuH) here the dennitiun and pro 


pertiea of the moment of inertia and the radius (d gyration. If the 
mass of every particle (»f a bmiy be multiplied hy the square of 
its distance from a given axis, the siiiii of the priMlucts is called the 
moment of inertia of the body alsmt that axis. 

If .M he the mass of a body, and k bo such a ijuatitity that MP 
is the moment of inertia almut a given axis, then k is called the 
radius of gyration of the laxly about that axis. 

Thus, I ::=inoiuent of inertia; 

or, = square of nulius of gyration. 

A cylinder can he conceived as made np of a great numher 
of circular diMvs t!iiea<le<l together on the sanie axis, and the 
moment of inertia will just be the sum of the moments of Inertia 
of all the disc.-i. Since the radius of gyration of each disc is 
independent of the thickness of the disc, it follows that the 
radius of gyration of tlie whole cylinder will 1)6 the same os that 
of one of the dis< .s. 

The term * moment of Inertia* has lieeii deflne<l above wiiJi 
res|>ect to a solid lx>dy only, but it is easy to see that by a slight 
alteration in the wording of the definition it may be nia^le to apply 
equally to an area or a section of a solid. Accordingly, we find tho 
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terms ‘moment of inertia* and ‘radius of gyration’ applied to 
areas m well as solids. 

For instance, we speak about the moment of inertia and radius 
of gyration of a circle about a diameter, of a triangle about its 
base, and so on. 

Tlie moment of inertia of a solid, or section of a solid, about a 
given axis is always proportional to the mass of the solid, or to 
the area of the section, as the cfise may be. 

The following rule has been stated by Routb, and will be 
found useful for iiiiding the moments of inertia about an axis 
of symmetry : — 

Moment of inertia = mass x (sum of the squares of the perpen- 
dicular .semi-axes) -f (3, 4, or 5, according as the body is rectangular, 
elliptical, or ellipsoidal). 

The 'rable on p. 3‘29 gives the radius, of gyration for certain 
sections, K = 

606. Load, Stress, and Strain.— When force is applied to a 
body so as to produce either elongation or compression, bending, 
torsion, shearing, or a tendency to any of these, the force applied 
is termed the load; the corresponding resistance, or reaction in 
the material, is termed the sinus due to the load. Any alteration 
produced in the length, volume, or shape of the body is termed the 
strain. 

Tensile Stress and Strain. — If the line of action of a load be 
along the axis of a bar, tie-rod, or beam, so as to tend to elongate 
it, the reaction per square inch of cross section is termed the 
tensile stress, and the elongation per unit of length is called the 
tensile strain. 



607. Young's modulus of elasticity of any substance is the 
ratio of the tensile strength to the tensile strain. Thus Young’s 
modulus 


stress „ V / I a?t? 

= - . =E=-r/ f-r or PL=A«E, 

strain A/ L 

where P=pull, push, or load in lb. on the bar, 

A = area of cross section of the bar, 

L= length of bar before the load was applied, 

/= length by which the bar is extended or compre8.sed, 
j»= stress or loa<l per square inch of cross section = P/ A. 




The horizontal dotteil lines thiuii^^h the ligures ilenote the axis of rotation. 
iK'iigth ill inches: i—radius of gyration . fi-«l.anjt.*ter in iiiclic^, or if xii.are ; if rectangular, tf=tliick!.( 
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p 

Then, so long as ^ does not exceed the elastic limit, I varies 

I P 

directly as P for the same har ; or y varies directly as ^ for 

different bars of the same material, and subjected to the same 
conditions. In other words, so long as the stress does not 
exceed the elastic limit, the strain will be proportional to the 
stress. 

Hooke’s law holds good for metal bars under the action 
of foi-ces tending to elongate or compress them. This law 
states : — 

(1) The amount of extension or compression for the same bar is 
in direct proportion to the stress. 

(2) The extension or compression is inversely proportional to 
the cross sectional area; consequently, if the area be doubled the 
extension or comjnession will be halved, or the resistance to the 
load will be doubled. 

(3) The extension or compression is directly proportional to 
the length. Since stress is reckoned by so many lb. per square 
inch of cross section of a material, and strain is simply a ratio, 
it follows that the modulus of elasticity (K) must also be reckoned 
by BO many lb. per square inch. 

Example. — A steel bar 5 feet long and 2 ^ square inches in cross 
section is suspended by one end ; what weight bung on the other 
end will lengthen it by *016 inch, if Young’s modulus for steel is 
300000(X) lb. j»er square inch ? 

st)i*oss 

Now, the universal rule is, modulus of elasticity = *— — or stress 
’ strain 

= modulus X strain. For the strain is the elongation per unit of 
the length. 

Consequently, =!^=-0002d. 

6' X 12" 60 

. * . the stress = modulus x strain = 30000000 x *00026 
= 8000 lb. per square inch ; 

and the total stress =8000 lb. x2*25 square incheB'= 18000 lb. Or, 
wo might have applied the fonnula provioiisly deduced — namely, 
PL = A/E, wdiere P is the total pull required in lb. 

p A/E 2*25 square inches x *016" x (30 x 10^) _ pj 
* ' ~ L ~ 5x12 

When the limit of elasticity is exceeded, the strain increases at a 
much greater rate than tlie etress producing it. 
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The constant E is ternieil by 8ome writors the ‘mo4lulus* i>r 
‘ t'ocHicient nf elasticity;* hut such a term is inappropriate, for 
there are ^lifTerent coellieienta or inotUili of olastieity, aeconiing 
to tlie nature of the strain, ami Yoiin«j:'s modulus is but one anioii)^ 
tliem. 


TABLE A 

YouNci s Modi Lus of Elasticity 

E - Yi>mu;'’s luoflnlij!*. in iiomnlH j»pr square iiicli. 

M - l«Ml^ll> CnMrsiMni'lill” A it ll IlKxilllns. 

W raoli .>x|nanj iiu'Ji will Insir without i>orinanent al tend ion in length. 


Mat«'iial 

M. (Foot) 

E. (lA..) 

W. ((.h.) 

Mktals 




Bni>s . 

‘2400000 

SO.'KMMM) 

07tM) 

(funiiiotal. 

27!»tX)lX) 

0H7.*10(K> 

l(KHK) 

Iron, cast . 

nT.KHKM) 

184(M)000 

ir):ioo 

>. 'svrou^lit . 

TooOOtK) 

240200tK) 

17800 

I -cad 

146000 

72t)tHK) 

]rm 



‘JOtKHMXH) 

4r)iKM) 

SU-ol . ^ 

12r)4000 

4‘20t)00(K) 

tMlHX) 

Tin . 

145:1000 

40080tK) 

‘2S80 

Zinc . 

4480000 

13680000 

5700 

Stones 




Marble 

‘2ir»(KK)0 

2r)‘2(KKK) 

4!MX) 

Slate . 

I.TilOtKK) 

loSOiHKK) 


Portland . 

J072«H»0 

15:i;kjoo 

LTtKl 

Timber 




Ash . 

497tKKX) 

KMtMXlt) 

3700 

Beech 

4(KK)000 

\:ur>m) 

3113 

Elm . 

r>0H0U0O 

PUIHKX) 

3102 

Eir . 

8:i;iO(Hio 

20i6tK>0 

4607 

Larch 

4415000 

1074(XK) 

‘2186 

Mahogany 

657f)000 

loOOtKK) 

3604 

tlak . 

473tJ000 

17(XXX)0 

30,35 


<K)8. Limiting Stress, or Ultimate Strei^h.— Eor every kind 
of matorial, and every way iu which a Joad is applied, there must 
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be a value which, if exceeded, cau.ses rupture or fracture of the 
body. The greatest stress which the material is capable of with- 
standing is called the limiting stress, or ultimate strength per 
square inch of cross section of the substance, for the particular 
way in wliich the load is applied. 

Factors of Safety.— The ratio of the ultimate strength, or 
limiting stress, to the safe working load is called the factor of 
safety. This factor of necessity varies greatly with different 
materials, and even with the same material according to circum- 
stances. 

For materials which are subjected to oxidation, or to internal 
changes of any kind, the factor of safety must of necessity be 
larger than in those which are always kept dry, or are well painted 
ami carefully handled. 

TABLE B 

UlTIMATK STRKNCfTn AND WORKING STRESS OF MATERIALS 

WHEN IN Tension, Compression, and Shearing 


Material 

UUitnale Strength- 
Tons per 8<iuaro Inch 

Working Stmin— 

Tons per Square Inch 

Ten- 

sion 

Com pres- 
Hion 

Shear- 

ing 

Timi- 

sion 

Compres- 

sion 

Shear- 

ing 

Steel bars, . 

45 

70 

80 

9 

9 

5 

M plates, . 

40 


— 

8 



W’^rought-iroii bars, 

25 

17 

20 

5 

34 

4 

II II plates. 

'22h 

17 

20 

44 

34 

4 

1 ron wire cables, . 

40 

— - 

— 

8 

— 

— 

Cast-iron, 


48 

14 


9 

8 

Copper bolts. 

15 

25 


8 

5 

— 

Brass (sheet). 

14 

— 

— 

8 

— 


Ash, 

74 

4 

'i 

11 



Beech, . 

5 

4 

— 

1 

§ 

— 

Elm, . 

0 

44 

f 

1 

8 


Fir, ... 

5 

24 

h 

1 

4 

tV 

Oak, 


34 

1 

1 

4 


Teak, . 


5 

— 

1 

1 

— 

(Iranito, 

— 

34 

— 

— 

4 

— 

Sandstone, . 

— 

14 

— 

— 

i 

— 

Brick in cement, . 


4 to* 


501b. 

180 lb. 

— 
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The breakiiif; Htraiii of iron and steel does not (as hitherto 
assumed) indicate the quality — a high breaking' strain may lie due 
to hard, unyielding character, or a low one may be fine to extreme 
softness. The contraction of area at the fracture forms an essential 
element in estimating the strength. 

t'MKj. Examples of Stress and Strain.—^Vhat do you under- 
stand by stress and strain res|>ectively ? If an iron rod r)() feet 
long is lengthened by h inch undm* the intliicncc of a stress, what 
is the strain ? 

Stress is the reactio?i j>er unit area of cros.s sectioti due to the 
load. 

I*et 1* -tlic total tension acting on area A. 

'Ihen stress y 

Strain is the ratio of the inerea.se or diminution of length or 
volume to the (niginal length or volume. 

Let L -original length of a bar of the material, I the amount 
by which the lengtli is incioused or diminisheil ; then wIkmi the bar 
is suhjeetoil to shess, 

the strain - e 

In the exam|de given L 50' x 1*2" (JtMi in<*hes, and / inch. 

i m, iL 


EXKItCISK 

From the above question arnl answer, tletermine Voungs 
modulus for the iron of which the ro<l is comijosed, if the load 
wa.s 4366 lb., and t!ie cross .scctit»ii of the rod 2 square inches. 

(1) Stre.Hs- ; 

cross area 


or 


or 



4366 lb. 
2 


2is;i lb. 


(2) Voung’s niofliiliis- 


stress 
strain * 


p_ 2183 

r. - 0008 .^ 


-r250000(X). 


a load of 2500fK)00 lb. wouhl elongate a ro«l of the iron to 
double its length by tensile stress.’ 

Example.— A wire square inch in cross section and 10 feet 
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long iR fixed at its upper end ; a load of 1000 lb. is hung from the 
lower end, and tlien the wire is found to stretch 1 inch. (1) What 
is the stress ? (2) What is the strain ? 

(1) Here I* =1000 Ih., and square inch. 

Let j9 = Stress, or pull per square inch in Ih. 

]> 

the stress, or P=^ =1000/ ,V~ 10000 Ih. per square inch. 


(2) Original length = L = 10' = 120^ and the increase of length = / 
= 1 inch. 


Lot fj=strai!i, or extension per unit of leiigth—tljat is, per inch 
in this case. 

, , ^ . increase of length I 1" 

. • . the strain, or e = — pj = v - , = *fM)83. 

’ original length L 120" 


610. Compressive Stress and Strain.— If the line of action 
of a load he along the axis of a har, shore, striit>, or pillar, so 
as to tend to compress or .shorten the same, the reaction per 
s(|uare inch of cross section is termed the compressive stress, 
ami the diminution per unit of length is called the compressive 
strain. 


Examim.K. — A vertical support in the form of a hollow pillar, 
having 2 square inches cross section of metal, is 10 foot long. 
With a load of 10000 Ih. re.sting on the top, it is found to he 
compre.ssed A of an inch in length. (1) What is the stress? 
(2) What is the strain ? 

(1 ) Here P = 10000 Ih,, and A ~2 square inches. 

Let yi- stre.ss, or compression per s(|uare inch of cro.s.s section 
in Ih. 

P 10000 

.’. the stress, or = — — =5000 lb. per square inch. 


(2) Original length = L = 10' =120", and the diminution of length 

Let r= strain, or compression per unit of length — that is, per 
inch in this case. 


the strain, or <; = 


diminution in length _ *1" 
original length "" 120' 


.= •00083. 


611. Work done in Stretching a Bar: Besilience.— If a 

load of gradually increasing amount be applied to a bar so as to 
stretch it, the amount of actual stretch, or elongation of the bar, 
will, within the limitations already specified, be directly propor* 
tional to the load producing it. 
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When the bar is loaded to its elastic limit, or proof stress, as it is 
sonictinies calletl, tlien the work done in stretching it is termed the 

resilience of tlie bar, iKid the ratio J (where is the direct tensile 

stress) is its iiiodnhiH, or cocIHcient of resilience.* 


KxAMri.t:.— If a wronj;lit iron tic-har, 5 feet lonj^ and .3 inches in 
diameter, has a limit of elasticity of 15 tons jier squaro inch, and 
a iiimliilus of elasticity of 'lOOOGOOO Ih. per square inch, what is its 
resilience? Takoir-V. 


AL 


Formula W, or resilience x . ; 


or 


AV = 1 ^ X ^ volume of the bar. 


A ---iin*a of the section (usually in inches), 

L - ori^^iual length of bar in inches, 

p- jliicct stress 15 t(ms per square inch in this case. 

^ ^ 665*28 foot-lb. 

h 2 


WORKING 


]) - 15 X 2240 lb., K = .3(KK)0()00 lb. j)er square inch, 
A - I X X 3' s(juai e inche.s, and L = 5 feet. 


Kesi lienee -- 


(15 x 2240)2 Iix3*x5 
.‘WOOOtJOO 


= 665*28 foot-lb. 


612. The shearing force or loa<l at ani/ ])oint or anjf trans- 
verse section of a beam is equal to the resultant or algebraical 
sum of all tlie parallel forces on either side of the point or 
section. 

When the .section under consideration is in the same plane as 
the loa<l, the only eflect the load has at that section is a tendency 
to shear the beam, but in the more general case, where the load 
acts at a distance from the given section, we have, in aiblition, 
a tendency to curve or bend tlie beam at the section. Hence the 
name bending moment given to this latter effect. 

The bending moment at any point in a beam is the algebraic 
sum of the moments with respect to that point of all the external 
forces acting on the portion of the beam on either side of that 
point. 

* KefUUnte 5« derived frOin the Letin rc, beck, and mliOt 1 leap or Mpring. 
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The resistance to bending depends only on Young s modulus and 
tlie form of the section, and has no reference to tlie direct resistance 
to crushing. 


613. A column or strut under pres-sure may fail in three ways: 
firstly, by the metal being absolutely crushed ; secondly, by the 
column bending ami breaking near the centre of its length; and 
thirdly, by the plates composing it wrinkling, owing to their 
breadth being out of proportion to their thicknes.s. 

With timber, failure .sometimes takes place by the fibres crush- 
ing into each other, and sometimes by their splitting apart. In 
the latter case, although it may be due to absolute crushing, the 
length has some inlluence on the resistance, for each fibre may 
be considered to be a column failing by cross breaking, assisted, 
however, by its adhesion to the adjacent fibres. 

The absolute resistance varies from 2 to 3 tons per square inch, 
and the limit of ebisticity may be taken as about half this, and the 
safe resistance as 10 cwt. 


The following is the formula for failure by bending or cross 
breaking where I is the length of the beam, r the radius of gyration 
of the section (Art. 605), and K the coetficient tabulated below : — 

g 

Strain ])er square inch= — when the ends of the colunin are 

K;)' 

rounded, or of 1 strength. 

g 

When the ends are Hat ami fixed the formula becomes — 3. 


Cast-iron, . . 00018 

Wrought- iron, . OOOlO 

Steel, . . . -00008 


Teak, ... 001 

Oak and Pitch-pine, *002 
Fir, .... -003 


With timber, the value of E may be taken as 001 all round. 

Note.-— When the ratio of length to radius of gyration becomes 
so small that the column is on the point of failing by direct 
crushing, the resistance to bending will be less. 

A factor of safety of about | the absolute resistance of the 
material is commonly taken, but this is really only ^ of tlie 
elastic resistance. Now, in a long column, until the breaking 
weight is actually reached, except in the ca.se mentioned, there is, 
theoretically, no tendency to bend, and certainly the elastic limit 
is not exceeded ; hence so large a factor of safety is not required. 
Owing, however, to differences in the different parts of the same 
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Diftterial iu the value of K, and also to the possible divergence 
of tlie line of pressure from tlie neutral line, some margin must 
be allowed, and for all purposes and conditions i the absolute 
resistance of the material is well within the limits of safety. 

The rigidity and strength of a coliniin depends on the siia])e of 
its ends. 

In calculating the strength of a column by means of tbe formula 


K7 


tlueo fourths of tbe result so obtained will give the weight 


that will cause the C(dumn to dellcwt from the perpendicular —that 
is, when tbe column or pill.ar is timber. In some cases, owing to 
difrereni densities, seasoning, i^vc., it will reipnre four-lifths of the 
bi caking weight to cause the ctdiimn to bend at all. 

In cast iron columns, its already i>oinled out, there is theoretically 
no tendency to bend w hen the column's length exceeds lifteen times 
its diameter or thickiu'ss, and in such cases tin* breaiking weight 
may bt* legarded as the bending weight. 


With limber, the formula for the safi* weight or load in tons per 


scpiare inch is 


4 

nr' nr 


The safe resistance for cjist-iroii is 7 tons per square inch, 

,, M M wroiight'iron •• 5 m h m 

M i< M timber >< 10 cwt. i- n 

n M II steel M t(Mis II II 

aijd a deduction for rivet-holes must be made in calciiltaiing the 
•>eetional area. 


KkLATIVK SrUKNiiTlf OF Itol’ND AND FlAT KNDS IN 
Long Cou mns 

Hoth ends p)iinded, 1 strength, . . . , =1 

One end Hal and firmly fixe<l, 1 strength, , . ~2 

Both ends; Hat and firmly fixed, . . . . -3 

Relative Strength of Section in Long Solid 


Columns 

Cylindrical 100 

Tiiangular, 110 

Square, 93 
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Relative Strength of Material in Long Columns, Cast- 
Iron HEING ASSUMED AS 1000 

Wrouglit-iioii, 1745 

Cost steel, ‘2518 

Oak, 109 

Ked (leal, 78i 

A further investigation of this prohleni will appear towards the 
end of this subject. 


614. Problem I. To find the weight that a rectangular 
cast-iron beam, supported at both ends, can sustain at its 
middle. 


Hulk.— F ind the continued product of 850, the breadth and 
scpiaro of tluj depth, both in inche-s, and divide this product by the 
length in feet, and the quotient will l>e the required weight. 

That is, W = 8.506tf-*-ff ; 


hence 


, /\v , „ nv 


For malleable iron, use 950 instead of 850. The weight of the 
beam must always be added to the applied weight : the weight 
of the heam is cquivahmt to | of its weight ajqdied at the middle; 
and any weight uniformly distributed is also ecjuivalent to § of 
itself applied at the middle. 

Example. — A har of cast-iron is =2 inches square and 15 feet 
long ; what weight will it be capable of supporting? 




8.50x2 x2» 170x8 


15 


3 


= 453J lb. 


Exercises 

1. Find the weight that can be supported by a beam = 5 inches 

square and 10 feet long. =10625 lb. 

2. A beam of cast-iron is =20 feet long and 24 inches broad, and 
it has to support a load of 10000 lb. ; what must be its depth ? 

=9*7 inches. 

3. A cast-iron joist is = .30 feet long, 10 inches deep, and 3 inches 
brood ; what w’eight, uniformly distributed, can it sustain ? 

= 13812*5 lb. 


615. Problem U.— To find the weight that a beam fixed 
at one end can sustain at its free end. 

The weight is J of that found by the preceding problem. 

W=Jx8506(f2i/. 
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When the weight ie nnifornily tlistrihuteil over the l>eain, Uike 
^ of that foiiihl hy Problem I. 

Exkkcises 

1. A Imviim is ,*10 foot 8 iiiohos (Ioo{), ami 2.^ broad; >vhat 

weight can it sii|»|H)rt at its oxtroinity ? . . , 1188^11). 

2. What loatl uniformly disiributod over a l)eam -.12 foot lon^, 

4 iiu'hos deep, and 2 broiul oaii it htii^taiii? . . . =^420 lii. 

8. A beam -20 foot Ion;; and 10 inohes deep supports a load of 
ITtHXi lb. at its oxtroniity ; what is its bioadtU? . . - 10 inches. 

4. A boani *24 foot Ion;; and 2 inolies broml suppiUts 178o lb. 
uniformly distributed ; nM|uirod its depth. . . 7 inehos. 

STRENGTH OP SHAFTING TO RESIST VARIOUS 
STRESSES 

010. Problem III. -To find the weight which a solid 
cylinder or square shaft of cast-iron, wrought - iron, or 
wood can sustain when the weight is applied at the 
centre, or distributed, and when the cylinder or shaft is 
supported at both ends. 


Let n -:dianK*t(*r in inches, or side if .«<f|iiare ; 

ii Oen;;lli of shaft, sup|M»rted at hotli emls, in feet; 
W - weight appliu<l at tho centre in lb. 


... K.l)' , ,, 

llicii, >> --- — j — , and 1) : 

3/l,.W „ 

= V K • 

-/''•"''.wl.e 

y UK 

is weight distributed in lb. 

lioinnl HhafU 

H<iu»re HhafU 

For wood, . 

K -r. 40 

K -= 70 

It castdion, 

K m) 

K -- HoO 

II wrouglit iron, 

K =s* 7fK) 

K = 1200 

. K . IP , 

, and 1)*= 

for weight at centre ; 


, 2K.jy . 2K.W )• . 1 , , 

and ?V iis j , L=--^y; — , n m diHtribuUi<l. 


Exercises 

1. What wei;rht will a cyliiider=10 feet long and 4 inches 

diameter ftupport ? — 32tj01b. 

2. What weight will a uniformly loade<l cylinder support, iU 

length l>eing ~ 24 feet, and diameter = 10 inches ? . ~ 4 lOOfl j lb. 
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3. What will be tlie <liametcr of a cylinder =20 feet long, which 

in capable of Hupporting 3125 lb.? . . . . =6 inches. 

4. Wliat will be the limit of the length of a cylinder uniformly 
loaded by a weight of 100000 lb., wdiose diameter is =12 inches? 

= 17-28 feet. 

617. Problem IV. —To find the weight which a solid 
cylinder or square shaft of cast-iron, wrought -iron, or 
wood fixed at one end can sustain at the free end. 

The weight is just the fourth of that found in the previous 
problem, ami the formuhe the same. All that is necessary is to 
take one-fourth of the value of K. 

RuLK.—Multiply the cube of the diameter, or side if square, 
in inches, by the value of K-f4, and divide the product by the 
length in feet, and the quotient will be the weight in lb. 

T - D’ 

\V = i-s — , orW^ixKxD»-rL; 

Jj 

5 1)3 

T * ' 1 TVI I' W 

L = and = — 

T 


Exercises 

1. What weight will a cylinder = 10 feet long and 4 inches 

diameter support at its free end ? =800 lb. 

2. What will be the diameter of a cylinder =20 feet long that 

can support 781*25 lb. ? =5 inches. 

3. What will be the length of a cylinder, which is = 12 inches 

diameter, that supports 12500 lb. ? . . . . =17-28 feet. 

618. Problem V.— To find the exterior diameter of a 
hollow cylinder of cast-iron, supported at both endS) so 
as to sustain a weight applied at the middle, the ratio 
of the interior and exterior diameters being given. 

Rule. —L et the ratio of the exterior to the interior diameter be 
that of 1 to n ; then take the difference between 1 and the fourth 
power of n, and multiply it by 500; lind also the product of the 
length and the weight ; divide the latter product by the former ; 
then the quotient will be the cube of the diameter. 

rf*=/W-r 500(1 -n«). 

When the exterior diameter d is found, the interior diameter 
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will l>e obtAinetl by niultiplyiiiK d by ii. If c/' = th« interior 
(Uaineter, ami f -the thiokncHH of the iiietaK lljen 
d'=^n(l, ami f - rf')- J(1 ^ n)d, 

Kxamplk. “The wei^iit fHUpiMnied by a hollow cylimler in 
.'hh)<X) lb., ilM h*ii;;th is -- 12 feet, and the ratio of the exterior and 
interior tiianieteix - 10 to ] ; what aie its diainetiM's ? 


<f3 = nV 


o00(l n*) 


I2x:V2<JOO 12x01 
iVKHl ~ 1^)" 1 tHKU 


70S 

1)009 


-7GH 0S, and d -- \ 76808 015 imliOH ; 


7(i8(K)00 

o^ioo" 


hence d' - nd~ I x 9*15 015 inch, 

and f = W - M I 1 ) > 915 h x 9 x 915 -41175. 


Exkiw'isks 

1. hollow cylinder - 10 feet Ion;' suppoits 2500 lb., and the 
ratio of its diameters is 2 to I ; what are the dianu^ters? 

-3*70 and 1*88, and tbickness of metal 04 inch. 

2. A hollow cylinder 0 feet Ion;' is intendc<l tOMi|>]>ort 1.7000 lb., 

and the thickness of the metal is to 1 k}= j| of the extmior di.inieter ; 
re<|uiied its diameters - 0*709 and 1*001 inehe.s. 


019. Problem VI. -To find the resistance to torsion (or 
torque) of solid and hollow shafts. 

lit:LK FOR Sotii) Shafts. -Multiply the cuIm* of the diameter 
by the shcarin;' stress in lb. per wpiare inch permissible in the 

material of the .shaft, ami the result by - 

(Jr, puttin;' this in formula form, 

T.U. (torsional resistance)- I )y . . (!|, 

where D-oiit.side tiiameter, and / - .sheaiin;' ntresH in lb. per square 
inch. 

Kui.K for Hollow SiiAFT.s.--Froin the 4th power of (he outside 
diameter subtract the 4th power of the inside diameter, and divide 
by outride diameter. Multiply this quotient by the sbearin;' strcHs 
in lb. per square inch permissible in the material of the shaft, and 

by the quotient of ^ 

Or, putting this in formula form, 

T.K. (torsional resistance 

where D= outside <liameter, d—iiisiile diameter, both in inches, and 
/= shearing stress in lb. per square inch. 

Ptm*. N«th. W 
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It in iiiHtructivc to compare the torsional resistances of solid and 
hollow shafts of the same weight and material. The result shows 
that, for the same lengtli and weight, the hollow shaft having outer 
and inner diameters in the proimrtioii of 2 to 1 will he 44*3 percent, 
stronger than the solid one. 

No'rK.~7'/«<j strength of shafts mt'ics as the third power of their 
(linmetcrSt ichilst their stiffness varies as the fourth power. 

Example.— Find the torsional resistance or ‘ twisting moment * 
of a hollow shaft of cast-iron, the external and internal diameters 
of which are 20 inches and 8 inches respectively. Take the surface 
stress as (iOOO Ih. per sfjiiare inch. 

Here D=20 inclie.s,/=60(X) lb. per square inch, cf=8 inches. 

IT 

Tlien, as T.R. =T.M. ■/, 

3*1416 2 () 4 _ 8 * 

. • . T.M. = X X 0000 = 9183525 inch-lb. 

Exercises 

1. Find the resistance to toi-sion of a solid shaft of cast-iron 

whose diameter is 5 ’25 inches, with a surface stress of 4500 per 
square inch =127820*745 inch lb. 

2. Find the torsional moment of resistance of a wrought iron 

shaft (solid) whose diameter is 6 inches, the surface stress being 
8000 lb. per square inch =339206*5 inch-lb.* 

620, In order to transmit energy through a shaft, the driving force 
must be applied at some distance from its centre. The driving 
force and its ellective leverage therefore constitute what is termed 
a turning or twisting moment (T.M.), which puts the shaft in a 
state of torsion. The tendency of a purely torsional moment ap- 
plied to a shaft is to cause the shaft to shear in planes normal to 
its axis, and this has to be met by the shearing rcsistanco of the 
material, which resistance must, of course, be of the nature of a 
moment. The resistance the shaft offers to twisting we term its 
torsional i'esistance(T.li.),and as this balances the turning moment, 
we have 

T.M.=T.R. 

The turning moment driving a shaft may either be uniform or 
variable in amount. Shafts which are driven by means of gearing, 
and which revolve at a uniform speed, are generally considered as 
examples of uniform turning moment. 

* See Table, Art. 625, and compare the above anawer« 
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A typicAl example of variable turning inoinent may lie reco^^uiMCMl 
in the eU>ani*oiif({no crank-Aliaft, wliei'e hotli the tlrivin^^ forcH of 
the Htcaiii on the piston aiul ita eireetivo lovora^e are continually 
varying tlirou^'Iioiit the htroko. When the tinnin;^ iiioiiieut/ is 
uniform that is, when the shaft revolves iiiiifonnly at n levoliitioiiH 
a minute, and transmits eiier<;y at the rate of so many In >i>e power, 
we have all the data requii<'<l in order to estiinate 'i’.M. The work 
done hy a lurniii;' eouple in one minute is equal to the ma;xuitud(> 
of the tuniiii;* eoupie multipliisl hy its un^^ular displaeemeiit in the 
same time. Now, tiie. tnrniii)' couple, or tuiniii^^ moment, as it is 
tormed, is T.M. ineh-lh., or T.M. foot ll»., ami the an;;iilar veh)eity 
of the shaft is n x 2r nulian» per iiiinuto. Theiefons the work done = 

^ y! • ‘2irn foot-lh. per minute. 


and tho horse-power (H.R)- 
T.M. 
l‘> ■ 


.TttNM) 

. T.M. 


n <T.M. 
(yMm ^ 
II. p. 


0:i024 . 


[21. 


Kxa.mh.k 1. 

ransmitted hy 


Stijqxisiiig it was required to find the horse-power 
the shaft in the first example, riinnin;'. we will 
say, at the rate of 70 revolution* a minute, we proceed thus : - 
T..M., as there found 91 H;i.V2r> inch Ih., 

T.M. xw 9l8:i?2.5x70 
t»:Kj*2r ~ (\:m4 


H.l*. 


- 10‘2(K». 


ExaMPLK 2. —If a steel shaft revolvinj' at revolutions pi-r 
minute ho required to transmit 2*2tt horse q»ow«*r, what should he 
it* diameter ho that the maximum htiess prodin'csl in it may not 
eveiMMl one-liftli of that at the elastic limit? The idastic limit in 
torsion is 18 tons per square inch. 

(*omhinin^ forinuhe [I] and [2], we have 

T.K.=T.M.; 

tliatin, ~I)>/=63024x **•*’•• 

16 w 


Wh.r 

T) (on ti«ide diameter) =68 -y w/ • • 

Here H.R := 22f), n 60, and /= ^ x 18 x 2240 == 8064 Ih. pr 
•quare inch. 


*220 


60 x 8064 


=5*27 inches, 


.*. D=685x 
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621. Problem VII.— To find the diameter of a shaft, the 
torsional moment of resistance being given, and with a 
shearing stress of not over 8000 lb. per square inch. 

Rule. —D ivide the torsional moment of resistance in inch lb. by 
the ([iiotient of 3*1416 -r 16 x 8000, and extract the cube root. 

Or, expressiiij' this in forniuhi form, 



The shearing stress for wroiight-iron is from 8000 to 10000 lb. 
per square iiicli, and for cast-iron from 4000 to 5000 lb. 

The factor of safety is therefore the lowest value of / in each 
case. 

All shafts when in motion — that is, rotating — are subjected to 
a comhine<l and simultaneous bending and twisting moment. 


Example. — S upposing it be requireil to find the diameter of a 
shaft whose bending and twisting moments = 25000 inch-lb. 

We employ formula [1], Problem VI., making 

T.M.=T.R.=^D»/. 


.•.D= 


s /T.M. , /2^ 

V^./V3:;.J16.8000 


=2*51 inches. 


Exercises 

1. Find the diameters of the following wrought-iron shafts, 
whose combined bending and twisting moments are respectively 
in inch-lb. (take /=8000 lb. per square inch) : — 

42390 ; 82793; 120522; 196250. 

= 3"; 31"; 4^ ; 5". 

2. Find the diameters of the following cast-iron shafts, whose 
combined bending and twisting moments are respectively in 
inch-lb. (take /=4000 lb. per square inch) 

84780; 166586; 241044; 392600. 

=4r, smallest; 6"; 61"; 8". 

622. Stiffness of Shafts : Angle of Twist.— The effect of a 
turning moment applied to a shaft is to twist one part relatively 
to another. So far we have been dealing only with the resistance 
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the shaft ofteis to twisted* that is to wiy, we have Ikhmi 

conccrnetl only with the strength of the shaft without le^^aitl to the 
question of stiiriiess. 

Ill iimny ca^es, es|KJcially in lij^ht iiuu*hiiicry, the question of tlie 
stitrness of tlie shaftiii;^ is of ;;ieater importance than that of the 
sticn^tii. 

Tlie stiffness of a shaft is measined hy tlie sioallneas of tlie an^le 
of twist per unit leii;;th of the shaft. 


This li^nne illustrates stiaiu in a shaft. 
Let (tt he the axial distance in inches 
between the two sect ions who^e diaiiieters 
are AH, nh, aiid let he the circular 

measure of the anj»le iietwcen those 
diameters when the shaft is twisted; then 
the torsional or shearin); stiain at the 
surface of the shaft is 

I) f/(f 



2 ‘ f/t’ 


I) as before, the extreme diameter of the shaft in inches. 

Let / -Murfacf' stress in the material of tin* shaft in Ih. per square 
inch. 

Let (' - imHluluH or coeflicieiit of sheaiin;; elasticity, or of ri;;i)lity 


in Ih. per square inch. 
Then, as 


C-- 


st resH f 

strain /1>\ 

yi)' dl 




Vl> 


.df. 


Hence for a shaft L inches lon^, by a simple intej^ration we have 
the angle of twi^t - 
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Making tliese Bubstitutions and simplifying, we get : — 


For solid sliafts, 0= ^ . radians, 

^ 684(T.M.)L , 

or 0= — — . degrees, 

and for hollow. Rliafts, 

^ lO-ZlT.M.lTi "I 

9 -= radians, 

or degrees, 


[4]J 


[SI 


PjXAMPLE. — T he angle of twist or torsion of a shaft is limited 
to 1“ for each 10 feet of length ; find the diameter of a solhl 
round shaft to transmit 100 horse power at 60 revolutions a 
minute, the modiilus of resistance to torsion being 10000000 lb. 
l>er sfiuare inch. 

Here 0 = V when L = 10 x 12 = 120 inches, 

C = 10000000; 

Tl P 100 

also, T. M. = 63024 x = 63024 x -^ = 126024 inch-lb. 

^ n 50 


Now, ai^plyiiig formula [4], the given conditions are 
,o_684x 126048x120 
10000000x0^""' 


and by solving for 0, we get 

/584 X 126048">ri20 




10000000 


5 *45 inches. 


Exercises 

1. Wliat is the maximum horse-power which could he trans- 

mitted by a shaft 3 inches in diameter when making 150 revolutions 
per minute, aiid supposing the shearing stress in the material to 
be limited to 7500 lb. per square inch? . . =94-5 horse power. 

2. If a shaft of 3 inches diameter transmits safely 33 horse- 
power at 100 revolutions per minute, what size of shaft >>411 
transmit safely 20 hoi*se-power at 150 revolutions per minute ? 

=2*22 inches. 


623. It may be accepted generally that the coefficient of tor- 
sion in substances is about t of their Young's modulus. 

The limit of resistances of cast-iron, wrought-iron, and steel to 
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nlicarinK may l>e stated as 9, 18, ami *27 Uhih respectively, or in tlu» 
ratio of 1, 2, :i. 

Some authorities, however, give these niaterialn as !iij»h :i value 
as 14, 20, ami 30 Iouh. CaMt-iroii reijiiires to he treateil with 
greater caution than any other material iiseil in stiueture'^, its 
ehistic limit Iteiiig <uily about half its breaking weight. A test- 
piece does not elongate perceptibly to ordinary obHcrvatioii, Init 
breaks suddenly without giving warning. It is subject tt> Haws in 
pi-ocess of manufacture, and these are generally carefully ctuicealtMl, 
lauiig beyond the range of detection. It therefore re«|uireH a large 
factor of safety. 


6*24. Problem VIII.— To find the breaking strain of cast- 
iron shafts (solid cylindrical) when subjected to a tor- 
sional strain with a leverage (f). the diameter of the shaft 
being given. 

Ki^LK. -Multiply the culie of the iliameter in inches by 2'3(l, 
and divide by the leverage (/), also in inclios, and tbo result is tbe 
breaking strain in tons. 

Or, c.xpiessiiig this in formula foim - 


Examtlk. — Fiml llie. weight wliicli niUKt be appliisl at a b'veiage 
of 170 iiiclies in ordcu* to break a solid cylindrical citst-iron siiaft 
whose diameter is 2 inclie-s. 


2-30 xrf* 2 :W xH 
r-" 170- 


1 g<uu 

™ -*11 ton, or 240 4 inch Ib. 
I <0 


EXKItriHK 


Kind the weights which must Ixj applied at a leverage* f»f 
144 feet in order to hreak the nmler incntioiied solid eylimlrical 
shafto of cast-iron, whose diameters are nispectively 2i", 3.1", 4 '. 

. Answers, 22 ton, *48 ton, '8H Ion. 

Actual ex|)erinient, *18 » , Ti2 m , *80 *< 


W 


2*30 / if-* 


, or W: 


18'8.V 
' I 


'.or\V=('-]- 


;t:w\ 


X <i»_ 18-85r*_ (I -SSf/)* 

«- - \v~“—w - w ■’ 

r= ratliu. o{ slioft. 



348 


STRENGTH OF MATERTALB 


625. Torsional Moment of Resistance for Shafts, calcu- 
lated FROM THE Formula T.M. =^./. cP. 


M = inoiMeiit of resistance to torsion =5r= 3 ‘14 1 59. 

/= stress per S([uare inch ; rf=«liaineter of shaft in inches. 

/=8000 to 10000 lb. for wronght-iroii, and 4000 to 5000 lb. for cast-iron. 


Diameter- 

Inches 

/= 8000 lb. 

/*= 10000 lb. 

Diameter — 
lirches 

/:^8000 lb. 

10000 lb. 

1 

1570 

1962 

7i 

598293 

747866 

u 

3006 

3832 

u 

662344 

827930 

H 

5290 

6624 

n 

730810 

91.3512 

If 

8414 

10517 

8 

}• 03840 

1004800 

2 

12560 

IflVlX) 


964176 

120.5220 

n 

17883 

22354 

9 

11445.30 

1430662 

2i 

24531 

30664 

n 

1.346079 

1682599 

3 

32651 

40814 

10 

1570000 

1962.500 

42390 

52988 

104 

ISITITI 

2271839 


53895 

67369 

11 

2089670 

2612088 


67314 

84143 

114 

2387774 

2984717 

n 

82793 

103491 

12 

2712960 

.3.391200 

4 

100480 

125600 

13 

3449290 

4311612 


120522 

150652 

14 

4308080 

5385100 

H 

143066 

178833 

15 

5298750 

6623438 

4'i 

168260 

210325 

16 

6430720 

80.38400 

5 

196250 

245313 

17 

7713410 

9641762 


227184 

28.3980 

18 

9156240 

11445300 


261209 

326511 

19 

10768630 

13460788 

6f 

298472 

373090 

20 

12560000 

15700000 

6 

339120 

423900 

21 

14539770 

18174710 

H 

383300 

479125 

22 

16717360 

20896700 


431161 

538951 

23 

19102190 

23877738 

6| 

7 

482848 

538510 

603560 

673138 

24 

21703680 

27129600 
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Note . — Tlie bending moment of resistance is half the numbera 
in the Table, as M = “./. (E 

For cast-iron shafts half the numbers to be taken. 

Example.- -K e(iuired to lind a shaft for a<Irmii having tons 
pulling on it at 17-inch radius, and taking/=S(K)0 Ih. 

The iiioinent of weight = W. x 2240 x 17 -OiViOO lb.; the 
torsional moment of resistance must be ecpial to or greater than 
this amount. 

Find in the Table the number next higher, which in this case is 
100480, opposite 4-inch diameter, which will be the size of shaft 
required in wrought-iron. 

If for cast-iron shaft, ami /--4000 lb., then 5-inch <liameter is the 
lQfV2‘*SO 

size, since =98125, or 95200 x 2=190400 lb., and the next 

higher number in the Tablc = 190250, opposite 5-inch diameter. 


626. Problem IX.— To find the weight that could safely 
bo supported by a column of cast-iron or other material, 
such as oak or deal, and resting on a horizontal plane. 
The column may be either square or cylindrical in shape. 

Ilefore proceeding further it will be ns well to state that the safe 
load in structures, including weight of structures, must be regarded 
jis follows : — 

In cast-iron columns, .... 4 breaking weight. 

i« wrought-iron structures, ... 4 n 

ti cast-iron ginlers for tanks, ... 4 ” 

•' '* britlges and doors, h n 

•I timber (liv»! loa<I), .... ,'5 n 

*• •! (dead loiul), .... 1 II 

In stone an<l bricks, „ 

The shape of the ends of the column materially affects its strength, 
and at all times requires to be considered when computing its 
strength. 
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Nature of Goluinn 

Solid Bquare of Baiitzic oak (dry), . 

Solid square of red deal (dry), . 

W~ breaking weight in tons, 

L= length of coliiniii in feet, 

D = external diameter of column in inches, 

«/= internal diameter in inches. 

Now, as it is reqiiired in the problem that the safe weight be 
stated in tlie answers, attention is directed to the factors of safety 
already allorded. 

fn hollow columns the strength nearly equals tlie diflerence 
between that of two solid columns, tlie diameters of which are 
equal to the external and internal diameters of the hollow one. 

627. Strength of Short Columns in which L is less than 
SOD. 

=5 breaking weight of short columns, 

W = breaking weight of long columns as found above, 

C= crushing force of material (expressed in torjs per square 
inch) of which the coluinii is formed x sectional area of 
column. 

WC 

To facilitate the working of the forniuloe, Tables of 3*6 and 1*7 
power may be employed. 

3*6 Power 


Ends Flat, 
when L exceeda SOD 

W=10*95p 
W= 7-81^, 


No. 

Power 

No. 

Power 

No. 

Power 

3 

62 

10 

3982 

17 

26892 

4 

147 

11 

5611 

18 

33035 

5 

328 

12 

7674 

19 

40133 

6 

m 

13 

10233 

20 

48273 

7 

1102 

14 

13367 

21 

57543 

8 

1783 

15 

17136 

22 

68033 

9 

2723 

16 

21619 

24 

93058 
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1*7 Power 


No. 

Power 

No. 

Power 

N(). 

POWIM' 

6 

15 

18 

136 

30 

3‘25 

8 

34 

20 

163 

35 

421 

10 

50 

22 

191 

40 

5‘29 

12 

68 

25 

238 

50 

773 

15 

100 

28 

288 




Example. — What weij^ht can a solicl cylimliical cast-iron 
oolniiin sustain safely when its ends are Hat and its dimensions 
aie : lenjith ‘20 feet, diatneter 6 indies? 

We first determine the ratio of its lenfjth to the diameter, in 
order that we may know which formula lias to he employed. 

Thun, I,=20feut=240", I)=6"; -|^=^=40. 


\Ve therefore use formula ‘ When L exceeds 301),* which in this 
case is 

T)3W 


Wi^ 44*16 


l^i'j • 


hence 


W^4410x 


/ 0*® \ 632 

\ j=44*16 X = 167*808 tons. 


Put as this is the hreakinjc weight, we take ^ of the same for 
the answer, neglecting, as will l>e seen, the weiglit of the column, 
which should also he determined. 

the safe weight which this column can sustain is 167*8084-4 
=41 *952 tons, or, say, 42 tons, omitting weight of column. 


Exekci.se.s 

1. A ciLst-iron solid cylinder is 15 feet long, and 5 imdies in 
diameter; its ends are Hat, and rest on a horizontal plane; Hnd 
its breaking and safe loads. 

Breaking load = 144*84 tons; safe load, not including weight 
of cylinder - i of the alsive. 

2. What weight can a solid column of Dantzic oak (square in 
section) sustain safely, its ends l^eing flat? Take 10 feet, and 
1) (that is, a side of the 8ection)=10 inches, and let C (the crushing 
weight) =2*61 tons per square inch. 
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Safe weight for dead load =44*28 tons; safe weight for live 
load = 22*14 tons, neglecting weight of cohiinn in the cal- 
culation. 

3. Find the safe weiglit that a hollow ca.st-iron cylinder, rounded 
at both ends, can sustain ; its external and internal (liaineters are 
respectively 6 and 5 inches, and its length = 10 feet. 

Safe weight = 1976 ton.s, neglecting weiglit of cylinder in the 
calculation. 

4. Find the breaking weight and safe strain of a solid cylin- 
ilrical column of cast-iron whose length is 33 feet, and diameter 
74 inches. 

g 

Use the formula and consider the ends Hat and fixed. 

K-') 

square inch of cross sectional area = 441787 square inches xl ton 
= 44*1787 tons for rounded ends ; but as the ends are Hat and li.\e<l 
in the question, we multiply by 3. 

. • . the breaking weight = 132*5361 tons. 

Note.—hy referring to Art. 613 we find that 

Here /=33 feet = 396 inches, and ^f=7*5 inches ; 

. * . 4^ = 4 X = 4 X 52 *8 = 21 1 *2, which squared = 44606*44^ 

a I'o 

5. Find the breaking w'eight of a solid cylindrical column of 
cast-iron whose ends are fixed, and length =25 feet, diameter 
8 inches. 


Use formula 

8 

/ 7\2’ • • 

. . . =300 tons nearly.' 


■< 



6 . Find the breaking weight in 

tons per square 

inch of the 

following solid 

cylindrical columns of cast-iron, whose ends are 

Hat and fixed 

- 

When ^= 40 


When ^-^=10 

42 Ans. 

6*2 Ans. 

M =15 

37 .. 

n = 60 

2*3 .. 

.. =20 

21 

H = 120 

0*6 .. 

n =30 

9*2 M 
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628. Table of Crushing Weights of a few Materials 


Malet'ial 

Lb. iMir 
Sq. Inch 

T ^ ( fl'Oi** 

80640 

Iron, cast, . i 

143360 

11 average, 

107520 

Iron, wrought, 

35840 

40320 

II average. 

37856 

Lead, cast. 

6944 

Steel, 

336000 

Steel plates, 

201600 

Tin, ca.st, 

15008 

Aluminium bron/e, . 

129920 

Asli, 

8600 

Beech, 

7700 

Birch, 

3300 

Box, 

10300 

Cedar, 

5700 

Deal, 

5850 

Eljoiiv, 

19000 

Elm/ 

io:ioo 

Fir, spruce, 

6500 

Larch, 

3200 

Ligiium-vitie, . 

10000 

Mahogany, 

80(K) 


Material 

Lb. per 
8(|. Inch 

Oak, English, 

6400 

10000 

Pine, .... 

6000 

'Feak, .... 

12000 

Basalt, Scotch, . 

8300 

II greenstone, 

17200 

Granite, Aberdeen, 

11000 

.1 Cornish, . 

14000 

II Mt. Sorrel, 

12800 

Marble, Italian, . 

9681 

II statuary, 

3216 

Saiulstone, Arbroath, . 

7884 

II (Caithness, . 

6490 

Slate, Anglesea, 

10000 

21000 

Brick, red, . 

808 

II lire, . 

1717 

Portland cement, ( 

3795 

* 1 to 

5984 

Glass, Hint, . 

27500 

•1 crown. 

3l(X)0 

II common, . 

31876 


MISCELLANEOUS PORMUL.® AND TABLES 
629. Weight and Strength of Rope and Chains 
Rope 

C--ci»ciimference of rope in inches, 

L=: working load n tons, 

S = breaking strain n 

W = weight of rope in lb. per fathom. 

C= S=cv, W=C‘y, or=L*. 
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Chains 

D= diameter in eighths of an Inch, 

W =8afe load in tons ; 

D=V9W, 

D* 

W = ~ = 7*lllflP^, where 

c?= diameter of iron in inches ; 
•85D‘^= weight of chain in lb. per fathom. 

Table of Values of k , r, y, and s 


Description of Rope 

k 

X 

y 

z 

Common hemp, 

im 

•18 

•18 

6- 

Coir, hawser l.aid, .... 

— 

— 

•131 

— 

M cable laid, 

— 

— 

•117 

— 

St Petersburg tarred hemp hawser, . 

•037 

•22 

•235 

6-35 

.1 II II cable, 

•026 

•16 

•207 

8-28 

White Manilla hawser, . 

•046 

•27 

•177 

3-93 

II II cable. 

•033 

•19 

•156 

4-7 

Best hemp, * cold register,’ 

•100 

•60 


— 

II warm, .... 

•IIG 

•70 

— 

— 

Iron wire rope, 

•290 

1-8 

•87 

2-9 

Steel wire rope, . 

•■160 

2-8 

•89 

1-91 


Example, —Find the breaking strain of a 4-inch common hemp 
rope. 

S=C2a:=42x-18 = 16x-18 = 2‘88 tons. 


Exercises 

1. Find the breaking strain of the iinder-mentioned size ropes 
6^' common hemp, 4" steel wire, 6" St Petersburg cable. 

=6-445, 44-8, 5*4 tons. 

2. Find the circnmference of a white Manilla cable that will 

stand a strain of 7 tons without breaking. . . =14*5 inches. 

3. Find the weight of 200 fathoms of 4" steel wire rope. 

= 1*27 tons. 

4. Find tlie safe load that may be put on the following chains 

S", li". . . . • * » =1» 5$, and 13^ tons, 
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630. Breaking Weight of Beams on the Slope. 



NV -Urcukiux tor lioti/ontal iih fouml l)y luir, 

Pro)>l»Mii VI. iiainoly, W- 

L - span on liorizontal lino, 

1 * -s|nin on slo|K», 

10 - breaking of beam on nlope ; 

AVI* 

lot: , . 


KxAMt*LK.“ Snj>|» 0 'ie L in the above - 10 foot and I* • 12 

foot, ninl that a roctanoular lioani of foiimie lii* 3 iiioboa Mjiiaro and 
12 foot Ion;; i« laid <in tbc Hjian P; >vbat Nvoij^bl n|>|diod at tbo 
oontro of tbo boam would break it ? 

Ah a borizontal Iwain, its broakin}' wo||riit |h found by Hie 
foninila, 


Hut 


... 4/y//2S 4 3 X 32 X 1 140 4 ' 3 x 9 > 1 140 „ 

"= r lu = , 4 ,-— -R-rfjit.. 

WP H55 lb. X 12 

»•= ^ =1020. 


tbo wei;»lit required to break tlie l>oain on flie niopa would 
Ih> 1926 lb. 


031. Beams nneqoally loaded. 

Let Wsbreakin;; wei/^bt for load api))ie<l at tbo oentro, as found 
by formula, 


1C-:: break in;; weit;;bt for lieam unequally loaded, 

P-b»n;:tb of tlie lieain or Hpan, 

T and i/~4li#«tancofl of load from jmint of support ; 

WP^ 

W=z 

4xt/ 

N 01 V. anppoKing that the beam or epan P, aa shown in tbo follow- 
ing sketch = 12 feet, that its breadth and depth arc ea^di 3 inches, 
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that it IB of prcciHely tiie name material as the beam mentioned in 
tho iireoedin;' example, and that x and y are 9 feet and 3 feet 
respectively, lind the breaking weight. 


f 



We first find the breaking weight of the beam, supposing it to 
lie strained by a ]oa<l applied at its centre. 

... 4hd^ 4x3x9 <1140 , 1 r 1 

\V - = ... ~8oa lb., as already found, 

t 144 

,, , WP' 8;‘k‘)xl442 

Hut irr= _,-ll4()lb. 

4.n/ 4 X 108 X 30 


6.32. Pressures on and Reactions from the Supports of 
Beams, if a beam is supported at its extrcmilies and loaded 
at the middle, as shown by the following figure, then not only 
the weight of the beam, hut also the load, produces pre.ssures on 
ami equal reac^tions from the supports A and H. 



6.^3. Reactions at A and B, Load at Centre and Weight 
of Beam neglected. 

Let Ri 1)0 the reaction at A, and R, the reaction at B; then, 
by taking moments about the {mint B, we have — 
R,xAB=WxCB, 

Rjx L =Wx|; 



W 

2 
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AIho, by taking moments about the point A, we have — 
RaxBA=WxCA, 
ll,x L =Wx~; 

.. _WxL W 

It will be at once seen that the upward reactions are each-jW, 
and as action and reaction are equal and opposite, the presMires 
(hmiivards at A and B («lue to the load \V at the centre of the 
beam) 7nmt also be equal to 

If we consider the beam as uniform throughout, and its weight 
as=w, then this force may be supposed to act at its centn* of 
gravity, or at a distance = iL from A to B. Tlie lon«l W also acts 
at a distance from A to B. Consequently, by taking moments 
about B, we have— 

RixAB = WxCB + «)xCB, 

U, X I. = W X Mt- X = *'( w + «■) ; 

• + "■> = + 1 ' 

In the same 'way, by taking moments al>out A, we should find 

that Ri= + the downward pressure at the points 

A and B must also be equal to ^J + ^- 

Example 1.— A uniform Win of length L feet, and weight 
w lb., is supported at Imth ends, and carries a weight W at one- 



fourth of the distance lietween the snpimrts from one end ; find the 
pressures and reactions at each point of support 

Pne llAtli. X 
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034. Pressures and Reactions at Supports A and B, due 
to Weight of Beam and a Load at D.— The above figure 
represents the data in the question ; for the distance between the 
supports A and B=L, the weight w of the uniform beam acts at 

its centre of gravity C, or at a distance ^ from each end, and the 

load W acts at D, or at a distance ^ from one end. By taking 
moments about the point B, we have— 

RiX AB=WxDB+i«>xCB, 

Rjx L = WxSL+>ffj. 

(Divide both sides of the equation by L.) 
tlie upward reaction at A=lli-^W+ and consequently 
the downward at A, being equal and opposite to tiie 

upward reaction at A, must also be=|W + i?e. 

In tlie same way, by taking moments about the point A, >ve 
have — 

R,xBA=WxDA+?exCA, 

B.jx L =Wx f wxjL. 

(Divide both sidles of tlie equation by L.) 
the upward reaction at B=iW + iic; and consequently the 
downward pressure at H, lieing equal and opposite to the upward 
reaction at B, must also be equal to 
iW + iie. 

Examfm: 2. — A uniform beam 12 feet long, and weighing 100 lb.. 



is supported at lioth ends, and cames a weight of 2 cwt. at a 
distance of 3 feet from one end ; find the pressure on each {mint of 
support. 
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By taking iiioiiieuts round B, we have — 

R, X AB = W X DB + w X CB, 

B,x 12' =224 x 9' + 100x6'; E,=?p’-=218 lb. 

To find Rq we get— 

Ri + Ra=W + w; R,=224 + 100 - 218= 100 IK 


685. The following formula; will comniciul IhemHelvcft oa I)eing 
cM)nci.se and less difficult to renienil>er. 

Taking the above example, and using the following formula— 
P:\V = CL:Lj 

or, expressing this proportion in words— as power is to weight, so 
is tlie counter-lever to the lever. 

I* = power, \V = wciglit, CL -- counter-lever, L - lever. 

P: W = CL:L, 

P:2‘24 ::3 : 12, 

P = =56 lb. +50 lb. = 100 lb,, 

and tliis is the imwei* required to raise the l)eain fron) its support B. 
In other words, it is the pressure at the point B. 

By referring to the first figure it will he easily understood why 
50 is added to 56. 

In order to find the pressure at the point A we proceed thus 
P: \V = CL:L, 

P : 224 : : 9 : 12, 

P=^2® = 168 + 50 = 218 lb. 

Tlierefore the pressure at A =218 lb., and at B 106 lb. 

It will be observed that the beam is a lever of the tliird order — 
that is, the weight is between the pow'er and the fulcrum— and that 
its entire length is a lever. The counter-lever is the distance 
between the weight and the fulcrum. 

Another solution is as follows 


t t 

k- -3 9 FT ^ 

W=224 IK 
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Let AR represent the 1>eani, C the point of application of the 
weight 224 lb., AC ami RC= distances between supports and 
weight. 

The total distance between supports A and B=12 feet; AC 
represents i**, or ^ of that distance, and = or | of the same. 
Then the pressure at R, neglecting weight of l>eani = 
,»jx^l^=r)61b., 

and the pressure at A = 

= 16811).; 

but to each of these results we must a<ld half the weight of the 
beam, viz. 50 lb. ; 

. • . 56 H .50 = 1 06 lb. = pressure jit H, 
and 168 + 50 = 218 lb. „ .. A. 

Exercises 

1. A uniform beam 10 feet long, and weighing 1000 lb., is sup- 

portecl at both ends ; a weight of 100 lb. is placed at a distance of 
2 feet from one cud ; find the pressure and reaction at each point 
of support =580 lb. ; 520 lb. 

2. A 38* toil gun is being supporteil by a hydraulic jack at the 
breech and a tackle at the muzzle; the length of the gun is 
16 feet ; the point of application of the jack is 6 feet from the 
centre of gravity of the gun, while that of the tackle is 10 feet ; 
find the pressure on the jack and the strain on the tackle. 

=23J tons on jack ; 14| tons on tackle. 

636. Stiffness of Beams (Tredgold). 

B = breadth of beam in inches, 

D= depth II II 

L = length m feet, 

W=loa«l ill lb, at the centre. 
n-s/LnVrt 

y ir»"- ' 

/f = -01 fir. 

= *01 a.*»h, 

= *013 beech, 

= *008 teak, 

= *015 elm, 

= *02 mahogany, 

= *013 oak. 

When the beam is uniformly loadeil, take ‘625W instead of W. 
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637. Transverse Stress or Bending Moment of Beams.— 
A transverse stress is prcnluccd by a force or forcen acting 
perpendicularly to the axis of a bar or beam. Jiy axis wc mean 
a line pa.ssing through the centres of gravity of all the transverse 
or cross sections of the bar or beam. 

(1) Take the case of a rectangular beam where the load is 
applied at the centre, the beam being supported at its emls A, 11, 
and let it be required to liml the transverse stress or bending 
moment. J/jtn, ueglccting the weight of the beam itsetf and con- 
fining our attention solely to the load SV, we see at once that an 

W 

upward react ion = -- Is produced at A and at H. Then, by taking 
moments about C (the centre of the beam), we have 
The bending moment, or B.M., at C = x 

WIi 

the bemiing moment of a lieam loade<l at the centre is 

4 

This Is the maximum bending moment. 

(2) Should the load l>e uniformly distributed along its length, 

WL 

then the maximum bending moment is ^ . 

This shows that the bending moment at C, when the load is 
uniformly distributed j is only half the magnitude that it would 
be if the load were concentrated at tlie centre (’. Consequently a 
uniform beam of certain dimensions will bear double the load 
evenly distributed that it can support if the load bo concentrated 
at or near its middle. 

(3) Should the l>eam be supported at both ends, and a con- 
centrated load 1 m 3 placed anywhere between the ])oints of support, 

the inaximum bending moment is where m and n are the 

relative distances of the section from the ends, anti the B.M. at 
mww 
L 

any section of the beam=— — for a unifiwmly tlistiibuted load. 
EX£RC1.SE.S 

1. A uniform Ijeam 12 feet long weighs 400 lb., and is supported 
at its extremities ; fintl the bending moment tending to break 
the beam at a point 3 feet from one end, and the shearing force. 

Bending moment =450 lb. 
As previously pointed out, the shearing force or loatl at any 
IKiint or any transverse section of the beam is equal to the resultant 
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or algebraical sum of all the parallel forces on either side of the 
point or section. Consequently the forces in this exercise on tlie 

side of A, where the shearing force is asked for, are acting 

£ 

w 

vertically upwards at A, and — downwards. 

W 400 

.*. the shearing force to the left of the section = = 
100 lb. upwards. 

The shearing force to the right of the section =^=^=100 lb. 
downwards. 

2. A uniform beam 10 feet long weighs 500 lb. , and is supported 
at its eKtremities ; find the bending moment tending to break the 
beam at a point 4 feet from one end =600 lb. 

638. In order to better understand the relation of the ‘ shearing * 
and ‘ bending ’ forces, an intimate acquaintance with the science of 
graphic statics is neces.sary, and although it does not fall within 
the province of this work to enter into the subject at any length, 
the reader’s attention is nevertheless directed to its important 
application in connection witli theoretical and applied mechanics. 
Graphic statics is the science and art of determining by scale 
drawings the total stresses in the various parts of a structure. 
The forces transmitted through each part of a structure may be 
ascertained in three ways— namely, by calculation, the graphic 
method, and by the method of sections. The first method is 
extremely laborious, except in very simple problems, whereas the 
other methods are not only rapid, but at the same time afford 
self-evident means of checking the accuracy of the solution, and 
there is less chance of a grave error than there is in the purely 
analytical method. 

The following works commend themselves Graphics^ by Pro- 
fessor II. H. Smith, M.I.M.E. (Longmans, Green, & Co., London) ; 
Principles of Graphic StnticSf by G. S. Clark (E. & F. N. Spoil, 
London) ; Elements of Graphic Statiesy by L. ^I. Hoskins (Mac- 
millan & Co., London). 

639. Problem X.— Beam fixed at one end and loaded at 
the other. 

Let CD be a cross section anywhere within the length of the 
beam at a distance of x inches from the fixed end A. 

To find the sheating forae at section CD. 
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It will lie observed that the only force acting to the right of the . 
section is W lb. 

. •. the shearing force = W lb. 



It is independent of .r, and therefore the same for all such 
sections as Cl). 

The bending moment at CD is \V x by its distance from tlie 
section in inches. 

. *. B. M. = W X IID = \V(L - X) inch lb. 

The equation is true whatever may be the position of W on the 
lieam, so long as L denotes its distance in inches from the li.\ed 
end, and CD is between W and the support. 

640. Problem XI.— Beam fixed at one end and loaded 
uniformly. 



Regard the load on the lieam as to lb. per inch run, and let it lie 
required to find the shearing force and bending moment at any 
section CD at x inches from the fixed end. Consider the part of 
the lieam to the right of CD as before. The only force is the 
weight of that portion of the load carried by BD ; consequently, 

The shearing force (S.F.)=u; x BD=u?(L - x) lb. . [A]. 



364 


STRENGTH OP MATERIALS 


The inoniont of tiiat portion of the load on BD with reApcct to 
Cl) is the same as if it were all concentrated at the middle point 
of HI). 

the bendinj' moment (B.M.)== 

IU)x JBI)=:^i/;x BD*=iM?(L-a;)® iiich-lb. . [B], 

and S.F. lb., j.,, 

B.M.-^iwLMiicli-Ib.,/ • • * * 

K<|uatioiiH [A] and [BJ demonstrate that both the S.F. and B.M. 
<lisapi)car when the quantity a;=:that of L; and when x=0 we get 
Kqnations [CJ. 

641. Problem XIL— Beams supported at both ends and 
loaded at the middle. 



Here wo measure .r from the middle point of tlie beam. As W 
is equidistant from A and B, the reactions at those ])oints, Kj and 
II3, are equal to each other ; and as their .»«um is W, we have — 

~ R, awib. 

The force to the right of Cl) is B.^, and its leverage is Bl). 

.-. S.F. = H.j=:.iW lb [D], 

and B.M. ^R^x BD-iW(iL-.») inch lb. . . [E]. 

Note in this case that the haidinij moment disappears when 
.f =.iL, and increases uniformly from this until ic = 0; it then 
attains its maximum value, IWL ; or, 

MAximum bending moment = inch-lb.. . . [F]. 

Exam P l.K.— Take a beam of length L, supported at lK)tli ends, 
and let it be loade»l at the centre with any load W; prove that the 
l)ending moment is greatest at the middle of the Warn and equal 
to ^WL ; then determine by graphic method the l)ending moment 
and shearing force at a point 6 feet from one support in a l>eam 
whose length is 25 feet l»etwcen points of support, supposing it 
to be loaded with 5 tons at its centre. 
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From Equation [E] we find that, for a l>eam loaded as in tliis 
example, the bending moment at any distance x from its centre is 
B.M.=iW(iL-.r). 

This is obviously greatest when flT=0, that is, at the centre. 
Then, maximum bending momcnt=JWL, and shearing force==AW. 
Consequently, for the numerical values of W and L in the question 
before us, wo have 

Maximum B.M. = -25 x 5 x 25 = 31 *25 foot tons, 
and shearing force = *5 x 5=2*5 tons. 



At 6 feet from one end the Ixjnding moment measures 15 finit- 
tons. This is easily verified by means of the formula for II M., 
because a;= 12*5 - 6=6*5. Consequently the 

B. M. = i X 5 X (12*5 - 6*5) = 15 foot- tons. 


642. Beam supported at both ends and loaded any- 
where. —Tlie maximum l>ending iiioiiient with a single concen- 
trated load will always occur immediately under the load, whether 
it 1)6 at the middle of the beam or not. 

For the bending moment at any section at a distance x from one 
end is Rxa?, and this is greatest when x is largest— that is, when 
the section is under the load. 

To find the reactions at the supports wo take moments alxuit A 
and B, and get R, x L = W x m. 
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Consequently Ih., and K|-™W lb., and these are the 

Ij Li 



values of the shearing force (S.F.) to the right and left of W 
respectively — 

S.F. to tlie right Ih., 

S.F. to the lcft=”\V Ih. 

Mul titdying the first of these equations hy n, or the latter hy n, 
we get: - 

Maxiinuni bending momenta W inch lh. 

ij 

643 . Beam supported at both ends, and loaded uni- 
formly. — liCt the weiglit, os before, per inch run he denoted hy 
w; then the total load carried hy the l>eain will he wh lb., and 



the reactions R, and IL, will each he JwL Ih. Taking the forces 
to the right of the section CD, we have the S.F. = R 2 -wxBD 
= lf(7L - ir( JL - a;) = icx lb. ; 
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and B.M. = 1^ x BD - w . BD x *BD 

= iwLxBD-iM?.Bl)a 
BD(L-BD) 

= i?r{iL-a!)(iL + ;r), 

= - «*) incli-ll>. 

By plotting the diagrams of S.F. and B.M. wo get this figure; — 


S.F. curve is 
a straight 
line. 



B.M. curve is a 
parabola witli 
vertex below 
the niiildio of 
tlio beam. 


The limit values of S.F. and B.M, arc : 

When x~\\j, then S.F. = Ii>., and B.M.--0; 

„ .r=:0, then S.F. -0, and maximum B,M. = inch-lb. 

644. When a beam carries more than one load, or is loaihsl in 
more way.s than one, the simplest and .safest way is to consider each 
load separately, without regard to the others, and t hen c.omhine the 
separate effects so as to obtain the resultant action, sis follows. 

Example. — Draw the bending moment and shearing force 
diagrams for a beam 12 feet long, supported at Imth ends, and 
loaded with weights of 4 and 6 tons at distances of 3 and 8 feet 
respectively from one end of the Ijeam. 

Measuring distances from the left end of the beam, and considering 
each load separately, we have for the 4 tons to the left of the load — 

S.F., = ^\V=^x4=3tons; 
and to the right of it — 

S.F.,=^\V = ix4=lton. 

The maximum bending moment due to this load is 
B.M .1 = X 4=9 foot-tons. 

It occurs immediately under the load. 
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Next, taking the 6 tonn load, we have to the left of it — 
S.K.,,=£\V=ix6=2ton8! 
and to the right of it— 

S.F.„=j"\V = ^x6=4toii8. 

'Phe inaxiinuni bending nioinent <luc to the 6 tons is 
1$. M. 2=’^ W = X 6 = 16 foot-t.)iis. 



S.F. and B.M. Curves for preceding Example. 

The tliin lines show the actions of the separate loads, ainl the 
full lines their combined results, obtained by taking the algebraic 
sum of the former. 

The reader should carefully note the necessity of attemling to 
the sign of the shearing force. Thus, l)etween the weights we 
have a shearing force of 2 tons, which, on account of its sign, is 
drawn below tlie base-line ; also a shearing force of 1 ton drawn 
above the base-line. The resultant shearing force between the 
loads is therefore the diffeience of these, and is drawn on the same 
side of the base line ns the greater of its components. 

The l)ending moments everywhere along the beam are of the 
same sign; therefore, to obtain the combined bending moment 
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diagram, we have simply to add the ordinates of each separate 
diagram. Thus, to get the total bending moment at the section 
under the 6 tons load, we add FG (viz. that due to the 4 tons at 
that point) to FH (that due to the 6 tons). The result FK is 
therefore tiie total bending moment at that point. 

It is quite sufficient to <lo this for the sections under each load, 
and then join each of the points so obtained witii each other and 
with the ends of the l)eam by straight lines. If drawn to scale, 
the bending moment at any other point can then be obtained by 
measuring the corresponding ordinate. 

Exercises on the Bending Moment and Shearing Force 
OF Beams. 

1. A beam 12 feet long is supported at its ends, and is loaded 

with a weight of 3 tons at a point 2 feet from one end ; find the 
bending moment at tlie centre of the beam, and also the shearing 
force B.M.=36 inch-tons ; S.F. =0*5 ton. 

2. A beam is 20 feet in length, and is supported at both emls ; it 

is loaded with 1 ton evenly distributc<l along its length ; find the 
bending moment at a distance of 7 feet from one end (neglect 
its weight) =5096 foot lb. 

3. A uniform beam, fixed at one end anil free at the other, is 
10 feet long, and weighs 6 cwt.; it carries two loads, one of 2 cwt. 
at the free end, and the other 4 cwt. at its middle i)oint; find 
the shearing forces at points 2i feet and 6 feet from the fixed end. 

= 10*5 cwt. ; 6*4 cwt. 

4. Find the Ijending moment and shearing force at a point 

8 feet from the same support in the lieain here mentioned ; it is of 
uniform shape ami weighs 15 cwt., and rests on supports at its emls 

which are 2^ feet apart ; it is loaded with three weights of 4, 6, 

and 10 cwt., at distances of 2, 7, and 12 feet respectively from one 
of the supports. . . . B.M. =98 foot-ewt. ; S.F. =3 cwt. 

645. The following formulm will be found useful for determining 
the strength of rectangular beams and girders 

Let L= length of lieam or span in inches, 

B= breadth h m n 
1)= depth H ti <1 
W = breaking weight in cwt., 

* K= coefficient of rupture, 

M= multiplier for deflection (see ‘Deflection*). 

* The yalue of K 1« the transverse strength of the lusterisl expressed In cwt 
or lb. («ee Tsble)L 
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W 

K 

M 

One end fixed, the other loaded, 

KBD* 

L 

LW 

jib* 

•33 

One end fixed, weight distri- 
buted, .... 

2KBI)2 

L 

LW 

2B1> 

•125 

Kmls supported, weight at 
centre, .... 

4KBI)‘^ 

h 

LW 

4BD^ 

•02 

Bnds supported, weight ilis- 
tributed, .... 

SKBIV^ 

L 

LW 

SBi> 

* 

•013 

Knds fixed, weight distributed. 

l‘2KBir^ 

1. 

LW 

12BI)-‘ 

•0032 


To find tlie breaking weight of l)eanift of the following sections, 
use tlie formula for W given above, but substituting for BD* the 
values of V for the section required. I = moment of inertia. 
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Note.^ThQ safe weif'lit tliat may lie put on beams in permanent 
structures is from | to tlie broakliiff weiplit of the beain. 
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640. STllENGTH AND WEIGHT OF MATERIALS 

Table C 


MateriaU 


Wi-iifiiior 
a Chihic 
Inch 

WelKht of 
a (Millie 
Foot 

Teiuile 
Htn'DKth 
per Hi|uare 
Inch 

rraiiMtig 
Weight 
|ier Hiiuare 
Inch 

Traiuvene 
Strength 
per Square 
Inch 

Mktai^ 


Lb. 

Lb. 

Tona 

Tona 

Tune 

Aliitiiiiiiiiiii, shaot, 


•090 

100-0 

12 

_ 



• 1 OIlMb, 



150-8 

8 

_ 

_ 

Aiitiiiiony, cast, . 


•242 

410 5 

•47 


— 

RiHIIUllIl, CRMb, . 


•353 

013- 1 

1-45 

__ 



Copper, IkiRh, . 


•818 

r>52*4 

17 


_ 

•1 CRMt, 


•31 

5.37 3 

*8 -I 


— 

H Mlinet, . 


‘810 

548*1 

13-4 


_ 

<1 wire, 


•32 

555 

•2(i 

_ 

__ 

floM 


•«i0.5 

1150 

0 1 

— 

— 

Iron, i’Rst, . 

4 from 

•252 

437 

<i 

30 

2 

( to 

•273 

474-4 

13 

04 

8*4 

II II average, . 


•20 

451 

7-3 

48 

2-6 

II wronglit, . 

j from 

•273 

474-4 

10 

10 

3 

i to 

-281 

480-0 

20 

18 

6-5 

II II average, 


•28 

485 0 

22 

10-9 

8 8 

II wire, . 


— 

— 

40 

— 

~ 

lA»ai|, oast, . 


•40S 

708 5 

•8 

3 1 


II Hlieet, 


•41 

711 0 

1-5 

— 


Mercury, . 


•40117 

848-75 

— 

— 

— 

Plaiinutu, . 


•775 

1343-0 

__ 

-- 

— 

II sheet. 


— 

_ 

— 

— 


Silver, 


•377 

053 8 

18 ‘2 


— 

Steel, .... 


•288 

400 

52 

1.50 


•1 plates. 


— 


85 

90 

— 

Till, cast, . 


•2«»2 

455 1 

2 

0‘7 

— 

SSlnc, coat, . 


1 

437 

3-3 

— 

— 

AM.0Y8 







Aliuniniiiiu bronze, 00 to 05 pet ^ 
cent, copper, . . 1 

•270 

478*4 

32 

58 

- 

Bell ineUI (small bells). 


•20 

502*52 

1-4 

— - 

— 

Brass, cast. 


•3 

524 *.37 

8 

_ 

— 

II sheet, ' . 


•301 

5*20*80 

14 

— 

— 

II wire, 


•307 

533*100 

22 

— 


II .'i copper, 1 zinc, 


3 

.5*25*00 

13 7 

— 

— 

II 4 II 1 11 


•304 

527-30 

14 7 

— 

— 

•1 3 II 1 II 


•3 

524 18 

13*1 

~ 

— 

II S II 1 II 


•200 

618*00 

12*5 

— 

~ 

•I 1 11 1 •• 


-20i; 

513*75 

9*2 

— 

— 

II 1 II 2 11 


•20S 

517*00 

10-3 

“ 
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Bras^, 1 coppor, 4 zinc 
GoM (staiulard), 

Gun metal, 10copp«‘r, 1 I in, 
•• i) 11 1 H 

" 8 „ 1 „ 

•' 7 II 1 •• 

Pewter, .... 
Silver (.stamlurd), 

Speculum metal, 

White metal (Uabhett), . 


Timbkk 

Acacia, , 

A«l«, . 

Beech. 

Bi'ch, . 

Box, . 

■clar, We.st Imliaii, 
American, 
Lebanon, 
’hestJiut, , , 

Gork, . 

Beal, ChriHtiaiiia, 
Eljoiiy, 


El«n, English, . 

»» Canadian, . 

Pir, spruce, 
Hornbeam,, 
Ironwood, , 
Greeiiheart, 

Larch, 

Lignum* vitae, 

Lime, , 

Mahogany, Nassau, . 
" Homlurax, 
;• Spanish, 
Maple. 

Oak, African, . 

»• American, red. 


j from 
1 to 
f from 
\ to 
j from 
1 to 
( from 
I to 


( from 
( Ui 


W»<||i{ht at 
a Ciihic 
lUfh 


l.b. 

•2i;5 

•30<) 

'3or, 

•300 

•305 

•371 
•2») I 
•203 


•0*25 
•0-28 
*0*25 
•0*27 
•025 
•025 
•020 
•020 
•040 
• 0‘20 
•020 
•017 
■022 
•008 
•025 
•043 
•02 
•021 
•020 
•018 
027 
•041 
•041 
•01 y 
•02 
•048 
•02 
•024 
•02 
•031 
•025 
•035 
t)3 


Wflght ( 
a Ciiltlt 

, TciihDc 
S tr^iiKtl 

> t'ruHiilii 
li 1 Welsili 

IK TrniiHVtirM. 

Htrciidth 

Ftx.t 

|>rrH<(ua: 

Inch 

rc i>or 

Inch 

W |MTH(|iinn> 
Inch 

Lh. 

Ttiijd 

Toim 

Toll!! 

4l‘»013 

!•!» 


lIOtj-42 




.'i‘2S-30 

10-1 



.5‘2S*2I 

15-2 




.52S-0.'i 

17-7 



527-80 

13-0 

- 


013-72 




404-87 

3-1 



450*32 



-- 

44 

Lh. 

l.h 

Ll>. 

lOOOO 

— 

18(i7 

40 


— 

4.3 

12000 

K|-*<.)0 

•2000 

47 

17(HK) 

0.3(K| 

.‘1000 

43 

lUXX) 

77itO 

1.500 

43 

22(KK) 

'.»300 

2000 

44 

150(K) 

3.'<(X) 

IIKXJ 

45 

- 

(i(Hf0 j 

1030 

80 

•20(HK) 

' 10000 

2445 

47 

5000 

5700 

1443 

35 



7t;«; 

30 

llOiX) 

.5S00 

1.300 

38 

15 

l‘2fKX) 


1770 

43 

12000 

5850 

J.562 

74 

— 

V.HMH) 

2100 

34 

132(K) 

umj 

782 

30 

14<K>0 

__ 

1100 

45 


-- 

1020 

32 

10100 

r,m 

1400 

47 

2fMjOO 

4tW 

... 

71 

- 


3000 

71 

— 

__ 


34 

StKX) 

3200 

i3:io 

35 

102(X) 

5500 

HiiU) 

83 

118<J0 

lOCKX) 

3440 

35 





42 

— 

— 

1719 

35 

21000 

8000 

1010 

53 

— 

8200 

i:m 

42 

10000 

— 

l(i04 

02 

— 

— 

2523 

53 

10000 

6000 

1680 


Prat-. Math. 
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Weitflit of 

WtlKht of 


Crttiihinif 

Tninaverm; 

MatvrlAlH 


Stri'iiKtti 

Weight 

Stmiglh 


n 1 ;ii»/l«' 
Inch 

A <*ll>>i<* 

FlHit 

isrr M({iiAre 
huh 

p(‘rM<iiiHre 

Inch 

|ierH«|UArf 

Inch 



Lit. 

Lh. 

Lli. 

Lh. 

Lb. 

Oak, Aincriraii, wliito, 


•028 

49 





( from 

•028 

48 

loooo 

6400 

1000 

1 to 

•o:t4 

58 

KNMK) 

lOOOO 

lOOO 

rino, hmI, . 

( from 

•021 

80 

1-2000 

54(K) 

1200 

i to 

•024 

41 

14<J00 

7500 

lf)30 


j from 

•015 

27 

__ 

— 

1229 

( to 

•02 

34 


— 

— 

M yellow, 


•018 

32 


5300 

1185 

n Daiitzic, . 


•023 

40 

8000 

5400 

1420 


j from 

•02 

34 




1348 

H Meinel, 

( to 

•021 

37 


_ 


If UiKa, . 

j fiom 

•017 

29 


— 

— 

i to 

•023 

41 

14(HJ0 


1383 

Hutliiwood,. 


•034 

r.0 


— 

3-2(X) 

Teak, .... 

i from 

•02*» 

40 

8000 

1*2000 

2110 

t to 

•031 

54 

15(H)U 

- 

- 

Htonrh, &c. 







Basalt, Scotch, . 


•100 

184 

1409 

8300 

_ 

II (ii’ceiistono, . 

. 

•101 

181 

— 

17200 

— 

If WelHli, . 

. , 

•099 

172 

— 

H)8()0 

— 

Chalk 

( from 

•084 

145 



501 



{ t-. 

•094 

Bi2 

_ 

— 

— 

Firestone, . 


•005 

112 

— 

— 

— 

Oraiiitc, Abenloon gray. 


•094 

103 

— 

lOO(K) 

— 

II II hmI, 


•0l>5 

105 

__ 

— 

— 

II Cornish, 


•OtMi 

100 

— 

14000 

_ 

II Mount Sorrel, 


•Olhl 

10.7 

__ 

12800 

— 

Liinestonu, conii>art. 


•(H»3 

101 


7700 

— 

II Purheck, . 


•0’I3 

10.2 

— 

91tK) 

— 

II AiiKlcsca. 



— 

— 

7579 

— 

II Bine Lins, 


•OSO 

154 

“ 

— 

— 

II Lithogrn))hi(', . 

•0l>3 

102 

— 

— 

— 

Marble, statuary, 


•ot»s 

170 

722 

3210 

•— 

II Italian, . 


•098 

170 

— 

9C.81 ' 

— 

If Bmlmnt block. 


•097 

108 

_ 

9219 

— 

If IVvonshire, . 



— 

— 

7428 

— 

Oolite, Portluml stone. 


•087 

151 

_ 

4100 

— 

II Bath stone, . 


•07-2 

123 

— 

--- 

— 

Sandstone, Arbr<vith pavement, 

•089 

155 

1201 

7884 

— 

If Braniley Fall, . 

•0t> 

150 

— 

0050 

— 

fi Caithness, 


•01^5 

105 

1054 

6490 

857 

II Cmit^leith, 

. 

•088 

153 

4.53 

6287 

— 

II Derby jjrit. 


•oso 

150 

— 

8100 

■— 

II Reil, Cheshire, 

•077 

133 

— 

2186 
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MRUrlalfl 

Wf Ight of 
a I'nliic 
Inch 

Weight <•( 
» t'uhlc 
Knot 

Tensile 

Htrciigth 

pcr&iuiiiv 

Inch 

I'l ushllig 
Weiglit 
iicrSiiuAn* 

1 nch 

Triius\«riic 

HtlVIlgtil 

lH*rSt|«HIY 

Inch 



Lh. 

Lh. 

Lh. 

L)i. 

LK 

SaiKiHtone, Yorksliiift jKiviiiK, • 

•oi» 

157 

— 

5714 

~ 

Slate, Aiiglesea, 


•103 

170 

1 0000 to 

100(K> to 

) 

«• Cornwall, 


•00 

157 

\ 1*2800 

21000 

> 1001 

.. Welsh, . 


T04 

180 

If 

„ 

) 

t( Trap, 


•05»S 

170 

— 

-- 

.... 

MlSOKM.AHEOrs SriWTANCF-S 






Asphalt, 


•0*0 

150 

_ 



Rriok, common, . 

j from 

•or>7 

1(K> 




1 to 

•072 

125 

_ 



•• Lotnlon stoc’k, 


•0<}«i 

115 




11 reil,. 


•077 

134 

_ 

808 

_ 

M Welsh lire. 


•080 

150 

_ 



!• StonrhrhlKe fire. 


•070 

137 

_ 

1717 


Cement, Portlaml,) 

( from 

•ori 

80 

400 

3705 


In jKjwder, > * 

( to 

•054 

94 

000 

5084 


fVMnent, Homan, 


•057 

1(X) 

1S5 

_ 


Clay 


•008 

119 

_ 

— 


Coal, anthracite, 


D55 

i»5 

— 

_ 

— 

t( cannel, 


•040 

70 

_ 

— 


(t Glasgow, . 


•040 

80 

— 

— 


M Newcastle, 


•045 

70 

_ 

— 

— 

Coke, .... 


•020 

40 

__ 

— 

1 

Concrete, ordinary, . 


•008 

119 

— 



n in cement, . 


•070 

137 

— 

— 


KarLh. 

j frmn 
( to 

•054 ] 

•072 

77 

1-25 


— 

— 

Glass, Hint, 


•111 

102 

2113 

27500 


If crown, 


•001 

157 

‘2540 

31000 


If common green. 


()01 

158 

‘2M»0 

31870 


II phate, 


•000 

172 



- 

(futta-|>ercha, , 


•035 

00 

__ 

— 

-- 

Gypsum, 


•082 

143 

71 

_ 


I mlia- rubber. 


•083 

5S 

— 

— 

— 

J'ory 


•005 

114 

— 

_ 

__ 

I.imo, cpiick. 


•03 

53 

— 

— 


Mortar, 

f from 

•049 

8t) 

— 

— 

— 

t to 

•008 

110 

— 1 


— 

•* average, . 


•001 

100 

_ : 

— 

— 

I*itch, .... 


•041 

00 


— 

— 

Plimibago,. . , 


•082 

140 

— 

— 

— 

Sand, quartz, 


•otio 

171 

— 

— 

— 

•f river. 


•007 

117 • 

— 
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647. Deflection of Beams and Girders in terms of Weight. 

L= length of span in inches, 

W^^weiglit on beam in Ih., 

I -moment of inertia (sec Table, ‘Various Sections of Beams’), 
E= Young’s mo<lulus of elasticity (see Table A), 

S '■ stress in tons per square inch on material of beam or girder, 
rf dellection of beam or girder in inches, 

D-eirectivo depth. 

Notc.-Ai W is in tons, the modulus of elasticity E is* say, 8000 
for citst-iron, 13000 for steel, and 11000 for wrought-iron ; but if 
W is in lb., the value of E must be taken from Table A. 


AV.L® 

One end fixed, the other loaded, il~ - J,, ; 

, , \VL» 

n II uniformly « a - j ; 

\VI,3 

Ends HupiKirted, load at centre, » 

fiWI? 
'384EI ’ 

uniform stress, d - ; 

WL« 
192EI *’ 

II weight distributed, 


load distributed, d 


II fixed, load at centre, 


JV'ofc.— The greatest deflection usually allowed in beams is 1 inch 
in 100 feet, or of the span. 


Example,— Find the deflection of a cast-iron lujam 18 feet in 
length, breadth 1 inch, and depth 12 inches, when loaded at the 
centre with a weight of 6000 lb. The ends of the beam are 
supported. 

Take modulus of elasticity = 18400000. 


, 6000x1007^96 

""■ 48EI 48 X 18400000 x 144 


= *47 inch. 


Exercises 

1. Find the deflection of a cast-iron beam supported at both 
ends, with a weight of 12000 lb. at its centre; its length— 18 feet, 
breadth 2 inches, and depth 12 inches. . . . = *476 inch. 
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2. What weight should be placed at the centre of a cast-iron 
lieam of the following diineiiKionS) length 18 feet, breadth 1 inch, 
depth 12 inches, in order to dellect the I>eani ^ inch, the en<ls 
being supported ? =3155 006 lb. 

By integrating the fornmla we get — 

. dAH.VA 

— 1 / 

.3. A plate of steel 18 inches wide .and inch thick sustains a 
weight of 1 ton at the centre of a 35- inch span ; find the detlec- 
tion (take E = 42000000) = -458 inch. 

4. Fiinl the deflection of a wrought-iron bar 2 inches sejuare, 
25 inches sjian, witli a load of 3 tons at the centre. = *065 inch. 

.5. Find the breaking weight of a wrought-iron bar 1 inch square 
and 12 inches long, supported at the ends ; the bar is made of the 
be:<t material =1*8;^ tons. 

6. A wrought-iron solid beam of the following dimensions — 
length 14 feet, breadth 6 inches, and depth 9 inches ; what weight 
uniformly distribute<l over it would be suHicient to break it, sup 
posing its ends are fixed ? Take the transverse strength = 3 8 tons. 

= 131*9 tons. 

7. Suppose the beam in No. 6 exercise to be loaded uj) to 80 tons ; 

fintl its deflection = '0(KXX)8 inch. 

8. Find the weight that should be placed as a central load on 

tiiis beam in order that the usual amount of deflection be not 
excee«led =12873*2 lb. 

9. Find the breaking w'eight of a rectangular beam of ash, also 
its deflection, when its ends are fixed and it is loaded uniformly 
(distributed loa<l) ; its dimensions are—leiigth 14 feet, breadth 
6 inches, and depth 9 inches. Transverse strength-- 19 cwt. 

Breaking weight = .32*9 tons; deflection = *0fKX)5 inch. 

10. Find what loatl placed at the centre of the beam in No. 9 
exercise would break it, and state the deflection just ns the lieani 
gave way. Let its ends be supported. = 10*99 tons ; 4*03 inches. 

11. Find the breaking weight, safe load, and deflection under 
the breaking load of a square beam of pine whose length = 14 feet 
and side 12 inches, when the ends are supported and the weight is 
distributed. Take coefficient K= 13 cwt. . 

Breaking weight =26 *74 tons, safe weight =5 *34 tons, deflec- 
tion = 1*3 inches. 

12. Find the breaking weight of a cast-iron beam whose length 
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w 20 feet, and with a load at itH centre ; the en<Is are stipiKirted, 
and the Hcction oh shown in the lig. Take the transverse strengtli 
= 52 cwt. 



1) 12 iiirhoH, 

n 8 

if - 8 .. 

/> - 4 ti 


=554§ cwt. 


348. Breaking Weight of Cast-iron Girders. 

I) = depth of girder in inches, 

A - area of hottoin flange in inches, 
S~span in indies, 

W - breaking weight in tons. 

Supported at iiotli ends, with load at 
centre, ,.,25 AD 

” ~ 'ui 


Supported at lioth ends, with load dis 
tributed, .y 50 A I) 

If the depth = 1*5 of the span, W = A4-17, t wliere the weight is 
II II = 1*0 *' W = Ax5, i distributed. 

Area of the top flange if the load is applied on the top = ^- 

Area of the top flange if the load is applieil on the bottom 

flange = “• 

20 

Depth at the ends may equal ^ 

Safe deflection, inch for each foot of span, under a test load of 
ji of the breaking weight. 



Example.-— Find the breaking weight of a ca.st-iron girder of the 
above section from the following particulars: — Length of sjmn 
10 feet, depth of girder 10 inches, size of bottom flange 
with a distributed load. 


60AD_50x 7*5x10 
S “ 10x12 


=31*25 tons. 
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Exercise 

Find the brcakin;; weight of tlie following girders of the same 
section witli a distrihuteil load. 


S|*an in Keel 

Deplli in InelieM 

Sizit of Dottom 
l‘'Iaii(*o 

Answer 

15 

15 

8x1^ 

.50 ions. 

•20 

20 

lOx l.\ 

G2’r> M 

25 

25 

13 X 1^ 

94-79 

30 

:io 

15 X 2 

12.5-0 M 

35 

35 

17x2 

141i'> „ 


649. Deflection of Iron and Steel Girders, ends supported. 

The usual allowance in American bridges is ^3*0,7 after the girder 
is set. 

S = 8pan in feet, 

I* -stress on the metal hy any load in tons per square inch, 

E = modulus of elasticity in tons -say lOOtX) for iron an<l 13tXK) 
for steel, 

1) “effective depth of girder in feet, 

rf-detlection of girder in inche.s ; 

3S*F 

rf=-gU- = SK, <For value of K, see Table, p. 380.) 

EXERCT.SK.S 

1. Find the deflection of a w rough t-iron girder whoso effective 

depth =3 feet and span 30 feet; the stres.s on the metal ' 5 tons 
per square inch = '4.5 inch. 

2. What deflection would a steel girder have with a span of 

r>0 feet, its effective depth being 4 feet, and stress -6 tons per 
square inch ? '87 in(di. 

It will be noticed that the deflection is too great, the girder 
l)eing badly proportioned. 

3. Fin<l the deflection of a steel girder under a stress of 8 tons 

per square inch, the span =32 feet, and the efl'ective depth of the 
girder = 4 feet '47 inch. 
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650. To find the deflection of a beam or girder of uniform 
section, we have the following formula 

w w 

2T{MRjrf ® = T6d • ® “ '■«t«nKular l«am, 

where \V= weight in tons, 

/=span in inches, 

(MR) = moment of resistance of cross section in indies, 

depth of beam or girder, or, rather, twice the distance 
of the fibres most strained from the neutral axis, 

£= modulus of elasticity. 

E = *00018 for cast-iron, = *001 for teak. 

E= *00010 II wrought-iron, =*002 h oak and pitch-pine. 
E= *00008 II steel, =*003 .. fir. 

To be in a position to use the nliove formula, we must lirst 
determine the value of (MR) for each section. For a rectangular 
section, (MR), the moment of resistance or modulus of section, 
hd^ 

= . For other sections, see Table at the end of this subject. 

651. Determination of Moment of Inertia. 

1 = moment of inertia, 

N = distance of neutral axis from lower edge of section, 

H - height of any particles from lower edge of section, 
distance of any particles from the neutral axis, 

B= breadth of section at any height H, 

2 = sum, 

A = difference. 

2SRA((?*) 

I = — , if the neutral axis be in the centre and the figure 
lie symmetrical ; if not, 

i=W_an> 

A=2BAH. 

2A 

The neutral axis, for all practical purposes, passes through the 
centre of gravity of any section. 

The following example demonstrates the application of the 
formula given. 

The more closely the section is divided into minute rectangles, 
the more accurate will be the result. 
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H 

112 

113 

AH 

AU2 

AH3 

> B 

1 

BAH 

BAH2 

BAH3 

0 

0 

0 

0 

0 


1 

1 




4 

16 

64 

4 

16 

04/ 

10 

40 

160 

640 

6 

36 

210 

2 

20 

1.52 

6 

12 

120 

912 

18 

.324 

.58.32 

12 

288 

5616 

1 

12 

288 

5616 

20 

400 

8000 

2 ' 

76 

2168 

3 


228 

6604 

24 

676 

13824 

4 

176 

6824 

7 

[ 28 

1*2.32 

40768 








98 

2028 

64440 








=2:iuii 

2BAH’* 

2:BAH3 








= A 









196 
— AN’* 


= 10-346, 


SBAIIP) 2028 
2A ^ 

3 

= ftA|49.. 98x00-346)’* 

= 18146-d- 10489-8 
=7656*7. 

Height of neutral axis from lower edge 
of sections 10*346= N, and moment of inertia 
= 7666*7. 


662. Now, the moment of resistance (MR) or 
modulus of the section is found as follows : — 
(MR) = moment of resistance, 

I = moment of inertia, 

N = height of neutral axis from farthest etlge of section, 

M'^= modulus of rupture, 

K = coeflicient of fracture ; 


(MR) = 


6.^^I 

: N 


(MR) 


" N" 


The modulus of rupture M»^ is found by multiplying the trans- 
verse strength of the material by 6. For transverse strength, see 
Table, 'Strength and Weight of Materials.* 


Examples.—]. To 6nd the dedection of a 601b. double-headed 
rail, 4i" deep, under a load of 1 ton at the centre of a 3.3" span. 
The moment of resistance is 6*7. 
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Here \V=1 0267 tons, /=33»=3ri937 inchej^. 

(MR)=6'7, rf=4‘5 indies, 

„ r0267 X 35937 _ 36890-5 _ 

24(MB)d’‘^“ 24x8-7x4-5 “ 7236 "*'■ 

SO-9 X E =50-9 X •0001 = -005 inch. 

If the neutral axis passes through centre of section, mean of 33 
experiments (Baker) = *005 inch. 



2. Find the deflection of the 84 lb. rail shown in the fig. when 
loaded witli 2000 lb. at the centre of a 60 ineli span ; find also the 
strain on the extreme fibres, the depth being 4} inches. 

For tliis particular section (MU) 


= 2-49x3 5. 


,, where S is in 


Note , — The strain on the ex- 
treme fibres is given by the 

yvi 

formula where S is in 

tons per square inch, W in tons, 

I in inches. 

W/3 93 X 216000 

24(MK)rf“24 X (2-49 x 3*5) x 4*5 
= 213-43 X -0001 = *021. 

Neutral axis assumed passing 
through centre of section. ^ 

S= _ 93x 60 __ 10-95 
4(MR) 4x8-7r5”8-715 
= 1*25 tons per square inch. 



3. To determine the moment of resistance to liending of 
the section of the cast-iron girder os shown in the aliove fig. 
The maximum safe tensile and compressive stresses are 2} 
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and 71 tons per square inch respectively. Its dimensions are 
as follows: — Top flange, 4"xll"'; bottom flange, 12"xlJ"; web, 
1^x11". 

Determine the moment of resistance if the girder is 20 feet long, 
and is supported at its two ends. Find the greatest safe load 
which it will carry when uniformly distributed along its length. 

Wo first find the position of the neutral axis thus : — 


H 

IP 

11* 

All 

AII2 

A IP 

B 

BAll 

BA(IP) 

BA(H3) 

0 

0 

0 

0 

0 

® 1 





1-75 

3-00 

6-85 

1-75 

3-00 

5-35 f 

12 

21 

30-72 

04-2 

17-75 

81506 

5602*81 

10-00 

312- 

5580 06 

1-5 

21 

4r.s (K) 

8380-44 

10-25 

870-66 

7188-28 

1-50 

55-5 

1540-07 

4 

0 

2-J2-00 

0163-88 








51 

7-20 -72 

14W8-52 








iiBAH 

iBAIP 

liBAlP 









1 



N=: 


SB AH* 720-72 


2A 


102 


= 7*12 inches, 


j 14608-62 _ ^ (7i2)«=4869-506 - 2585-19 

=2284-31. 


653. The neutral axis is of fundamental importance in the theory 
of l>eams and girders, because it is the fulcrum about which both 
the bending and resisting couples act. 

Should E not lie the same for tensile and compressive stresses, 
then the neutral axis will not pass through the centre of the area, 
but will lie to the side having the greater value of E. 

The greatest stt-ess conies on the fibres farthest from the neutral 
axis, and is the principal effect to be considered in the question of 
strength. 

Now, the moment of inertia for the whole section is found to be 
2284-31. 


For tension 


, , I 2284-,31 _ 
the modulus= "y.io =320. 


I 2284-31 

M compression « 

Tensile stress =2*5 tons per square inch. 

Compressive n =7*5 n t» 

We must therefore take the lower value of the two resisting 
moments in fixing the load to be carrieii by the girder. 
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These are 320 x 2*5 =: 800 inch- tone, 
and 188x7*5 = 1410. 

lieiiding moment = resisting moment =800 inch-tons. 

The girder will therefore cari*y safely a uniformly distributed 
load given by the equation on bending inoments, Art. 649— 
namely ) iwL'^=800. 


8 x 800 

"^=20x12=“* 


This will make the maximum compressive stress jj^^= 4 *265 tons, 

instead of 7*5 as given; showing that the girder is not well 
designed. 

In a properly proportioneil girder we should have 
Modulus for tension x tensile stress per square inch 
= II compression X compressive n „ 




Exerctseh 

1. Find the breaking load (distributed) of the girder mentioned 

in the last example -84*2 tons. 

2. Find the breaking weight 
of the cast-iron girder in the 
accompanying fig. when loaded 
at the centre of a 30-foot span. 

What would its deflection be 
when carrying a load of 45 tons 
at iU central point? Top flange 
= 5" X 2"', web =26" x 1 *5", bottom 
flange = 15" x 2". Also slate its 
moment of inertia, an<i the height 
of neutral axis from lower edge 
of section. Total depth of girder 
=30". 

Moment of inertia =0068 *275, 

Neutral axis = 1 1 *45 inches, 

Breaking load =62*5 tons, ^ . 

Deflection = *58", or *76". 

For the deflection, see p. 387. 

3. If the tensile and compres- 
aive stresses are limited to 1*5 

tons and 0 tons respectively in the girder mentioned in the second 
exercise. And the greatest safe load that the girder will carry 




.386 


STRENGTH OF MATERIALS 


when loaded at its centre. What will the maximum compressive 

stress be? *=13*2 tons; 2*4 tons. 

^ _ a ^ 4. Determine the load that may safely 

4 pr be distiihnted on the section of wrought* 
iron as shown in the fig. if the span 
=20 feet, the tensile and compressive 
stresses being limited to 5 tons and 3*5 
tons respectively. . . . =737 lb. 

6. If the position of the iron was re- 
versed, and the other conditions the same 

G! J as ill the last question, what would he 

the safe load ? . . . . =590 11>. 

8. Find the position of the neutral axis and moment of inertia 
for the following sections of T 




W = width; 

T>= depth ; 

(c thickness, 

I 

N.A. 


ill inches 


(Moment of Inertia) (Neutral Axis) 

when 4 

4 

4 • 

. 5*5641 

2*816 

:i 

4 

4 • 

. 5*0485 

2*6731 

4 

3 

4 • 

. 2*4234 

2*1731 

3i 

3i 

4 • 

. 3*635 

2*4423 

lih 


a . 

. 2*865 

2*487 


654. Should it bo required to find the deflection when £ and I 
are known, one of the fortiuihe Deflection in Terms of Weight ’) 
may be employed when W has been ascertaineil. 

If M, the bending moment or moment of resistance, has been 
found, then the deflection may be determined by formula already 
given, or by one of those found in Table, ' Strength and Stiffness 
of ileams,’ at the end of the subject. 

Any difference in tlie results will be due to the value of E, as 
already pointed out. Another point the student or reader will 
do well to notice is this : for the sections in the Table, the neutral 
axis passes through centre of gravity of each section. 
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665. In the foriimla for deflection of beams aiuI glixlemof uniform 
ViP 

section, namely, 24(MU) moment of resistance must 

first be ascertained. In the case of a cantilever of rectangular 
cross section loaded at the outer end, the moment of resistanco 
(MR) = K6cP, where (MU) = resisting moment in iiicli ll)., ami K a 
constant number found by trial de|>ending upon the nature of the 
material of which tiie beam is composed. It has been assumed 
that the beam or girder is of uniform section, so that I, the 
moment of inertia, is constant; the more general cases where I 
varies being rather beyond the scope of this work. 

On the whole, it would be safer to adhere to the formuhw 
containing 1 as a quantity ; but before closing the subject, the 
following examples will present the application of the formuho 
more fully. 

Taking the second exercise, let it be reriuired to find the 
«leflection of the girder in terms of the maximum bending moment, 
and also by formula as below. 

M/® 

(1) Deflection in terms of M (see Table) 

Wl 

M = ^ (see Prob. XII. p. 364), W in lb., I in inches, 

W=45 tons -=100800 lb., 

/ -30 feet =360 inches ; 

Wl 

* • 4 “ 

9072000x129600 

1 2 X E X I “ 12 X 1 8400000 X 9068-275 " 

This answer agrees with that already found in terms of \V. 




and 


_ = -68 inch. 


W V /3 

(2) The deflection (see formula x (MR) x rf* 

46 x 46666000 ^ 

“~oi 1 1 ua e lo.KK^ 00018 71 inch. 

24 X 1186-5 X 18*65 

Here r/= distance of fibres most strained from neutral axi8 = 
18*65 inches. 

We will now explain how (MR) has been obtained, for in 
unsymmetrical sections there are two values of the modulus of 
the section to be considered. 

The ratio - is usually noted \iy z\ y is any distance above or 
below the neutral axis. 
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The modulus for tension 


y 11*45 

I 9068*275 .... 
compression -Ze--- 18^S ~ “ 


Now, if the greatest permissible tensile and compressive stresses 
were limited to 1*5 tons and 9 tons resi>ectively per square inch— 
and these, as already stated, ai*e the working stresses for cast* 
iron— then the tensile stress =791 *9 x 1*5=1186*5 inch-tons, and the 
compressive 8tress=488*8 x 9 = 4399*2 inch-tons. We must there- 
fore take the lower value of the two resisting moments (MR) in 
order to determine the load to be carried by the girder. 

BM = (MR) =1186 *5 inch- tons. 

The girder will therefore carry a central load given by the 
equation ^WL (see Prob. XII. p. 364). 


W = 


4^1186*5 

^xl2 


= 13*18 tons. 


This makes the maximum compressive stress 2*4 tons, the 

4oo 8 

difTerence between the answers of the two formula' being 1V5 
an inch. 

jNofc.— Should the moment of resistance be calculated by 

WP 


6KI 

(MR) = ^ - 


382), then 


becomes 


.E. 


of the formula 
W/’‘ 

' 4MA • ‘ 

Exercises 

1. Find the greatest load that may uniformly be distributed on a 
cast-iron girder, having top and bottom flanges united by a web of 
the following dimensions. Width of upper flange 3 inches, of 
lower flange 9 inches; total depth 12 inches; thickness of each 
flange an<1 of the web 1 inch; distance between the points of 
supimrt 10 feet. The greatest admissible stress in the compression 
flange is 3 tons per square inch, and tliat in the tension flange is 

tons per square inch =8*8 tons. 

2. Kind the deflection of this girder by means of formula 
M/* 

A . supposing it to be loaded at the centre with a weight of 

5 tons. Take 1=398 =*05. 

WP 

3. Find the deflection by formula ®* * . = *0®- 

6 

4. Find the deflection when (MR) is =--^. , . , =s*06. 
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6. A uiiifonn beam of oak, 10 feet in length, 15 inches tleep, and 
10 inches wide, sustains, in addition to iu own weight, a load of 
5000 lb. place<l at its centre ; find the greatest bending inoiuent 
and the greatest stress in the fibres. 

Take the specific gravity of oak as 0*934. 

Here the greatest l>ending moment takes place at the centre of 
the beam, and is nia<le up of two parts— (I) that due to tlio lieam’s 
own weight, which is uniformly distributed along its length ; and 
(2) that due to the 5000 lb. concentrated at its middle. 

The greatest stress in the fibres is ascertained by formula 
. B.M. or(MU) 

/= - - { 

f stands for either the tensile or compressive stress, at any 
distance ?/ above or below the neutral axis. 

B.M. = 159072 inch lb. ; greatest stress = 424*1 lb. per square 
inch. 


056. To find the strength of thin wrought-iron girders. 

Tlie forinulm for the moment of resistance are very simple, for 
here the flanges arc tliin in comparison with their distance apart, 
the hemiing resistance of the web being disregarded as a provision 
against the shearing force acting at the section. 

Let A, = area of flange in tension, 

A<.= II II compression, 

H = distance between centres of flanges, 
ft ~ mean stress in tension flange, 
f — 11 II compression flange. 

Distance between centre of tension flange and the neutral axis is 


yt 


■Uuy- 


The moment of inertia of the flanges with respect to the neutral 
axis is 

\2 / A, 


I = { A, X A.»+ A, X A,»} X ( : 


. M 

f-rJ- 

fi= 


M 




'(a,+a;) 


H. 


Prnr Math. 
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Henco /'=A,Vlll 

Similarly, 

Example. — A wroiiglit-iiuii girder of I section lias a top flange 
of 9 square inches in sectional area, and a bottom flange of 8 square 
inches. The distance between the centres of gravity of the flanges 
is 12 inches, and the emls of the beam rest on abutments 10 feet 
apart. The girder is loaded uniformly with a load equal to 1 ton 
per lineal foot (including the weight of the girder). What would 
be the mean stres.s per square inch on the metal in each flange 
at the dangerous section ? 

The resistance of the web to bending is neglected. 

By * dangerous section ' is here meant the middle .section of the 
girder, where the maximum bending moment occurs. 

Maximum B.M. -ifda) x (10 x 12)‘^-32x 12 incli tons. 

. • . mean stress in tension flange— 

32 X 12 

f* s(iuarc inch ; 

cl X 1^ 

and mean .stress in compression flange — 

/g — — =3*55 tons per square inch. 

In compression, iron may be .strained to 4 Ions per square inch. 

In ten.sion, iron may be strained to 5 tons per square imdi. 

The regulations of the French department ‘ Fonts et Chauss6e.s’ 
allow 3 '81 tons per square inch. 

Steel may be strained to 6 tons per square inch in tension and 
compression. 

657 . Collision of Bodies. 

\V= weight of one hoily, 

V=velocity of one Iwidy before impact, 

Y= M II II after n 
K= coefficient of restitution of the one body, 
ie= weight of the other hotly, 
v= velocity of the other hotly before impact, 
y= II II II afttir m 

X;=coefficicnt of restitution of the other Inxly, 

=0 for a non-elastic body, = 1 for a perfectly clastic body. 

The ideal elastic body is one for which the coefficient of restitution 
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is unity, and should such a Ijody strike a plane surface, it would 
relK)und at an angle equal to that at which it struck the plane ; in 
other words, the angle of incidence («) = thc angle of rcllection (6). 

>x 

a: 


iVofc. —Practically this is never true, since no body is known 
which has its coellicicnt of restituti«)n tMjual to tinity. 

For notation, see ‘Collision (»f IhKlies.’ 



Cunilitutns 

Xoii 

— 

Kl.'istic Ho<li(‘s 

1 

One ho<ly in 
nuition, . 

\vv 

•'"'w + ic 

i wvn hk) 

\ •' W+m 

1 V(W Kw) 

Who ' 

Jhxlies moving 
in the same 
direction, 

4 

_ WV f 
y - f <c 

: \vv(i i /HdMj-A-W) 

i •' ■ w + «' ■■ 

! y V( W - K w) + rui 1 + K ) 

J "Who"" 

Iknlics moving 
in contrary 
directions, . 

WV nv; 

W + «) 

1 

1 WV(n-4*) MV) 

j W + w 

i „ V(\V Kir) -vw{\ \ K) 

Wnr ‘ ' 


When the Innlies are inelastic their velocities after impact will 
l>e alike, or Y--y. 



MOMENT OF INERl 


The plane of liending is 8iippose<l perpendic 
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(I |ilan<> of paper, aiul parallel to eiile of page 


I Moment of 1 nertin of Section 
(iixMit Axis tlirouKii 

Centre of (Jravity 

Stinuro of Hatlius 
of Gyration of 
Sect inn 

1 

A 

Motlulns of tSectitni 

// 

»/ -/my (list. fil*o\e oi hclow N.A. 

1 




S‘^ 

S-'* 

ri 

12 

6 

hh^ 

//- 

h}P 

12 

j 

12 

6‘ 


S2f.v^ 

kl^' 

12 

12 

H K ) 

•0491f^^ 

fP 

16 

(miiP 

■(MQIfIX-rf*) 

IP-(P . 
16 

M~ir) 
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MODULUS, &c., OF SOME SECTIONS 
to plane of paper, aiul parallel to side of pa^^e 


Moment of Iiiertiu of Section 
about Axis througli 

Centre of Gravity 

Stinare of Iladius 
of Gyration of 
Section 

1 

A 

Mixlulus of Soclioii 

1 

y 

y-any tUst. nlwve or below N,A. 

I 

IU1» - bh? 

12 

j/HIU-AAn 

'n iifT M J 

HH» hP 

Oil 

IIA’ + AIP 


IW i 

12 


GH 

(BH» W)’-4HH6A(H-A)' 



i2nnr-TA) 


6(BH»+M«-26HA) 
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STRENGTH AND STIFFNESS OF 
/ stantls for either the ieiiHile or coiiipreHHivc 8treR« 


MHinior orHupporliiiK aiid LoiidhiK 



Cantilever Tioaded at End 




0 


Supported at both Ends. Loaded at Centre 


Maxiiiiuiii 

Jietidiiig 

Moment 

M 


W.l 


w/ 

2 


\Xl 

4 


Relative 
Siren gtli 


k 


h 


1 
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BEAMS UNDER A LOAD OF W LB. 

at any iliMtnnce y alnive or l>elo\v the iieutral axis 
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STRENGTH AND STIFFNESS OF 

f RtaiidH for either the tensile or coinpressive stress 




BEAMS UNDER A LOAD OF W LB. 

at any tlintance y above or below the neiitial axis 
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PB0JEGTILE8 AND GUNNERY 

658. Tho subject of projectiles, considered in a practical 
point of view, treats of the methods of determining by 
calculation various circumstances belonging to the motions 
of bodies projected in the atmosphere. 

This subject is divided into two parts — namely, the para- 
])olic and flat trajectory theories. 

I.-THB PARABOLIC THEORY OP PROJECTILES 

In tho parabolic theory several hypotheses not strictly 
correct are made ; but only ono of them can lead t(^ any 
sensible error in practice, though in some cases tlio error is 
comparatively small. This last hypotlu'sis is, that there is 
no resistance from tho atmosphere to tlie motion of a pro- 
jectile ; and tho other two are, that gravity acts in parallel 
lines over a small extent of tho earth’s surface, and that its 
intensity is constant from its surface to a small height above 
it. Tho parabolic theory applies to all ordnance with high 
angle lire and low muzzle velocity, such as howitzers and 
mortars. 

659. Problem L— Of the height fallen through by a body, 
the velocity acquired, and the time of descent, any one 
being given, to find the other two. 

Let h = the height fallen through, 

v= II velocity acquired, 
t= II time of descent, 
y=32*2 feet ; 

^hen h=\vt=y(>=‘^, 

t-- =\/*— =~ 

9 9 V* 
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These relations of A, v, aiul t are proved in treatises of theo- 
retical mechanics. Any two of these three quantities are said to 
he due to the other ; thus the velocity acquired hy falling from a 
given height is sai<l to be due to that height, and so of the other 
two quantities. The acquired velocity is also called the flnal 
velocity. The number 32*2 is the velocity in feet that a IxKly 
acquires in falling during one second. The velocity with which a 
body is thrown upwards or downwards is called its initial velocity. 
Should the body be thrown upwards the force of gravity imparts 
a negative acceleration, and if thrown downwards it imparts a 
positive acceleration. 

Therefore the sign of (j is + in the lii-st case and -- in the second 
case. 

In solving the following exercises, such a formula is to be clu^seii 
in each case as contains the elements concerned — that is, tlie 
quantities given and sought. 

Examples. — 1. What is the velocity acquired in falling 
10 seconds ? 

32-2 X 10 - 322. 

2. What is the height fallen through in /i seconds? 

h Igt- ^ i X 32 -2 X .5^ - 402 ‘5. 


Exercises 

1. What velocity would he acquiretl in falling 120 feet? 

^87-9 feet. 

2. Required the heiglit througli which a body must fall to acquire 

the velocity of 1500 feet per second -349.*18 feet. 

.3. In what time will a Irody acquire the velocity of 900 feet? 

= 27*95 second Is. 

4. In how many seconds would a body fall 27000 feet? 

= 40*96 secomls. 


660. When a body is projected in any direction except that of a 
vertical line, it describes a parabola. 

Thus, if a body is projected in the direction it will dcscrilje 
a ciirvilineal path, as PVH, which will be a 
parabola. 

661. The velocity with which the Wly is 
projected is called the velocity of. projection. 

During the time that the projectile would 
l»e carried, by the velocity of projection con- 
tinued uniform, to T, it would be carried by the force of gravity 
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from T to H. But the distance PT is evidently proportional to 
the time, whereas TH is proportional to the square of the time. 
Since (Art. m) h = therefore TH is proportional to the 

square of PT. And the same is true for any other line drawn, 
ns TH, from a point in PT to the curve; and this is a property 
of the i)arabola. 

602. The velocity of projection is that dtie to a height equal to 
the distance of the point of projection from the directrix of the 
parabola <Icscribcd hy the projectile. 

Or, the velocity at P is tliat acquired in falling down MP, AM 
being the directrix. 

663. The velocity in the direction of the curve at any other 
point in it is equal to the velocity due to its distance from the 
directrix. 

The velocity at any point, as II, is that due to AH ; and if a 
hotly were projected with that velocity in the direction of the 
tangent H(«, it would describe the same curve HVP, and on 
arriving at P, would have the velocity due to MP. 

664. The height due to tiie velocity of projection is called the 

impetus. 

Thus MP is the impetus. 

665. The distance between the point of projection and any body 
to be struck hy the projectile is called the range, and sometimes 
the amplitude. When the range lies in a Jioiizontal plane it is 
.called the horizontal range. 

Thus, P being the point of projection and H the body struck, 
PH is the range, and PQ the horizontal range. 

666. The time during which a projectile is moving to the object 
is called the time of flight. 

667. The angle contained by the line of projection and the 
horizontal plane is called the angle of elevation. 

Thus TPQ is the angle of elevation. 

668. The inclination of the horizontal plane to the plane passing 
through the point of projection and the object is called the angle 
of inclination. 

Thus HPQ is the angle of inclination. 

The range of a projectile may be either on a horizontal or an 
oblique plane. 
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069. Projectiles on Horizontal Planes.— The following for* 
imilai afFord rules for calculatitij^ the impetus, range, velocity of 
projection, time of flight, and elevation 
Let A = tho impetus MP in feet, 

v= ti velocity of piojection in feet \)er second, 
f = li time of flight in seconds, 
r= M horizontal range = PH, 
c= II angle of elevation = TPH, 

II greatest range, 

/t'— II II height -VO; 

then Art. 0.50; r 2A sin ‘2«; 

-.7 “ 

v~\/2(//i. (, Art. 059 ; r'=2A ; 

o/i 

f - 2 sin e \/"" ; sinV. 

7 

Let PT ho the line of projection, and PVH the curve desrril)ed. 
On PM describe a semicircle MBP, ami from its 
intersection with the tangent PT in B, draw Bt’ 
parallel to the axis, ami BA perpend ieiilar to 
the impetus Ml*. Tlien AB:~PC = |PH-|r, and 
BC~|TH, and VI)-BC. Draw the radius OB, 
then (End. Ilf. 32) angle BPC or c=BMP 
= JPOB, or POB=2c. Nt»v, 

AB/()B -.sin BOP, 
or - sin 2e ; 

hence = J/t sin 2c, and r-*lh sin 2c. 

Again, the time of flight is just equal to the time of describing 
J*T uniformly with the velocity c»f projection, or the time of failing 
through TH by gravity. Now, if TH = /t", 

Hr/PH = tan TPH, or h''Jr=im e ; 

I ... . . ^ . ^^,2 sin . c(»s c. sin e 

hence A '=r tan e = 2/i .sin 2e tan c ~2li — — — ; 

cos e 

and therefore h'*=4h sinV. 

But if t is the time due to h'\ then 

. flh!* M sin’-^e „ . 2h 

t = \/ — --V =2 8inev--» 

ff 9 ^ 

which is the expression above for t. 

Again, VD = BC=|TH, or sinV. 

When c=15®or 75®, sin 2<?=8in .SO®-!, and r=h. 

The greatest value of r or 2/t sin’ 2c, for a given value of 5, is 
when sill 2e is a maximum or 2c =90, and c = 45; for then sin 2c 
«1, and r=2A. 
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670. Two elevations, of which the one is as much greater than 
45"* as the other is less, give the same horizontal range. 

For if these angles of elevation arc 4r)+f/ and 45 then for 
these elevations 2e is 90 + 2^ and 90 which are each other’s 
Hiipplenients ; and hence sin (90+2rf)=8in {90-2(1), and the two 
values of r are 

r=2A sin (90+2(i), and r=2A sin (90 -2c?), 
wliich are equal. 


671. Problem II.— Given the velocity of projection, or 
the impetus and the elevation, to find the range, the time 
of flight, and the greatest altitude of the projectile. 

The fovniuhe to be used are sin 2e, f=2 sin c 

sin c, and h*~h sinV. 

Or, ?) i, and h/ may sometimes be more easily found by 
logarithms ; thus — 

Lr =L244- L sill - 10. 

Lf =L2y+ L sin - (10 i L(j). 

U' = U +2L.sin c-20. 


Example.— A ball was discharged with a velocity of 300 feet 
at an elevation of 24® 36' ; required the range, the time of flight, 
and the greatest altitude. 


, _ .300« 

r=2h sin ‘ie=2793x *756995 = 2116, 


,=?^l Hill -4162808 = 7 -VO seconds. 

g .32-2 

A'=A sin*e=242. 


Exercises 

1. A shell lieing dischargeil at an elevation of 28® 30', and with a 
velocity of 230 feet in a second, what is the impetus, the range, 
the time of flight, and the greatest elevation ? 

A =821, r=1378, A' = 187, and f =6*82 seconds. 

2. The impetus with which a cannon ball is fired is =3600, and 

the elevation =75®, and the elevation of another fired with the 
same impetus was =15*; required the ranges. . . =3600. 

3. Required the time of flight of a shell flretl at an elevation of 

32®, with an impetus of 1808 feet. . =11*23 seconds. 
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672. Problem III.— Given the range and elevation, to find 
the velocity of projection. 

From r=2A sin 2e is fonml /# = . , , the 1st formula; ami 

2 sin 2e 

1 ’® 

from tleiived the 2n<l formula. 

Or hy logarithms— 

L‘2A = 10 f L/’ ~ L sin 2/?, 
ami hv 

The greatest altitude and time of flight are fouml as in last 
Iiroblem. 

Example.— A hall was projected at an elevation of .'>4'’ 20\ and 
was found to range 2(XX) feet ; required the initial velocity. 

/ 2000 
a — * • .» — ’ .. j t0*)o 

2 sin 2c 2 X *94/3966 

and V = \J2(jh = V*2 x 32 *2 x 1055 *5 = V67974 *2 = 200 *7. 

Exercises 

1. A shell projected from a mortar at an elevation of 60’ was 

found to range =3520 feet; required the impetus ami velocity of 
proj ection A = 20;^2 *25, and w 36 1 *77. 

2. A ball projected at an elevation of 15° or 75’ was fouml 

to range over 5200 feet ; what was the impetus and velocity of 
discharge? A = 5200, and c = r>78*69. 

3. The elevation being=45", and range = 12000, what is the 

impetus? =6000. 


673. Problem IV.— Given the impetus or projectile velo- 
city and the range, to find the elevation. 

^3 }* fJV 

Since A=^, and r=2A sin 2c, therefore sin 


formula! are 


sin 2c when A is given, 
sin 2c when v is given. 


Or, L sin 2e=Lr+10-L2A, 

and L sin 2c = Ly + Lr + 10 - 2Lv. 


Examples.—!. At what elevation must a piece of ordnance l>e 
fireil so as to throw a ball =5600 feet, the initial velocity lieing 
=600 feet? 

hae. Hiit'i 2 A 
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Sin 2fi = 


TL 


32-2 X 5000 
8(X)2 


-•28175=8in 16“ 21' 53"; 


hence c = 8^ 10' 50", an<l 90“-c = 81“ 49' 4", 

wliicli are the two elevations. 

'rhe greatest heiglit ainl tlie time of iliglit can now he fonml as 
in the first prohlcm. 

2. At what elevation will a mark at the distance of 5100 yards he 
hit with an impetus of 3000 yards ? 


Sin = 


L~ 

2/t“2 x 3000 


-•85 --.sin 58“ 13' ; 


lienee c 29“ 6' 30", and 90^ ~ c 00“ 53' 30". 


Exercises 

1. At what elevation must a shell he fired, with a velocity of 

420 f(*et, so as to range — 5400 feet? . . . —40“ 9', or 49" 51'. 

2. Uequired the elevation necessary to hit an object = 42(X) yards 

distant with an iinpetus of 4000 yards. . . - 15“ 50', or 74“ 10'. 


674. Problem V.— Given the elevation and time of flight, 
to And the range and velocity of projection. 

'riie formuhe are cot <*, v-r — — • 

^ 2 sin c 

Or, Ti 2r - Ly + 2Lf + L cot e - 10, 

L = hg -f Lf + 1 0 - L sin c. 


Example. - A hall projected at an angle of 32“ 20' struck the 
horizontal plane 5 seconds after ; what was the range and projectile 
velocity ? 

r=yt‘ cot c = i X 32-2 x 25 x 1 -5798079 = 635 *87, 


and 


gt _ 32*2 X 5 

2 sin c 2x '5:H844 


101 

lOOmiSS 


= 150*5; 


as V is known, A can now he found hy Art. 673. 




The .formuhe are obtained thus ; — Since h=^~t and t^- 
o 

4 sinV*^ ; hence , and therefore (Art. 669) r-2h sin 2c 

g 8 sin^c 

= 7 *’^.-;, .sin 2c; hut sin 2c=2 sin c.cos c, and -?^=cot e; 
4 sin^c sm e 

hence r=^ig^ cot e. 

Also, v=\/ 2 < 7 A = V *^.^2 ~ * 

» ^ •' '^4simc 2 sine 
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Exercise 

The time of of a sliell projectotl at an elevation of 60" was 
=25 seconds ; what was the initial velocity and tlie ianj»e? 

r = 5809 6, and r -404-76. 
675. Ik’sules the precedinj» theorems for jwojcctiles on liorizontal 
planes, many more mij,dit Ikj {'iveii of less importance; the two 
following are sometimes useful : — 


67t». For the same impetus, the ranges are jnoportional to the 
sines of twice the angles of elevation. 

Let r and r' he two ranges correspomling to the elevalion.s e and e\ 

then r : r' = sin 2c : sin ; and thciehno r' = r ; 

sin 2c 


also, 


sin 2c' 


sin 2<'. 


ExKnrisK.s 

1. If a shell range ItXK) yards at an elevation of 45^ how far will 

it range at an elevation of 50" 16'? . . . =870*642 yards. 

2. If the range of a sliell at an elevation of 45"* 18=3750, what 

must be tlie elevation for a range of 2810 feet ? =24' 16', or 65® 44'. 

3. A shell discharged at an elevation of 25® 12' ranges = 3500 fef*t; 

how far will it range at an elevation of 36® 15'? . . =4332*2. 


677. The ranges are proportional to the impetus, or to the squares 
of the velocities. 

Ur, r :r' = h: h\ where h is the impetus corresponding to ?•, an«l 
h' to Z ; hence r'=r . and }i! -Ity 

For r=24 sin 2«=— sin 2c ; hence rcchocc^ when e is given. 

9 


Exerci.se 

If a shell ranges 4000 feet with an impetus of 1800, how far 
will it range with an impetus of 1980? .... =4400. 

678. The square of the time is proportional to the tangent of the 

elevation ; also, tan e. 

9 

For sin cV— » or f*=4 sin’c. — , and r=2/i sin 2c ; 

9 9 


therefore 
and hence 


2A = 


f*=4sin*c. 


sin 2c * 

4 sin*c 


2r 


g sill 2e 2 sin e.^me' g g 


tan e. 
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Exercises 

1. In what time will a shell range 3250 feet at an elevation of 

32® ? = 1 1 *23 seconds. 

2. What is the time of flight for the greatest range for any 

ini|)etus ? t= ~\\Jr nearly. 

IL-PRAOTICAL GUNNERY 

679. Although the parabolic theory of projectiles affords a 
tolerable approximation to fact in the case of smaller velocities 
not exceeding 300 or 400 feet per second for the larger kinds 
of shells, yet its results deviate so widely from truth for 
greater velocities that ranges which, calculated by this theory, 
exceed 20 or 30 miles are found in fact to be only 2 or 3 
miles. The cause of so great a difference is, that when the 
velocity of a projectile exceeds 1200 or 1300 feet there is a 
vacuum formed behind it, Ixjcause air rushes into a vacuum 
with a velocity of only about 1300 feet in a second ; and 
therefore there is not merely the ordinary resistance of the 
air retarding the motion in this ciise, but also the atmospheric 
pressure of the air on its anterior surface, with scarcely any 
pressure on its posterior surface to counteract it; and even 
with less velocities than this, the pressure of the rarefied air 
on the posterior surface is so small that the unbalanced 
pressure on the anterior surface causes a great retai-dation, 
far exceeding that produced by the ordinary resistance, which 
is nearly proportional to the square of the velocity. 

680. It has been found by experiment that the square 
of the initial velocity of a projectile varies as the charge of 
powder directly, and as the weight of the ball inversely. By 
experiments made by Dr Hutton and Sir Thomas Bloomfield, 

2c 

it was found that v = 1600 where v = the initial velocity, 

e = the charge of powder, and b = the weight of the ball ; but 
by more recent experiments performed by Dr Gregory and 
a select committee of artillery-officers, it has been found that 



PR0JBCTILB8 AND GUNNERY 


409 


the velocity is considerably greater on account of the im- 
proved manufacture of gunpowder, and that the formula 
3c 

affords a near approximation to the initial 

velocity. (See ‘Flat Trajectory Theory.’) 

681. Experiments for determining the velocity of a pro- 
jectile are performed by means of wire sen^ens plaeiMl in 
front of the gun. The pnyectile in Higlit pa.sse.s through 
and cuts the wire of these screens, which are i)laced at 
known distances from each other, and by an ingenious 
electrical arrangement connected with the wires the jictual 
velocity is definitely recorded — that is, the ‘muzzle’ m* 
‘ initial ’ velocity. 

682. Problem VI. -Of the charge of powder, the weight 
of the projectile^ and the initial velocity, any two being 
given, to And the third. 

c - the initial veloeity, 
c-~ ti wei^lit of tlic charge in II)., 
b~ <« ti II ball It 

h)r spherical proj(K‘liles, 

0 = 1600 ^'^ for elongated projectilrs 
(see Flat Trajectory formula) ; 

6 / V 

-KT)’ 

Also, the velocities are proportional to the sf|iiare roots of the 
charges directly, and of the weights of the projectiles inversely. 

For t?cc V^» 

vcc\/3c when 6 is constant, 
and ,1 c «i 

That is, if v, c, d are the velocity, charge, and weight of shot 
in one experiment, and v\ e\ h' the same quantities in another, 
then 


Lot 

and 

then 

hence 

and 
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and 


or 


/ /3c 


V- 


Sc' 


V \ v*= V3c : V3c' when h is constant, 

v* = v\/-, 

^ c 


V :v'= Vj • when c is constant, 

V :v'= \JV : and i>' = vV^?* 


Examples.— -1. Find the initial velocity of a shell weigliing= 
48 lb., the charge being =3 Ih. 

®= 1600-s/^= 1600V^= 1600V^=400V3 
=400x1 •732 = 692-8. 


2. The weight of a ball 18=3211). ; what must ho the charge of 
powder necessary to give it a velocity of 1500 feet ? 

b/ V V 32/ir)00\2 32 225 
'’"SllOOO/ ~ 3.(i60oj “ 3 

3. The velocity of a hall, with a charge of 10 Ih. of powder, is 
=:1200 feet; wJiat would be its velocity with a charge of 12 lb.? 

ti'= = 1200v'||= 120v'l20= 120 x 10-95445= 1314-534. 


Exercises 

1 . What is tlie velocity of a shell weighing =36 lb. when dis- 

charge<l witii 4 lb. of powder? =923 76. 

2. Witli what velocity will a 48-lb. ball be impelled by a charge 

of2ilb. ? =632*456. 

3. Tlie weiglit of a shell is = 100 lb. ; what charge of powder is 

necessary to project it with a velocity of 1000 feet ? . = 13 02 lb. 

4. A ball is discharged with a velocity of 900 feet by a charge of 

2 lb. of powder ; required its weight =18*96 lb. 

5. The velocity of a ball of 24 lb. weight is =800 feet; wliat 

would be the velocity of a ball of 18 lb. impelled with the same 
charge? =923*76. 


683. Problem VII. —Given the range for one charge, to 
find the range for another charge ; and conversely. 

The ranges are proportional to the charges — that is, one charge 
is to another charge as the range corresponding to the former is 
to that corresponding to the latter. 
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c :c'=r:r'y 
r'=r. also 


Kxami’LK.— If a shell range 4000 feet wljcn ilischargod with 9 Ih. 
of powder, what will be the charge necessary to project it 3000 feet? 

It was found (Art. 677) that r is proportional to or rcco^; 
and since (Art. * therefore c is prop()rti(mal to w- 


whcn li is given, or cc<o“; but rccv^; therefore or r : / c :r\ 
It could he similarly shown that, when c is given or constant, 

/•ccy or /• : r' = I : or r : ?•' = d' : Ik ami r* -- r . f ,, also h’ ~h so 

h b b b r 

that the range is inversely as the weight of tl»c ball, all other 
circumstances being the same. 


Exkr(?ises 

1. If a shell range 2500 feet when projectol with a charge of 

5 Ih., what will be its range when the charge is -8 lb. ? . -. 40t)0. 

2. If a charge of 6 lb. is sutlicient to impel a ball over a range 

of 3600 feet, what charge will be re<iuirc«l tliat the range may be 
4500 feet? -7 5 11). 


084. Some important problems in practical gunnery can be 
solved by means of the Table in Art. 680, calculated by .Mr 
llobins, in which the actual ami potential ranges for the same 
elevation are given in terms of the terminal velocity. 

The actual range is the range in a resisting medium, the 
potential range the range in a non -resisting medium or 
vacuum, ami the potential random tlie greatest range in 
a vacuum. 

685. The terminal velocity of a projectile ia that velocity 
which it has in a resi.sting me<lium wdien the resistance against it 
is equal to its weight, or it is the greatest velocity it can acquire 
in falling by its o>vn weight through that msisting medium. 

The resistance to a plane surface moving with a inmlerate 
velocity in a rc.sisting rnoliiim is nearly equal to the weight of a 
column of the fluid, having the surface for its base, and a height 
equal to that due to the velocity in a vacuum. The resistance on 
a hemisphere or on the anterior surface of a ball is only half that 
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on a surface equal to tlie area of one of its great circles ; and 
hence the resistance to a hall moving with a small velocity in the 
atmosphere is nearly half the weight of a column of air having 
tt great circle of the hall for its base, and a heiglit equal to that 
due to the velocity ; for the resistance to a sphere is equal to only 
half the resistance to the end of a cylinder of the same diameter. 
When tlie velocity is not considerable the resistance is about 
insteatl of ^ of the above column, as appears by computing the 
example in Art. 689, but for great velocities it is considerably 
greater. 

Several formnlffi have been given for determining the terminal 
velocity of a ball. One of these, due to Hutton, is as follows : — 

Let r=tho resistance in avoirdupois pounds, f/=the diameter of 
the bull in inches, and v = the velocity in feet ; then 

r=(-000()07565w- - 'm75v)€P, or r= •0000044cPy2 ; 
the former value referring to considerable, and the latter to 
smaller, velocities. 

In order to (ind the terminal velocity, for which r=w», the weight 
of the ball, 

w= •5236<f X X 7-26= -ISTmfP, 

ami when r-io, Ihe Icriniiial velocity v' will be found from the 
(Miuation, •137134ff»=-0000044(fV, 

The height due to this velocity is /t'=*W-^cf=487cf ; and for a 
shell, the weight of which is | of that of a ball of equal diameter, 

1/ = V— = \/24934rf= 158 V<f- 

686. Robins found that the resistance to a 12-lb. ball moving 
with a velocity of about 25*5 feet in a second was i ounce 
avoirdupois. Now, for velocities less than 1100 feet per second, 
the resistance is nearly proportional to the squares of the veloci- 
ties, and it is also as the squares of the diameter ; hence, if c is 
the constant to be determined, 

r - Cf W, or lb. = c X 4 •45* x 25 *5*. 

It will be found from this equation that c is = *000002427 ; and the 
value of t/ would be found ns above to l)e 238V<fi and A'=883fA 
In the Table, p. 415, Robins has taken this quantity to be OOOr/, 
and denotes it by F~that is, F=900ef. This appeal's to be the 
origin of this quantity F, which has not before been accounted for. 
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Robins had probably found, by other experiiiientN, that OOl) would 
generally aflbr4l more correct results than 883. 

This (piantity— namely, the height duo to the terminal velocity 
in a vacuum— may l)c called the terminal height. 


087. Problem VIII.— To find the terminal height. 

The terminal height is found by nmltiplying the diameter of the 
ball by mX 

When the ball has a did'erent speoilie gravity from iron, lind 
the height for iron ; then the .speeilie gravity (»f iron is to the 
specilie gravity of the ball as the ludglit for an iron ball is to 
tlie retpiired height. 

For iron, F=0(M){A 

For a ball of otlier material, whose specific gravity is s, 
7‘25:.v-=<)00</:F, 


.and 


„ OOO.SV/ 
•'-T-i,-. 


: I•.>4.v7. 


For a shell, F-- 1 x IHXb/ 7‘iOf/. 

For leail, a* - 1 1 ’ilo, and F ~ 1409^/. 

088. Tlie following Talde gives the weight of a cast iron ball 
when its diameter is known, and conversely. The weight is in 
avoirdupois pounds, and the iliameter in inches 


Wni;^]it 

DianiHcr 



Wright 

Difiiiipti’r 

•130 

1 

171 

r> 

1 

IDl 

18 

Tr-tM) 

MO 

2 

24 

oOl 

3 

2‘8 

29 o 

0 

3*7 

3 

32 ; 

0-21 

4 

3 08 

42 1 

6-75 

6 

3-52 

47 i 

7 

8-7 

4 

70 1 

8 

9 

4*04 i 

100 1 

9 

12 

4-4.5 




The weight of any solid ball may be found by multiplying the 
' cube of its diameter by *.^236, and the result by the weight of a 
cubic inch of its material. Diameter to 1)C in inches. 
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II 

Weight of Cast-Iron Solid Cylinders in Lb. 

Luiigth of cylinder foot 


Weight 

Diameter— 

liichea 

Weight 

Diameter- 

Inches 

2*4 

1 

89 

6 

9*9 

2 

120 

7 

21-9 

3 

156 

8 

39 0 

4 

198 

9 

61 0 

^ i 




Exercises 

1. Find tlic teiiiiiiial hei>;ht for an iron ball = 6 inches in diameter. 

= 5400. 

2. Find the terminal height for a 3 lb. iron ball. . . =2520. 

3. Find the terminal height for a shell = 12 inches in diameter. 

= 8040. 

4. Find the terminal height for a leaden ball =2 inches in 

diameter =2818. 

689. Problem IX.— Given tlie actual range of a given 
spherical projectile, at an angle not greater than 10 , and 
its original velocity, to find its potential range, and the 
elevation to produce the actual range. 

Case 1. — When the potential random does not exceed 39000 feet. 

Rule.— Divide the actual range by the terminal height, and lind 
the quotient in one of the columns of actual ranges in the follow- 
ing Table ; and opposite to it, in the next column of potential 
ranges, is a number which, multiplied by the preceding height, 
will give the potential range. The potential range and initial 
velocity being known, find the elevation by Art. 673. 

Let F=the terminal height in feet, 

, r = „ actual range in feet, 

R= II potential range in feet, 
r'= „ actual range in the Table, 

IV = M potential range in the Table, 

It initial velocity, 
h= II impetus, 
c= II elevation, 

ff= II diameter of the projectile in inches ; 



FR0JBCTILB8 AND GUNNERY 


415 


then 

2A = thc potential random. 

Then 

F=900<f, / = p and 11= FIT, 


A=(^) nearly, or LA =2{Ln OtWOOO). 

Or, 

LA=2Ly- 1-800180. 




Sin 2c=^= • 

2A H 

Or, 

L sin 2c’= 10+ LU - L2A (Art. 073). 


111 the following Table the lirst, thinl, aiul fifth coliinins eon- 
tain tlie actual ranges of projectiles expressed in terms of K — 
that is, the F for tlie hall in any particular case is the unit of 
measure; and the second, fourth, and sixth columns contain the 
corresponding potential ranges -that is, with the same idevatioii 
an<l initial velocity— ex presse<l in the same manner : - 


Actii.'U 

PotPiitial 

Actual 


Actii.il 

potential 


llangQ 

IttitiKH 


HauKO 

lliliiK** 

•01 

•0100 

1-3 

2-lOfM) 

3 3 

13-8258 

•02 

•0201 ' 

1-4 

2 -30 It) I 

3-4 

15-0377 

•04 

-0405 ' 

1-5 

2tM*22 

3-5 

10-3517 1 

•00 

-0012 

ro 

2-9113 j 

3(1 

17-7707 

•OS 

•0S22 

1-7 

3-2035 j 

3*7 

19-3229 

•1 

-1034 

1-8 

30107 1 

3 -8 

21 (HKHl 

•12 

•1249 

1-9 

3 9851 

3-9 

22-8218 

•14 

-1468 

20 

4-3.StK) 

4-0 

24-79J)I 

•15 

•157S ; 

21 

4-8219 j 

4-1 

20-9465 

•2 

•2140 

*2 2 

5-2955 j 

4-2 

29-2792 

•3 

3324 : 

2-3 

5-8030 j 

4 3 

31-8138 

•4 

•4591 : 

24 

6-3520 : 

4-4 

34-5080 

•5 

*5949 ! 

2-5 

0-9460 i 

j 4-5 

37-5032 

•6 

•7404 j 

2-6 

7-5875 1 

4 0 

40*8193 

•7 

•8904 i 

2-7 

8-2813 ; 

4-7 

[ 44'36t)5 

•8 

1 0638 

2-8 

94)319 ; 

4-8 

! 48-2127 

•9 

1-2436 ‘ 

> 2-9 

9-8442 i 

49 

52*4040 

10 

1*4366 

30 

10-7237 1 

5-0 

50-9053 

11 

1-6439 

' 31 

11-6761 ' 



1-2 

1-8669 

3-2 

12:7078 I 




In this case 2A does not exceed 39000, and v docs not 
exceed 1112; for w=8\/A=8x 139, and e may be fonnil without 
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previously calculating h ; by sulmtituting in the last foriimla the 
value of L2/t, it becoines 

L sin 2<;=11-505I50 + LK- 2Li\ 

Example.— A t what elevation must an 18-poiiiuler be fired, with 
a velocity of 984 feet, in order that its actual range on a horizontal 
plane may be =2925 feet? 

F = 900r/ = 900 X 5 *09 = 458 1 , 

r'=p=^ = '64. and R^FR'=4581 x -8028:^3678, 

U=2(Lw- -903090) :i2(2-99-299r>- -903090) 

=2-0890()r>x 2 = 4-179810, ami /(-= 15129. 

L sin 2« = 10 + 1,3678 - 1, 2/i= 13-505612 - 4 -480840 = 9 084772, 
and 2c -6® 59', and c = 3^ 29*5'. 

Exercises 

1. At what elevation must a 121b. ball be fired, with a 

velocity of 700 feet, in order that it may reach an object = 20(M) 
feet distant? - 4° 28-5'. 

2. Find the elevation at which a ball -5 inches in diameter must 

be discharged, with a velocity of 800 feet, that its actual range 
may bo = i of a mile =2^^ 53'. 

Case 2.— When the iiotentlal random exceeds 39000 feet. 

liULE.— Find two mean proportionals between 39000 and the 
potential random ; then the less of these means is to the potential 
random as the potential range, found by the former case, is to the 
true potential range ; then the elevation is foumi as before. 

Find h as in the preceding ca.se ; then, if 

U" = the potential range found by the preceding case, 

R = It true potential range, 
then R =j00l38R"<//t* 

Or, LR=3i39977 + LR"4 §IA 

Instead of LR", LF + LR' may l>e used. 

Then find c, as in the former case, or, by this formula, 

L sin 2c=6-8389469 + LR"-iL//, 
which gives c at once, when A and R" are found. 

Example.— A t what elevation must a 24-pounder be discharged, 
with a velocity of 1730 feet per second, in order that its actual 
range may be =7500 feet? 

r 7.500 

F=900ff=900 x 5*61 =5049, and l ; 
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hence R' = FR'=6049 x 2*587 - 13060, 

U = 2{Lv - *903090) = 2(3*238046 - *903090) =2 x 2*334956 
^4*669912, amU -46764, 
ami 2/t = 93528, which exceeds 3000G. 

Then L sin 2c =6*8:189 46!l » LK " 

= 6*83894()9 + 4*11 59432 1 ■5566372 
= 9 :i982529 = Lsin 14“ 29'; 
and tlier(?fore c = 7" 14*5'. 

Let r« = 39000 ; then 2A hein;' the imtential random, let .r and y 
lie two mean proportionals hetweeii a and 2h ; 
tlien ft : .r =.c : y, and .c : // - y : 2h ; 

lumee y = - - , ami 2fi * ; 

• a .r 

and x-\'2(tVi\ 

also, .c:2A = ir:H; 


tlierefore, 


2//K'' 2/ar 


= = * 0013811 " 

</2nVi, ^ 

Or, LU =3*1399769 v LK" f iU. 

Then c can he fouml for this potential range, and given initial 
velocity, as in tlie pieceding citse ; or, 

2//ir _ ir 

2/i 2h‘^2aVi 


. - 


therefore L sin 2 <j = 10 4 liU" - ^LA, 

or L sin 2c = 6 *8389469 + LH" ~ ilA 


Exercises 

1. At what elevation must a hall 4*5 inches in diameter lie fire<l, 

with a velocity of 1200 feet per secon<l, in order that its actual 
range may he =4500 feet ? =4“ 45'. 

2. Required the elevation at which a 24-pounder must be fired, 

with a velocity of 1000 feet per second, that its actual range may 
be a mile =:4®29';i0". 


690. Problem X.-*-Giyeii the elevation not exceeding 45", 
and the velocity with which a given projectile is dis- 
charged, to determine its actual range. 

Case 1.— When the potential random does not exceeil 39000 feet. 

Rule. —Reduce the terminal height F, corresponding to the 
given projectile in the ratio of radius to the cosine of | of the 
angle of elevation ; find the potential range by Art. 689 ; divide 
this range by the reduce<l F, ami find the quotient in the tabular 
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column of potcntiul ranges ; and opposite to it, in tlie preceding 
column of actual ranges, is a numl>er, the product of whicli, by the 
reduced F, will give tlie actual range. 

Let F =:thc terminal height foiiml by Art. 687, 

F'= II reduced height, 
tlie other letters denoting as lieforo. 

Theiij to lind F', F7F=cosfe, 

or LF' = LF + L cos f c - 10, 

and A is to be found as in Art. 672. 

To lind K, R/‘2/(i=8in 2c, 

or LR = Ii24 + L sin 2c - 10. 

Then ~ 

r 

or I,r=LF' + h/'. •' 

KXAMrLl<'. — %Vlial ix tlie actual ran^c of a iiiiutkct-bullet, of tlie 
usual iliamctor of J of an inoli, (liscliargcd at an elevation of 15°, 
with a velocity of (KK) feet? 

1<'= I409rf= 14tH) X J = 1057...(h,y Art, 687), 

LF' = 1.1057 + 1, cos 11° 15'-10 = 3-024075 + 9-991574-10 
=3 015649, and F' = 10.36'7. 

Also, A = = = 112856, ami 2/i = 25312, 

ami (Art. 671), R=2A sin 2c=2Ax i = /i = 12666, 

U'=-‘5; = {^®y = l‘2°208; hence r'=315, 
and r = F'r' = 1036 7 x 3*15 = 3266 feet, the actual range. 

Exercises 

1. What is the actual range of a ball of 6 inches diameter, fired 
at an elevation of 25®, with a velocity of 1000 feet? =10570 feet. 

2. What is the actual range of a shell = 10 inches in diameter, 
iis weight being = | of that of a ball of the .same diameter, when 
discharged at an elevation of 40®, with a velocity of 400 feet? 

= .3938 feet. 

Case 2.— When the potential random exceeds .39000, or the 
impetus exceeds 19500, or the velocity exceeds 1112 feet. 

Rule.— -Find two mean proportionals between 39000 and the 
potential random, and take the less of them for the reduced 
potential random ; then the true potential random is to the 
reduced potential random as the potential range to the reduced 
potential range. This reduced potential range, being divided by 
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the re<luce<l terminal heij^ht F', will j(ive the tAhular potential 
range, from which the actual range is found as in the last case. 

LU=a i3a977^ Lir + i|L/i, 

and adding 10 to both sides, and substituting for hh its value 
‘2Lw- 1*806180 (Art. 689) ; then 

Lir-^LR-jiLi?+ 4*064 14.1 .... (1), 
and Lit -- VUi -f L sin 2^’ - 10, 

or LR =2Lw + Lsin‘>t-ll*.'>0r>ir>0 . . . (2); 

hence LR"“ j|Le+ L sin 2«; -7 '441007 . . (1)4(2). 

Find F and F', as in Art. 690. 

Example. — Required tlie range of the bullet in the example of 
the first case, discharged at the .same elevation, with a velocity of 
2100 feet. 

In this case n>1112, or 2A>39000. 

As in the former example, F= 1057, and F' - 10.16-7. 

And Mr = ljLe+L sin 2/’ - 7*441007 ==*2-21481.1 f 9 -698970 - 7 *441^)07 
= 1 1 -91.178.1 - 7*441007 -4-472776 ; 
hence R" -2t)701. 

hlV = Ti R" - LF' - 4 -472776 - 3*01 565.1 ^ 1 *4.5712.1, 
and R':= 28*65; hence, hy Table, / = 4*1 7.103, 

and r = F'F = 1036*7 x 4*17303 - 43*26 feet, the actual range. 

Although the velocity in this exaiiqdc is more than double that 
in the preceding, yet the range is only 1060 feet greater. 

Exercises 

1. Find the actual range of a 421h. ball, discharged witli a 

velocity of 1800 feet, at an elevation of :46^ . . - 1.541,1 feet. 

2. What will be the actual range of a 24-lb. ball, fired at an 
elevation of .15^ with a velocity of 1760 feet per second ? 

= 1.169.5 feet. 

691. It can be shown, by dynamical principles, that balls of the 
same density, projected at the same elevation, with velocities that 
are proportional to the square roots of their diameters, descril>c 
similar curves. The reason of this is, that the resistances are pro- 
portional to the masses or weights of the balls. Their velocities 
at their greatest height, which are horizontal, are proportional to 
their diameters ; and any corresponding lines of their trajectories 
— that is, of the curves descrilie*! by them — arc proportional to 
their diameters. Their actual ranges are therefore pro|K)rtional to 
their diameters, or U> the squares of their initial velocities, but their 
potential ranges are in the same pro|)ortion ; hence their actual 
and potential ranges are proportional. But the terminal heights, 
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l>eing 000 £^, are proportional also to their diameters, or their ter- 
minal velocities are proportional to their initial velocities. The 
terminal heights are therefore also proportional to their ranges, 
both actual and potential. Hence the quotients of the actual and 
potential ranges of one ball by its terminal height are respectively 
equal to the corresiioiiding quotients for another ball, both being 
projected under the conditions stated above— that is, the tabular 
ranges, both actual and potential, are the same for all balls of the 
same density, discharged at the same elevation, with velocities 
proportional to the square roots of their diameters. Thus a 
comparatively limited set of experiments with a ball of given 
dimensions and density would be suflicient to determine the data 
for the construction of the preceding Table ; by moans of which 
the ranges of balls, of an unlimited variety of density and size, 
could be computed. 

The weiglits of two balls being w\ their diameters rf, d\ their 
velocities v, v', and the resistances to them r and then (Art. 686 ) 
r : nearly, 

if the velocities are both greater or both less than 1112 feet. 

And if u : u' = \Jd : \/d\ then 

r : r' = f f : f W =d^ 

80 that in this case the resistances are as the weights. If v and v' 
are the terminal velocities, then r=w, and 
hence r :r' =w iw'. 

Or, 

or : v'^=d: d\ or v : v'=\/d : \Jd\ 


THE FLAT TRAJECTORY THEORY 

692. This theory will be recognised as bearing especially 
on modern guns and rifles, for if the point-blank range of 
any gun is increased, its trajectory (or, more' correctly speaking, 
the trajectory of its projectile) takes the form of a straight 
line, and less and less that of a parabola. 

All guns w'ith a high muzzle velocity are affected by the 
investigations made in connection with this theory. 

To attain a high muzzle velocity various measures have from 
time to time been adopted. Careful consideration has been 
bestowed on the shape of projectiles, which in modern guns 
are elongated cylinders of iron or steel, with ogival heads, and 
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struck with a radius of the diameter of the pr<)jectilc. In 
consequonco of the rotatory motion imparted to the shell by 
the rifling of the gun, the shell on leaving the gun ‘spins' or 
rotates round its longer axis, thus only exposing its ogival 
head to the resistance of the atmosphere. Air-spacing in the 
powder-chamber also ensures a greater volume of gas being 
generated at the base of the shell, and conse<piently a greater 
pressure is set up than was the case in muzzle-loading guns with- 
out gas-checks. The twist of the rifling, and also windage, are 
also important factors connecUMl with velocity, range trajec- 
tory, and time of flight. It will thus be so(‘n that, in order to 
obtain a Ingh initial velocity, the gun is strained to an extent 
far exceeding that demanded by the use of balls, on which 
the parabolic theory treats. The modern w(‘apon jind its pro- 
jectiles are therefore a distinct departure from the ancient 
cannon, and in conse(jucncc of the increased strain to wlncli 
it is subjected, it is built up in coils, so distributed as to 
e(iuali8e the action of the combined stresses, and at the same 
time with a duo regard to its minimum W(‘ight and mobility. 
(Juns of modern design are made entinjly of steel in the form 
of ribbon-wire, the ultimate tensile strength of which - 100 
tons per square inch, lly winding on with varying tension, 
any desired state of initial stress may bo given ; and thus on 
firing, every part of the structure is marie to take its due 
share of stress. For calculating tlie strength of a wire gun, 
the winrling tensions must be known, as w'cll as dimensions 
and strength of material employed. 

693. Tlie height reached is given approximately by the formula, 

where T= total time of flight in seconris, 

f=tim6 of flight in seconds to a point where height of 
trajectory is h feet. 

Assuming the %'ertex to be reached at half time, and putting 
< = iT, and 5^=32, we get the greatest height. H=4T* is a useful 
approximation for comparing the flatness of trajectories of different 
guns. 


2b 
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694. Velocity and Momentum of Recoil. 

v-iinizzle velocity of projectile, 

W = weight of gun and cai-riage, 

V = velocity of recoil of gun and carriage, 
w= weight of projectile, 

Wi = li powder charge, 

C — d conBtant deduced by experiment ; 

WV = v(if? + Ciej). 


695. Gravimetric Density. 

To find gravimetric density (JD of a charge. 

Let 8= cubic 8j)ace allotted per lb. of powder in tlie chamber. 


GD = 


‘27-73 

S 


696. WdIIK DONE BY KXPLODING POWDKU 


No. of 
ExpAnaiuni 

Work 

IHT Iib. buniwl— 
Foot-Tom 

No. of 
Bx^witNionii 

Work 

IM-r Lh. hiinuHl— 
Foot-Tonn 

No. of 
Kx|tiuuiuns 

Work 

per Lb. burned— 
Foot-Tous 

1*‘25 

19*2*26 

5*5 

95-210 

11 

121 -165 

1*5 

31 -986 

6 

98-638 

12 

124-239 

1*75 

41-494 

6*5 

101 -744 

13 

127-036 

2 

49-050 

7 

104-586 

14 

129-602 

2*5 

60-642 

7-5 

107-192 

15 

131-970 

3 

69 -cm 

8 

109-600 

16 

1.34-108 

3*5 

76*315 

8-5 

111-840 

17 

136-218 

4 

82*107 

9 

113-937 

18 

138-138 

4*6 

87-064 

95 

115-905 

19 

139 944 

5 

91*385 

10 

117-757 

20 

141-647 


TJlis Table is made out for charges of unit gravimetric density. 
Divide cubic contents of l>ore by cubic content of cartridge- 
clmmber, wdiich will give number of expansions. Multiply the 
number found opposite this in the Table by number of lb. in the 
charge, and the result will be the work done. 

If the charge be not of unit gravimetric density. 

Suppose gravimetric density = *8, and number of expansions =6 ; 
Work done i>er lb. of powder=work done in 5 expansions minus 
1 ’0 

work done in g, or in 1*26 expansions =(91 *386- 19*226) foot* tons 
cs72’)59 foot tons. 
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In practice only a portion of this, called the factor of effect, 
varying froni 0*7 to 0*9, is obtained. Thus, suppose factor of 
effect 0-8, the work realised b = 72*169 x *8 foot-tons =67*727 foot- 
tons per lb. of powder in the charge. 

w\^ . 

*1 foot- tons is also a measure of work coniainctl in the 

X 

projectile, in which fr = wciglit of projectile in lb., V=the muzzle 
velocity in feet |)er second. 

lly equating the two expressions, the i)robable muzzle velocity 
can be eati mated before actual trial has taken place. 

697. Penetration of Armour. 

T = thickness of wronght-iron that can be penetrated by direct 
tire (inche.s), 

diameter of projectile (inches), 

0 = striking velocity, feet per second ; 

For steel and compound or steel-faced armour, penetration 
=Tx*8 (approximately). Captain Orde Brown's rough rule: 
T=U01c.f/. 

Various causes will modify the above, and when striking at an 
angle->al)OUt 40” from the normal— projectiles will bo deflected. 

698. Penetration of Bifle ■ Bullets. —'I'liickness of various 
materials proof against magazine-rifle 6re at all ranges : — 

Earth parapet free from stoiieM, not rammed, 24 inches. 


Clay, 24 .1 

Fine loamy sand, 20 n 

Wroiight-iron or iilild steel plate, . . . ^ inch. 

Fir, dry or green, .38 inches. 

Elm, green .36 n 

Oak, 24 „ 

Sand-bags, Ailed, heavier, .... 1 bag. 

M II stretcher, .... 2 bags. 


699. Use of Bashforth's Tables (A and B).— The two 
following Tables (Bashforth’s) give the relations between (A) the 
time of flight of a projectile and its velocities at the Ijeginning 
and end of that time, and (B) the distance of fliglit of a projectile 
and its velocities at the beginning and end of that distance. 
Thus, the initial velocity of a projectile being given, the velocity 
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DISTANCE AND VELOCITY TABLE (H) 

Sv=: number in Table corresponding to velocity V, V = initial velocity, icct j>er second, of projectile, 

Sv— •! I* M II Vt t7 = remaining •• «• n m 

«= distance of flight (or range) in feet, C = ballistic coeflicient = ir -r 
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after any given interval of Higlit may be found, or vict versd; 
or, the initial and remaining velocities being known, the time or 
distance of flight may be found. 

The coefficient n in tlie formiihc depends on tlie shape of head of 
the projectile, steadiness of flight, and density of the air. For 
ogival-headed projectiles, the heads of which are struck with a 
radius of diameter, n-\\ for more modern projectiles with 
heads of 2 to 2^ diameter, and under normal atmospheric condi- 
tions, n may be taken from about 0*88 up to unity — from the 
lightest to the heaviest. With the 0*303 magazine bullet, 71=0*64. 

For high velocities, at all ordinary low angles of elevation, these 
Tables and formula) give results agreeing very closely with actual 
practice. 

Example on the Use of the Tables 

Suppose the muzzle velocity of a 10" gun to be 2040 feet per 
second, and that it has a remaining velocity of 1879 feet 
per second. It is required to And the distance of flight, or 
range of the projectile in yards, given the weight of projectile 
= 600 lb. 

By referring to Table B we have the formula, 

5=C(Sv-S??), 

where «= range in feet. 

We fn-st determine C ; and by taking tbe value of n a8= *88 (see 
notes preceding theTables), we get the ballisticcoefficient C-w-r 
C = 6001b.-f *88xl0"2=6*68. 

The initial velocity Sv=2040, and the number in the Table 
corresponding to this velocity is 45360*3. 

.\ Sv=46360*3. 

The i*emaining velocity is 1879 feet per second, and the 
number in the Table corresponding to a velocity of 1870 feet per . 
second (for 1870 is the nearest velocity in the Table to that given) 
is 44716*3. 

.*. Su=44716*3. 

9 =range=C(Sv-St;) 

. =5*68(46360*3 - 447163*3) 

=5*68 x 634 

=3601-12 feet, or 1200*37 yards. 

Further, let the time of flight of the above-named projectile be 
also required. 

The given mnszle velocity =2040 feet per second, and the number 
in Table A corresponding to this velocity is Tv =233 *667. 
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The jiiveii reiiKiiiiin^ velocity - 1870 feet per secoml, ami oa tlio 
nearest velocity in Table A is 1870, the nunilicr correapomliiig to 
this velocity is Tc-- 2^13-242. 

The ballistic cm^Hicient C is w-rtuPf and tins has already been 
found = 5 *68. 

/ = time of (light of projectile in seconds 
= C(Tv Tc) 

= 5 08(233 r»r»7 - 233-242) 

=5 -08 X -325 
= 1*846 seconds. 


the time of flight of a projectile whose weight -500 lb., and 
whose muzzle and remaining velocities are respectively 2040 an<l 
1879 feet per second, ranges over a distance of I200‘37 yards in 
1 *846 seconds of time. 

It may he mentioned that the weight of j)Owdcr in the cliarge of 
this gun, which atfords the above results, is 252 Ih., and that tlie 
projectile at this range will penetrate 20*5 inches of wrought iron 
armour-plating. 

It will therefore prove interesting to learn what measure of 
work is 8torc<l up in a projectile wIhho weight is 500 Ih., and 
which travels at the rate of 2040 feet per second. 

By the formula already afrordc<l, we find tiiat this measure of 

work= . .wiV 
2^ X 2240 

Tlic syml)ol {g) is the acceleration iluc to gravity (see * Parabolic 
Theory ’). 

i/;V* 500 x 2040* 

‘.^x2240 2x;42x2*240 
= 14515 .34 f<K»t tons. 

Should the muzzle velocity and time of flight be given, the 
remaining velocity can easily he found ; for, 


T?; = remaining velocity 
= Tv-f/c. 

Let us suppose that it ho required to find the remaining velocity 
of a shell whose weight is 500 lb. an<l diameter 10 inches; let 
the value of (n) be assumecl = *88, and the muzzle velocity 
of the shell =2040 feet per second, with time of flight = 1*846 
seconds. 

We first determine the value of C, the ballistic coefficient, vide 
formula C=M7-5-nrf®, which in this case =500 -f *88 x 100. 

C=5*68. 
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The given time of flight= 1*846 Bcconds. 

The muzzle velocity =2040 feet per second = (viV/e Table) 233*567. 
. • . Tv = remaining velocity 
= Tv-</c. 

=233-567 
=233*567 *325 


= 233*242 ; 


and the velocity corresponding to this number in the Tables 
= 1870 feet per second. 

the shell has a remaining velocity of 1870 feet per second at 
the end of a time of flight = 1 *846 seconds. 


700. The reader’s attention is directed to formula v= 1600 



which appears in Art. 680. This formula can only be applied to 
guns which have more or less windage ; but in almost all modern 
weapons the system of obturation adopted is such as to totally 
exclude this factor. The tdijcct aimed at is to utilise to the very 
fullest extent the force set up by the expansion of the gas in 
the powder-chamber. The prevention of gas waste or escape in 
a breech-loading gun is technically termed ‘obturation,’ and is 
derived from the Latin ohluroy I stop or close up. 

The ‘ windage ’ of a gun (a term already used) is the difference 
between the diameter of the bore of the gun and that of its 
projectile. 

With muzzle-loading guns it was an inevitable necessity to 
have windage, otherwise it would have been impossible to load 
the gun. It has, however, its disadvantages — namely, that a large 
volume of the gas generated by the ignition of the charge passed 
both over and under the projectile whilst being propelled through 
the bore of the gun, and thus e.scaped without having fulfflletl its 
allotted work in respect to the projectile ; and consequently this 
loss of potential energy materially affected the muzzle or initial 
velocity of the projectile. 

The formula can, ho>vever, be modified and applied to modern 
guns by increasing the value of the coefficient 3 to 3*76 ; thus— 


Initial velocity v=1600 


V 


3-75C 

h 


It would be better, perhaps, to alter the symbol (6) to P where 
P= weight of projectile ; this distinction would better characterise 
the formulae, and at the same time assist the memory. 



PBOJECTILEa AND GUNNERY 


429 


'7 ’ I'" ’ 


TIiiim, for flat trajectories the initial velocity : ! GOO 

where ('*= weight of charge in Ih., ami P- weight of project ilo alho 
in lb. The forimila allbrds a close approxiiiialio!i to the initial 
velocity, but shouhl not be preferred to that by which the 'rabies 
are calculated. 


Exkucisks 

1. A 5" breech-loading gun, whose shell \v(Mghs ir> lb., has a 
mu/./.le veh)city of 1800 feet per second, and a remaining velocity 
of l‘JtX) feet per second ; liml the <li.stance of flight, or range in 
yards, of the projectile, and state the ineasiirc of work contained 
in the shell ; given n-1. 

Distance of flight- 1823*296 yards; inoasnrc of work .%1'G 
foot- tons. 

2. Taking the previous exorcise, let if be required to find the 

time of fliglit of tfie projectile in seconds, with tlie velocities tbere 
mentioned - 1 *‘259 seconds. 

3. Sjipposing the sbell mentioned in the first exercise bad a 
striking velocity of 1200 feet per second, determine its penetration 
by fonimla for direct fire, in both wrought-iron and steel- face<l 
annoiir. 

Wrought-iron, 3*002 inches; steel-faced armour, 2*401 inches. 

4. The muzzle velocity of a 3 pounder Hotchkiss quick liring 

gun is 1873 feet per second ; its remaining velocity is required, 
given time of flight of projectile = 3 seconds, weight of projectile 
= 3 lb., M= *88, (/=:1*85 inches. . . . “ 1060 feet per second. 

5. With tlie data before you in the alsive question and answer, 
state the distfince of flight, or range in yards, of the shell. 

" 4141 feet, or 1.380 3 yards. 

6. What would he the greatest height the projectile would 
attain to in a given time of flight -3 seconds? 

=36 feet, approximately. 

701 . Strength of Gims.--In calculating the circumferential 
strength of a gun built up by shrinking on successive layem of 
metal, the general formula employed is 

where n is the number of layers. Thus, for a 6 inch breech- 
loading, steel gun, having over the powder-chamber a tube. 
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breech-piecR, and jacket, commence from tlic exterior and mit n 
=3, 2, 1 successively ; thus — 


Ps 

Pi 


_r? -'•s 

■ra»+n^ 
-r.? + r, 


:,Ta. 

jt'Pi + 1*2) + Pji 


Po=^^>Jt. + P.) + I>., 


in whicli ia the radius of the powder-chamber; rj, and 
the outer radii of the tube, breech-piece, and jacket respectively ; 
Pfl, Pj, P2, P3 are the radial pressures in tons per square inch at 
the surfaces, where the radii are r^, rj, and rj respectively. 

Note.— In tlie case of the outside layer, or jacket, P3=0, as the 
pressure of the atmosphere may be neglected. 

T., T., and T.2 are the maximum allowable hoop tensions in tons 
per square incli at r„, and respectively. 

Practically, with modern gun-steel, the values for strength 
calculations may be taken at T„=15, Tj and Tg, &c. = 18. A large 
margin of safety is thus provided, as 40 tons per square inch would 
be an average ultimate tensile strength. 

For wrought-iron coils, T^, Tj, &c. =9. 

If F is taken as the circumferential factor of safety, usually 
about 1*5, and P the safe working pressure in the chamber, 

PF=P,, 

For the longitudinal strength of the above gun (where the 
breech-screw gears into the breech -piece), with the same system of 
notation, p^ denoting longitudinal pressure, 



The longitudinal factor of safety / generally equals 6 or 7, and 

/P=iV 


702. Concluding Remarks, and Momentum of Recoil.— 

From what has already Iwen said, the reatler will at once per- 
ceive that the science of gunneiy aims at the further development 
of the lost theory. Wo have but touched the fringe of this 
interesting science, as space will permit us to do no more ; but 
before closing the subject we can safely predict that the high 
initial velocities of projectiles fired from breech -loading rifled guns, 
such as the 16*25-inch and 13'6-inch, with charges of 1800 lb. 
and 1260 lb. of powder i-espectively, will shortly be eclipsed by the 
introduction of electricity as an agent of propulsion. 
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ExperiinenU have already l>eeii made in thin direction with 
lighter projectiles, and the marvellous results obtained therefrom, 
as reganla range, velocity, and time of fliglit, are such as will 
necessitate all future formuhe being expressed in terms intimately 
associated with this prime-motor. 

In order to obtain a high initial velocity for any gun, various 
complex considerations present themselves, and these rerpiire to bo 
regarded a.s the sum of so many [Misitivc and negative (piantities. 

The construction of any gun depends on the total stress the 
material will be nubjecteii to in the diflercnt parts of the gun, 
modilleil, of course, by the particular circumstances conne<‘ted 
with its manipulation, which may either l>e field, naval, moun- 
tain, siege, or position (that is, coast defence). 

Having decided upon its calibre and determined its employ- 
ment, we have to consider the questions of the charge and weight 
of the projectile; and in arriving at these we are govcrne<l by 
the all-important matter of initial velocity, which in turn regulates 
the momentum of the shell, and consequently its penetrative 
work. 

The twist of rifling (expressed in so many turns or revolutions of 
the projectile in a certain numl>er of calibres) prmluccH frictional 
resistance. 

For instance, let the diameter of the lioro of a gun l>e 3 inches, 
and let the twist of rifling l)e expressetl as I turn in 30 calibres. 
It will be readily under8too<l that the projectile, in paHsing through 
the Imre of the gun, makes one complete turn round its longer axis 
in a distance = 90 inches or ,*I0 calibres. 

Then, again, there is another factonwhich cannot bo overlooked 
— namely, the * momentum of recoil.’ 

When a gun fires a projectile, the force of the explosion pro- 
duces momentum in the gun equal in amount but opjmHite to 
that of the projectile, and causes recoil. The other cifects pro- 
duced in the gun and the projectile are not, however, numerically 
equal. 

According to a well-known law' in dynamics, we are told ‘ that 
when two bodies muixudly aet rtpon each other^ the momenta 
developed in the same time are equal, hut opposite in direction ; ’ 
or, every action is accompanied by an equal and opposite reaction. 

Example. — The 5-inch B.L. gun whose weight is 2 tons hres a 
projectile weighing 50 lb. with an initial velocity of 1800 feet per 
second. Find the velocity of the gun’s recoil and the mean force of 
the explosion, supposing the bore of the gun to=25i calibres. 
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Let W, w- weight of gun and projectile respectively. 

V, velocity m d h 

I5y the above law, momentum of gun -momentum of projectile. 

WV = ivv ; 

that is, 2 X 2240 x V = 50 x 1800. 

50x1800 4^ 1 

V— - ^- 7 - =20089 feet per second. 

2 X 2240 ‘ 

Now, to find the mean effort executed during the explosion of 
the })owder, we must first a.scertain the acceleration of the pro- 
jectile along the bore of the gun. Since the bore is 25*1 calibres, 
or 10*458 feet, in length, and the initial velocity of the projectile 
as it leaves the gun = 1800 feet per second, we have 

a formula deduced from uniformly accelerated motion, where 
rt = acceleration per unit time, 

£=distancc ilescribed during interval (/.j- fj). 

1800^ = 2 X rex 10*458. 

1800^ 

* ** ^^ “‘20*916” second per second. 

But P=-xrt. 

V 

This equation expresses the force V in the same units as (w?). and 
if w be stated in lb. weight, this will be in what is termed 
gravitation units. 

50 

.*. P = ~x 154905*335 = 242039*595, &c., lb. 

Large charges of powder alone will not produce a high velocity, 
although in a great measure they assist it. The object to which 
gunnery is rapidly trending is minimum charges and higher 
velocities. 

Although the introduction of electricity will revolutionise this 
science to a very great extent, still, under circumstances where 
high angle fire appears necessary and advantageous, there can be 
but little doubt that the theory on which the general problems rest 
will still bo found the pangenesis of formula) connected with this 
science. 

Its renaissance is dependent on a recognition of the theories 
already treated, for they emlKKly certain fundamental laws of 
natural science inseparable from any speculation or experiment * 
connected with gunnery. 

These laws cannot tliei*efoFe be affected in any way by a mere 
change of an agent representing force. The force, if electricity, is 
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still a force, and only differs from other forces by virtue of its 
highly subtile cliaracter and the magnitude of its power. 

The word power is very frequently misapplied l)y writei-s and 
students, for tiiey often call the mere pull, pressure, or force 
exercised on or by an agent tlie jmwer. 

It should never be employed in any other sense than as c-rptrs'sluff 
a rate of doing work\ or artivHij. 

In electrical engineering the unit of power is called the watt, 
and it equals 10’ ergs per second, or 746 watts -- 1 horse-power. 


PROJECTIONS 

GENERAL DEFINITIONS 

703. The representation on a plane of tin* iinj>ortant points 
and lines of an object as tliey appear to the eye wIkmi .situated 
ill a particular position is called the projection of the ohjtjct. 

704. Th(i ])lanc on which the delineation i.s made is called 

the plane of projection. 

705. The point where the. eye is situated is called the point 
of sight, or the projecting point. 

70G. The jioint on the jdanc of projection whore a j)orpen 
dicular to it from tlie point of sight meets the plane is called 

its centre. 

707. The line joining the point of .sight and the centre is 
called tlio axis of the plane of ju-ojection. 

708. Any point, line, or other object to l>c projccte<l is 
called the original, in reference to its projection. 

709. A straight line drawn from the point of sight to any 
original point is called a projecting line. 

710. The surface which contains the projecting lines of all 
the points of any original line i.s called a projecting surfa^ce. 
When the original line is straight, the projecting surface will 
he a projecting plane. 

Cor. — ^T he projection of any point is the intersection of its 
projecting line with the primitive. 
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STEREOGRAPHIC PROJECTION OF THE SPHERE 

DEFINITIONS 

711. Tho stereographic projection of the sphere is that in 
wliich a great circle is asHume<l as the plane of projection, and one 
of its poles as the projecting point. 

712. Tlie great circle upon whose plane the projection is made 
is called the primitive. 

713. By the semi-tangent of an arc is meant the tangent of half 
that arc. 


714. By the line of measures of any circle of the sphere is meant 
that diameter of tho primitive, produced imlcnnitely, which is perpen- 
dicular to the line of common section of the circle and the primitive. 


715. Let A he the pole of the primitive BD, and MN a circle 

to be projected ; MN being 
^ small 

/^/\^\ / / circle, and in the second a 

( mlr g»eat circle; then the point 

^ projection the 

— —~/f ]^oint w, and n is the projec- 

' c' •• tion of N, and the circle mn 

is tho projection of the circle 
MN. The line AM is the projecting line of the point M, and the 
plane AMN is the projecting plane of the diameter MN, whose 
projection is the line mn. 

In the stereographic projection, the projection of every circle of 
the sphere is a circle. 


716. Problem I.—To find tbe locus of the centres of the 
projections of all the great circles that pass through a 
given point. 

Let F be any given point within the primitive ABCM. 

Through F draw the diameter BM and AC 
perpendicular to it ; draw AF, and produce it 
to D ; draw the diameter DL ; draw AL, and 
produce it to meet BM in O ; bisect FG per- 
* pendicularly by IT, and IF is the requireil 
locus. Thus any circle, PFN, passing 
through F, and having its centre in any 
point as I in IHI', is the projection of a 
gieat circle, and hence it cuts the primitive in two points, 
P, N, diametrically opposite. 
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717. Problem II.— Throtigh any two points in the plane 
of the primitive, to describe the projection of a great 
circle. 

J. Wlien one of the points is in the centre of the primitive. 

Draw a diameter passing through the other point, and it will Im 
the required projection. For the great circle passes* through the 
pole of the primitive. 

2. When one of the jmints is in the ci ten inference, and the 
other is neither in the circumference nor in the 
centre. 

Let A and P be the two points, and ACJII) 
the primitive. 

Draw the diameter AB, and descrilie the circle 
APB through the three points A, P, B; and it 
is the required circle. 

3. When neither of the points is in the centre or circumference. 

Let F, (i be the given points, and ABC the 

primitive. 

Fiml IH the locus of the centres of all the pro- 
jections of great circles passing through one of 
the |)oint8, as F (Art. 716) ; join F, (», and bisect 
F(i (lerpendicularly by KII ; and the centre of 
every circle through F ami (» is in KII ; but the 
centre of the require<l circle is in III ; hence II 
is its centre ; and a circle, DFG, thiougli the two given points, 
described from the centre 11, is the circle required. 

718 . Problem in.— About some given point, as a pole, to 
describe the projection of a great circle. 

1. When the given jmint is the centre of the primitive. 

The requiretl projection is evulently the primitive iUedf. 

2. W’^hen the given ])oint is in the circumference of the primitive. 

Draw a diameter through the given point, and another diameter 

perpendicular to tlic former; the latter diameter is the icqiiirCMl 
projection. 

For, since the primitive passes through the pole of the required 
projection, its original circle must pass througii the ]>ole of the 
primitive, and its projection is a diameter. 

3. When the given point is neither in tlie centre nor the cir- 
cumference of the primitive. 

Let P be the given point, and ADBC the primitive. 

Through Pdraw the diameter AB, and another CD perpendicular 
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to it. Draw DP, and produce it to £ ; make the arc EF equal to 
a quadrant ; draw DF, cutting AB in G ; and the circle CGD, 
through the points C, G, D, is the required 
circle. 

For, considering APB as the primitive, and 
D its pole, PG is evidently tlie projection of a 
quadrant EF. Now, if A DBG be the primitive, 
since APB passes tlirougli P, the pole of the 
required circle, it must pass tlnough C, D, the 
poles of AB. Hence the required circle must 
pass through C, G, and D. 

Cor.— H ence the method of finding the pole of a projected great 
circle is evident. 

1. Wlien the projection is a diameter of the primitive. The 
extremities of the diameter perpendicular to it are evidently its 
poles. 

‘2. Wlien the given projection is inclined to the primitive, as 
CGD. 



Join C, D, and <lraw the diameter AB perpendicular to CD. 
Draw DCi, and produce it to F ; make the arc FE a quadrant ; 
draw DE, cutting AB in P, and P is the pole of the given circle. 


719 . Problem IV.— To describe the projection of a small 
circle about some given point as a pole. 

1. When the pole is in the centre of the primitive, or the original 
small circle parallel to the primitive. 

Lot AB, CD be two ])erpcndicu1ar diameters of the prijuitive. 

Make CE equal to the distance of the small 
circle from its pole— as, for example, 34'*. Draw 
DE, cutting AB in F ; from P as a centre, with 
the radius PF, describe the circle FGK, whicli 
will be the required projection. 

For PF is evidently the projection of CE, and 
the centre of the required circle is evidently 
in P. 

2. When the given pole is in the circumference of the primitive, 
or the original circle is perpendicular to the primitive. 

Let C be the given pole ; AB, CD two perpendicular diametere. 
Make CE equal to the distance of the circle from its pole. Draw 
EL a tangent to the primitive at E, and let it meet DC produced 
in L. A circle described from the centre L, with the radius L£— 
namely, MNE-^is the required circle. 
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3. Wlien the pole ia neither in the centre nor the circuinftMcnce 
of the primitive. 

Let P 1)6 the ^^iven point, nml AB, CD two pcrpeiuUciilar 
iliamcterH of the primitive. Draw CP, anti jirotlnco it to E ; lay 
off EF, E(L each equal to the distance of the 
circle from its pole— for instance, QfT ; draw 
CF, CG, cutting AH in H ami I, ainl on 
HI, as a diameter, dcscrihe the circle IIKI, 
and it is the retiuiretl projection. For if AH * 
he the primitive, and (’ its pole ; E the pole 
of a small circle, and F, (r two points in its 
circiunfcrence, then HI is the diameter of its 
projection. Hence, if A (’HD he the primitive, HI is evidently 
the diameter of the projected small circle, whose pole is P. 

Cor. — T he method of finding the juojected pole of a given 
projected small circle is manifest from this proldem. 

1. When the small circle is concentric with the primitive, the 
centre of the latter Is the projected pole of the former. 

2. When the small circle Is perpendictilar to the primitive, as 
MNE, its pole is in (’, the middle of the arc M(.T0. 

3. When the circle is inclined to the primitive, jis HKI, draw a 
diameter AH through its centre, and CD pei jMuulicular to it ; draw 
(/H, Cr, cutting the primitive in F, G ; bisect FK(i in E ; dfaw(’E, 
and P is the required pole. 


F 0 



720. Problem V.— To measure any given arc of a pro- 
jected circle. 


1. If the given arc l)e a part of the primitive, 
it may 1)6 measured as the arc of any other circle 
(Art. 130 or 162). 

2. When the given arc is a part of a circle 
projected into a straight line. 

Let KL be any given arc of the projected 



circle AKB; find C its pole, and draw C’K, (JL, 

cutting the primitive in F and G, and FfJ is the measure of KL, 


and is in the present instance 32®. 


3. When the given circle is inclined to the pnmitivc, 

I.»et HI be the given arc of the projected circle AIR Find 
P its pole ; draw PH, PI, cutting' the primitive in D, E, and 
DE is the measure of HI, which is therefore, in the present 
example, 45®. 

FkMlCMh. 


2o 
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721. Problem VL-To measure the projection of a 
spberical angle. 

1. When the circles containing the given angle are the piimitive 
and a diameter of it. 

The angle is a right angle. 

2. When one of the circles is the primitive, and the Other is 
a circle inclined to it. 



Let AEB he the primitive, and AIB the other 
circle, and I AD the angle. Find F and C their 
centres; draw AC, AF, and the angle CAF 
measures the given angle. Or, find F and P 
their poles ; draw AP, AF, cutting the primi- 
tive in G and 11, and GB measures the given 
angle, which is in the present instance 40®. 


3. When one of the circles is a diameter of the primitive, and 


the other is inclined to the latter. 


Let AFR and ATB be the two circles, and FAI the given angle. 
Draw tlie radius AC of the circle AIH, and AH perpendicular to 
AFI), and the angle IIAC measures the given angle. Or, find P 
and E the polos of the circles; draw AE, AP; then GE measures 


the given angle, which is 50®. 

4. When both the circles are inclined to the primitive. 



Let ABD, A'BD' be the two circles, and ABA' 
the given angle. Find C, C', the centres of the 
circles, then the two radii drawn from these to 
B will contain an angle CBC' equal to that at B. 
Or, find P, P', the iwles of the circles, and lines 
drawn from B through these points will intercept 
on the primitive an arc which measures the given 


angle. The angle in this instance is 32®. 


722. Problem VII. —Through a given point in a given pro- 
jected great circle, to describe the projection of another great 



circle cutting the former at a given angle. 

Let ABCD be the primitive, and Z the given 
angle. 

1. When the given circle is the primitive. 

Let A be the given point ; draw the perpen- 
dicular diameters AC, BD ; make angle EAF 
=:Z=32®, suppose; and from F as a centre. 


with a radius FA, describe the circle AGO; it is the required 


projection, and angle GAD =32®. 
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Wlien the angle is a light angle, the diameter AC is evidently 
the required projection. 

2. When llie given projected cirelo is a diameter of the primitive. 

Let BD Iks the given projection, and F tlie given point. Find 
GH the locus of all the groat circles passing 
through F ; draw FL perpen<iioiilar to BD, and 
FH, making an angle LFH = Z=46“, for instance ; 
from the centre H, with the rtuUuH HF, descnlie 
the circle IKK ; it is the required projection, and ® 
angle DFK=46“. 

If the angle lie a right angle, (» is the centre, 
and AFC the required projection, for angle Ll*'(i 
= a right angle. Or, since the required circle is 
in tiiis case perpendicular to BFI), it must pass through its poles 
A and C. Hence the circle AFC, passing through the three points 
A, F, C, is the required projection. 

X When the given circle is incline<l to the 
primitive. 

Let AFC be the given circle, and F the given 
iwint in it. Find EG the locus of the centres of 
all the great circles passing through F. Draw 
FlI a radius of the given circle, ami draw FG, 
making the angle GFH = Z =23% suppose ; from 
the centre G, with the radius GF, describe IFK; and it is the 
required projection, and angle IFC=23'". 

When the angle Z is a right angle, thaw from F a line perpen- 
dicular to FH, and it will cut EG in the centre of the required 
circle. Or since in this case the required projection must pass 
through the pole of AFC, find its j>ole, and descrilie the projec- 
tion of a great circle passing through this i>olc and the point F 
(Art. 717), and it will Ik 3 the rcquiretl circle. 

723. Problem VIII.~-Tlirotigh a giyen point in the plane 
of the primitive, to describe tbe projection of a great circle 
cutting that of another great circle at a given angle. 

Let AKB lie the given circle, Z the given angle, and C the given 
|K)iiit in the plane of the primitive A MB. 

Find P the pole of AKB, and aliont it dcscrilie a small circle 
IGN, at a distance from its pole equal to the measure of angle 
^ -44% for example. Aljout the given point C, as a pole, describe 
a great circle LHM, intersecting the small drcle in L aifd G. 
About either of these points, as G, for a pole, describe a* great 
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circle DCK, and it is the required projection. For the circle DCE 
must pass through C, since G is at the distance of a quadrant from 



G, a point of the circle LGM. Also, the distance 
between F and G, the poles of AKB and DCE, is 
the incasiire of the given angle, and hence the in- 
clination of the circles is equal to that angle = 44°. 

8chol. 1. — Let an arc of a great circle FCK be 
described through F and C ; then, FK and CH 
being quadrants, FH = CK. Now, FH must not 
exceed FN, the measure of the angle, otherwi.se 


the circle LHM would not meet IGN, and the problem would be im- 


possible. But CK = FH ; therefore the distance of the given point 
from the given circle must not exceed the measure of the angle. 


ScilOL. 2. — If the point C were in the centre of the primitive, 
the circle LGM would coincide with the primitive. If C were in 
the circumference of the primitive, the circle LtiM would be a 
diameter perpendicular to that passing through C. 


724. Problem IX.— To describe the projection of a great 
circle that shall cut the primitive and a given great circle 
at given angles. 

Let ADB bo the primitive, AEB the given circle, and X, Y the 
given angles which the required circle makes respectively with 
these circles, and let these angles l)e respectively 47** and 45°. 

About F, the pole of the primitive, describe a small circle at a 
distance of 47'", the measure of angle X, and 

about G, the pole of AEB, describe another 

®***^^1 circle at a distance of 45°, the measure of 
( / ] angle Y. Then from either of the points of 

V V ® ^ I \/ intei-section H, T, as I for a pole, describe the 
great circle CED, and it is the required circle. 

^ For the distances of its pole I from F and G, 
the poles of the given circles, are equal to the 
measures of the angles X and Y ; and therefore the inclinations of 
CED to the given circles are equal to these angles— that is, angle 
ACE=47", and AEC=45°. 

ScHOL.— When any of the angles exceeds a right angle, the 
distance of the small circle from its pole is greater than a quadrant. 
The same small circle will be determined by finding the more 
remote pole— that is, the projection of the pole nearest to the 
projecting point — and then describing a small circle about it at 
a distance equal to the supplement of the measure of the angle. 
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STEREOGBAPmO PBOJEOTION OF THE CASES OF 
TBIOONOMETBY 

PROJECTION OP THE CASES OF RIGHT-ANGLED 
TRIGONOMETRY 

725. Case 1.— Given tlie liyimtcmisc AC-64^ and the anj;!o 
C=:46®, to coii.stnict the Irianjile, and to inoa.snre ilH otljcr parts. 

Let ECFl) be the priniifive; draw the circle c 

(^\]>, making niif^de -46" (Art. 722) ; about (\ 
aft a j)o!e, describe the Hiimll circle I All nt a 
distance = 64’ from C (Art. 710) ; then through A 
draw the diameter IIK; and ABC i.s the given 
triangle. 

Measure the sidefl AB, BC, and angle A (Arts. 

720 and 721); and it will be found that AB = 40’ 17', BC = 54"66', 
and A = 65’ 35'. 

726. Case 2,— (»iven the hypotenu»e AC = 70’ 24', and the side 
BC=65’ 10', to construct the triangle. 

Make the arc BC = 65" 10', and describe the small circle I AH at a 
distance from its pole C equal to 70’ 24' (Art. 

719) ; draw the diameter BAG, and then through 
A and C dc.scribe the great circle CAD; and 
ABC is the required triangle. 

Measure the sitle AB, and angles A and C, as 
in the preceding problem. 

Angle C=39’ 42', A =74’ 26', and AB=37’. 

727. Case 3.— Given the side AB=37’, and B(^-6.5'* 10', to 
construct the triangle. 

Make BC=65’ 10'; draw the diameter BAK ; and al)out G, 
as a pole, describe the small circle AIII at a t 

<iistance from G = the complement of AB = 53’ 

(Art. 719), then is AB = 37’; through A and C 
descrilie the great circle CAD (Art. 717); and 
ABC is the reqiiirefl triangle. 

Measure AC, and angle A and C as l>efore. 

AC =70’ 24', A = 74’ 26', and C=39’ 42'. 

728. Case 4. — Given angle A =32® 30', and C=106 
construct the triangle. 

Draw a diameter BL, and find its pole P (Art. 718, Cor.) ; al^out 
the pole P describe the small circle KI'I at a distance from P of 
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32* 30' ; and about G, the pole of the primitive, describe a small 
circle TIQ at a distance from it =73* 36', the supplement of angle C 
(Art. 719) ; and al)out I, the intei'section of these 
small circles, describe the great circle CAD (Art. 
718) ; and ABC is tlic required triangle. 

Measure AB, BC, AC as before. 

AC= 117* 31', AB= 126* 42', and BC = 28* 28'. 

729. Ca.se 5. — Given the side BC = 140* 53', 
and angle C= 105' 53', to con.stiiict the triangle. 

Make BGC = 140’ 63'; draw the diameter 
BAD, and through C describe the circle CAE, 
making angle FCE = 74* 7', the supplement of 
105* 63'; and ABC is the required triangle. 
Measure AB, AC, and angle A. 

AC = 70* 24', AB-=114* 17', and A = 138* 16'. 

730. Case 6. — (Uven AB = 40* 25', and angle 
C=44* 56', to construct the triangle. 

circle CAD, making angle ACB-44* 56'; and 
about G, as a pole, describe the small circle 
A A' at a distance from (1 = 49" 35', the com- 
plement of AB; then through A and A' draw 
the diameters BH, B'H', and ABC, A'B'C are 
two triangles, constructed from the same data — 
that is, having their sides AB, A'B' of the given 
ningnitmle, ami the angle C common. 

Measui-e AC, BC, and angle A ; also A'C and B'C, and angle A'. 
AC = 66* 38', BC = 58* 36', and A = 68* 25'; and A'C = 1I3* 22', 

B'C = 121* 24', and A'=lll* 35'; the three latter parts are the 

supplements of the three former. 

PROJECTION OP CASES OP OBLIQUE-ANOLED 
SPHERICAL TRIOONOMETRY 
Case 1.— Given the side AB=132* 11', BC = 143* 46', and 
AC = 67* 24', to construct the triangle. 

Make ADB=132® 11'; almut A, as a pole, de- 
scribe the small circle DCE at a distance AD of 
67*24'; and almut B', the small circle FCG at 
a distance B'F=36* 14', the supplement of BC ; 
then through A, C, and B, C, describe the 

great circles ACA', BCD'; and ABC is the 

required triangle. 

By measurement, angle A = 143* 18', B = lir 4', and 0=131* 30'. 
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732. Case 2.— Given the angle ArrlU® 30\ B~83" 12\ ami C 
= r2ir 20', to construct the triangle. 

Describe the great circle AC A', making angle .30'; 

then about G, as a pole, ilcscril>c a small eirclo 
PDK at a distance from it=83^ 12' (ArLTlO); ^ 

and about the remote pole of ACA' describe the 
small circle PTS at a distance from it oU' *40' If |*T\ 

= tlie supplement of 12.3° 20'; then about either /f ^ '7 
of the points of iutcr.scction P, P\ as P, deseriho ^V'l* \ . 0 
the great circle B'CB ; and ABC is the required s' ' ^ 
triangle. 

It will be found by measurement that the siiie BC 12.*>’ 24'. 

733. Case 3.— Given the side AC~44'' 14', BC .84* 14', and 
angle C=:36° 45', to construct the triangle. 

Make AC = 44’ 14'; make angle ACB = .36° 45' . — ^ 

(Art. 722); draw the small circle IBH about C, • X. X 

as a pole, at a distance=84° 14'; and through the J c' /iy b 
points A, B describe the circle ABK (Art. 717); A / \yj / 
and ABC is the required triangle. / V 

By measurement, AB--51' 6', angle A - 130' 5', 
and B = 30" 26'. 

734. Case 4.— Given angle A “130' 5', B= ^ 

.30° 26', and the side AB = 5r 6', to construct 

the triangle. / 

Make AB=5P 6', angle BAC-1.30' .5', or r(-Z( --.1 

EAC^49' 55' (Art. 722), and ABC ^.30 26'; and \/y V i \ J 

ABC is the required triangle. ” SA' 

By measurement, AC -44' 14', BC-84° 14', o 

and angle C=36° 45'. 

735. Case 5.— Given the side AC Htr 10', B(^--6.3° .50', and 
angle A =51® StX, to construct the triangle. 

Make AC=80® 19', and angle BAC=5r 30' (Art. 722); about 
C, as a pole, descrilre B'B at a distance = 0.3' .50' ; 
and through B and C describe the circle KBC ; 
or through B' and C describe EB'C ; and either A -pv® \ 
ABC or AB'C is the required triangle. HAf,.,AA 'Xi 

By measurement, in the triangle ABC, AB= A/A / 

120® 46', angle B=59° 16', and angle C = 131° 32'. \ \J\/ 

In the triangle AB'C, angle B' is the supplement q 

of B = 180®-59® 16' = 120“ 44'; but AB' is not the 
supplement of AB, nor angle ACB' of ACB. It is found that 
AB'=28® 34'. and ACB' =24“ 36'. 
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736. Case 6.— (Jiven angle A =31® 34', B=30®28', and the side 
BC --40®, to conHtnict the triangle. 

Make BC = 40®, and angle ABC = 30'’ 28' (Art. 722) ; about the pole 
of BAD, and at a diKtance = 31® 34', describe 
a small circle PP'G, cutting the diameter 
PP', which is perpendicular to CK in P and 
1^'; about P, Jis a pole, describe the great 
circle CAK, and ABC is the required tri- 
angle. 

'riie great circle described about P' as a 
polo would cut the circle BAD at the given 
angle ; but it would be an exterior angle of 
the triangle, to which the side BC belongs. 
But if A were<B, there woubl then be two triangles ; in this case 
tho two poles, P and P', woubl lie on the same .side of CK. 

By measurement, AC = 38® 30', AB = 70% and C = 130® 3'. 



SPHERICAL TRiaONOMETRY 

737. Sphoviciil Trigonometry treats of the methods of 
computing tho sides and angles of spherical triangles. 

DEFINITIONS 

738. A sphere is a solid every point in whose surface is equi- 
distant from a certain point within iU 

This point is called the centre. A sphere may be conceived to 
be formed by tho revolution of a semicircle about its diameter as 
an axis. 

739. A line drawn from the centre to the surface of a sphere is 
called its radius; and a line pa.s.sing through the centre of the 
sphere, and terminated at both extremities by its surface, is called 

a diameter. 

740. Circles whose planes pass through the centre of the sphere 
are called great circles ; and all others, small circlc.s. 

741. A line limited by the spherical surface, perpendicular to the 
plane of a circle of the sphere, and passing through the ceiiti-e of 
the circle, is called the a xis of that circle ; and the extremities of 
the axis are the poles of the circle. 

742. The distance of two points on the surface of the sphere 
means the arc of a great circle iuterceptc<l between them. 
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743. A spherical angle an angle at a point on tlie suifnoe of 
the sphere, formed by arcs of two great circles passing tlirongli tlio 
point, and is inea-sured by tlie inclination of the planes of the eireles, 
or by the inclination of tlieir tangents at the angnlar point. 

744. A spherical triangle is a triangular ligure formed on the 
spherical surface by arcs of three great circles, each of which is 
less than a semicircle. 

When one of tlje sides of a spherical triangle is a quadrant, it is 
called a Quadrantal triangle. 

745. The sides of a spherical triangle being arcs of great circles 
of the same sphere, their lengths are proportional to the number 
of degrees contained in them ; and hence the sides of .splierical 
triangles are usually estimated by the number of degrees they 
contain. 

The definitions of trigonometrical ratios given in ‘ Plane Trigono- 
metry ’ are employed in reference to the sides and angles of spherical 
triangles. 

746. A spherical angle is measured by that arc of a great circle 
whose pole is the angular point which is intercepted by the sides 
of the angle. 

Thus, the spherical angle ABC, which is 
the same as the angle contained by the planes 
ABF, CBF of the two arcs AB, BC that 
contain the angle, is measured by the arc A(’ 
of a great circle ACI), whose pole is the angu- 
lar point B ; or by the angle MBN containi'il 
by the tangents MB, NB to the arcs BA, B(\ 

For angle MBN = angle AEG, and AEG is 
measured by AG. 

747. Two arcs are said to 1)6 of the same species, affection, <>r 
kind when Ijoth are less or l)oth greater than a quadrant ; and 
consequently the same term is applied to angles in reference to 
a right angle. 

The species of the sides and angles of spherical triangles can 
generally be easily determined by means of the algebraical signs 
of their cosines, cotangents, &c. 

74$. To find the relations between the trigonometrical 
fhnetions of the three sides itnd the three angles of any 
spherical triangle. 

Let ABC 1)6 a spherical triangle, and let O he the centi*e of 
the sphere on which it is descril)ed ; then OA=OB=OC, and let 
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AD 1)6 a tangent to tlie arc AB, pi’oc1uce<l to meet OB in D, and 
A£ a tangent to the arc AC, produced to meet OC in £ and join 
1)E. Then, if A, B, and C represent the 
three angles, and «, b, and c the sides 
/ \ opposite them ; since AD and AE are tan* 

\ ^ 

^ DAE is the measure of tlie spherical angle 
BAC ; also, c is the measure of the angle 
AOD, and 6 is the iiieasiira of the angle AGE, and a is the 
measure of the angle BOO or DOE ; hence 


AO 

OD 


O AD . ()A , ,AE . , 

jj=co8 c, Q|)-***“ —COS o, and Qpj-*^*** 


OA 


AE 


Therefore in the triangle DAP), 

DE* = AD2 + AEa-2AD. AEcos A; . . [a]; 

and from triangle DOE, 


DE^ = 0D«-f-0P:«-20D.()Ecoso. . . . [6]. 
Subtracting [oj from [A], and observing that OD*-AD® and 
OP)*-AE* are each equal to OA- (End. I. 47), since the angles 
OAD and OAP) are right angles, we obtain 

0 = 20 A'* 4 2AD , AE cos A - 20D . OE cos a ; 


transposing and divhling hy 20D. OE, 


cos a = 


OA OA AD AE 

od'^oe^ od'^ue 


COM A, 


or cos a = cos c . cos 6 -fsin c , sin b . cos A. \ 

Similarly, cos b = cos a . cos c + sin a . sin c . cos B, V . [c]. 

and cos c = cos a . cos b + sin a . sin b . cos C. j 


Again, transposing and dividing by the coefficients of the cosines 


of the angles, 

and 

whence, 


cos A = 
cos B = 
cos C =. 


COS a - COS b COS r 
sill 
cos b - i 

sin a sin c 
cos c - cos a cos b 


a - cos b COS r 

sill b sin c * I 
b - cos a cos c I 


sin a sin b 


[d]; 


1 - cos*A, or sin^A = 1 


(cos a - cos 6 cos c)^ 


sin***^ 8in*c " 

and i*educing to a common denominator, and putting 1 - co&^b for 
sin^ft, and 1 - cosV for sin^c in the numerator, there results 
1 - cos*6 - cos^c - oos*rt + 2 cos a cos b cos r 


8in*A = ^ 


8i)i^6 siu^c 
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Taking the root of this, and dividing the two sides by sin o, the 
second side will be a symmetrical function of a, b, c, which we 
shall call M — namely, 

sin A _ \ /l-cos - ^<r -^osV + ‘2 cos ft cos b (!OS r - - 

sin a sin a sin b sin c ^ ” ' 


But if A and a be now changed into B and b, or into C and r, 
the second side will remain the same ; hence the first side must 
continue constant, and we shall have 


sin A sin B sin C , 

= -. — r= • hence 

sin a sin b sin c 


\n 


749. In every spherical triangle the sines of the angles 
are proportional to the sines of the opposite sides. 

According to the property of the siippleiuental triangle,* change, 
in [r], a into 180'" ~ A, &c., and we shall have 


- cos A = cos B cos C - sin B sin C cos n, "i 
Similarly, - cos B =cos A cos C - sin A sin C cos 6, 1 • • [/]• 

and - cos C =co8 A cos B - sin A sin B cos c. ) 


in Air I A + COS B . cos C 

CoR.— Whence, cosa= ~ “ • 

sin B . sin C 

COS B + cos A . co^ 

sin A . sin C 


cos b = 




To eliminate b from equation I of [c], put sin ^ 

and cos 6=cosaco8 c + sin a sin c cos B [c]; siihstitiiting in the 
result l-sin*c for cos*c, and dividing the whole by the common 
factor sill a sin c, we have 


sin c cot a=co8 c cos B + sin B cot A. \ 

Siiiiiiariy, sin c cot 6=oo8 c cos A + sin A cot B, 1- . . [A], 

sin a cot c=coHa cos B + sin B cot C. j 

{ sin a cot 6=co8a cos C + sin C cot B,^ 

sin b cot a = co8 A cos C+sin C cot A, !■ . . [h\ 

and sin b cot c=cos A cos A + sin A cot C . ) 


* If the angular points of a spherical triangle be made the poles of three great 
circles, these three circles by their intersections will form a triangle which is said 
to be supplemental to the former ; and the two triangles are such that the sides of 
the one are the supplemeiita of the arcs which measure the angles of the other. 
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The equations [c], [c], [/], [A] are the foundation of tlie whole of 
Spherical Trigonometry, and serve for tlie solution of all triangles ; 
but as they are not suited to logarithmic calculation, we proceed to 
deduce from them more convenient formuhe. 


SOLUTION OP RIGHT -ANOLED SPHERICAL TRIANGLES 


750. In the preceding formulae, if one of the angles, as B, he a 
right angle, then sin B=l, and cos B = 0, and we at once have, 
by making these substitutions in the above formula', [r], [c], [/], 
and [A]. 


cos A=co 8 a. cos r . . . . [1). 

rsin a=sin A. sin h , . . . (m). 

\siii c=8in C . sin 5 . . . . (n). 

( cos 6= cot A. cot C . . . . (o). 

cos A = cos rt . sin (' . . . . (/j). 

cos C = co8 . sin A . . . . (7). 

/sin c = tan w.cot A . . . . (/•). 

I sin rt = tan c.cot (^ . . . . (s). 

I cos A = tan c.cot 5 . . . . (/). 

vcos C=:tan cot /f . . . . (a). 

Collecting the values of each quantity into one line, and multi- 
plying the first side by B, to make it true for any radius, w'e have 


From [c], 

11 [c], 

.. [/]. 
n [hi 


■{i 

■{ 


li . cos 6=cot A . cot C=cos a . cos c . 

R . sin a=tan c . cot C=sin b. sin A . 

R . sin c=tan a , cot A=sin A . sin C . 

R . cos A = tan c . cot A=cos a . sin C . 

R . cos C = tan a . cot b = cos c . sin A . 


. (0) and (0, 

. (*') M (7/1), 

. (/•) M (w), 

. it) n (^7), 

. W M iq). 


The above ten e(|uations are all included in two rules, calletl 
Napier’s Rules, for tlie circular parts ; they are tlie following 
761. If in a right-angled spherical triangle the right angle he 
omitted, there remain other five parts. Napier observed that if 
the two sides wdiich contain the right angle, the complements 
of the other two angles, and the complement of the side opposite 
the right angle lie called the five circular parts, then any three 
of these being taken, they will either be atijacent, or one of them 
W'ill bo separated from each of the other two by another of the 
circular parts. Let now that part w’hich lies between the other 
two, or which is separated from the other two, be called the 
middle part?; and the remaining tw'o, when they all lie together, 
the adjacent parts ; and when they are separated from it, the 
opposite parts ; then. 



SPHBBIOAL TRIQONOMBTRT 449 


752. R. xsine of the midtUejii^gents of ilie adjacent parts, 

part = product of the \ cosines » opposite n 

It will, in fact, easily he seen that these two conditions contain 
all the ten preceding equations, which are t^iie as first given, for 
radius = 1 ; and in the second form ami in the rule, are true for any 
radius. 

These equations, taken in connection with the signs of the 
trigonometrical ratios, demonstrate various general properties 
which it will he of use to observe in all right-angleil spherical 
triangles. 

l.yf. From equation (/) we conclude that any one of the three 
sitles is or > 90'’, according as the other two shies are of the same 
or dilforent specie.s. 

2iuL Equation (o) shows that if the hypotenuse he compared 
with the two adjacent angles A and C, any one of these three 
arcs is < or :> 90'', according as the two others are of the same or 
different species. 

Jhv/. The equations (/>, q) prove that each of the angles A and C 
is always of the satiie species os the opposite sides a and c; and 
conversely. 

4///. Equations (f, v) prove that the hypotenuse and a side 
are of the same species when the included angle is acute, and of 
different species wlicn the includeil angle is obtuse. 

fSth. Eijuation (/) proves that if cos fe=0, or rt = 90‘’, cos 5-0, 
and 5 = 90’ ; hence cot 5 = 0, and from {t) cos A = 0, or A = 9tr ; 
so that the sides a and 5 are both quadrants, and perpendicular to 
the third si«le c ; and C is the pole of the arc c, consequently c is 
the measure of the angle C ; the triangle is then isosceles, and has 
two right angles, and the third side and third angle contain the 
same number of degrees. 

The above five theorems will lie found useful when any triangle 
is divided into two right-angled triangles by an arc drawn from 
one of its angles perpendicular to the opposite side. 

753. To find expressions suited to logarithmic calculation for the 
three angles of a spherical triangle, in terms of the three sides. 


. A 1 n « cos a - cos 5 . cos c . 

By Art. 748 (rf), cos A= ; — , — ; hence 

" sin 5 . sin c 

cos it-- cos 5 . cos c 


1 -fcos A = 1 + — ; — v- . 

sin 5 . sin c 

COB g - (cos 5 . cos c - sin 5 . sin c) ^ 
“ sin 5 . sin e * 
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and hence, 

Similarly, 

and 

Again, 


and hence 

Similarly, 

and 

Also, 


Bin 6 . sin 6 

= n ^(a + d+ e) sin ^{b + c-a) 
sin b sin c ' 

if «=i(a + 6 + c). 


,iA=^i 


'sin s . sin (g -- a) 
sin b . sin c 


, ,, /sin s . Min («- 6) 
^ sin a . sin c 

/sin s . sin («-c) 

cosiC=./ — . 

** ^ sin a . sii 


1 - cos A = 1 


. sin b 

cos a - cos b . cos c 
sin b . sin c 
__ b . COM c + sin b ^in c-cos a 
~ sin b . sin c ~ ' 

Sin o . sm c 

_ ^siii + 6 - c) sin “ y . 

■" sin sin c - - ; 


sin ^A — 
. sin iA 


^ siii -h A - c ) Min -K? ~ ^ 

sin b . sin c * 


sin 


fsiii 


b). 

sin 

(.»- 

-c) 


sin 6 

. sin 

c 


/sin 


a) 

. sin 

111 

il)^ 


sin a . 

. sin 

€ 


fsiii 

is- 

u). 

sin 

K: 

J) 


sin a . sin 6 
sin ^A 


ton AA- , A 

COS ^A 

— /ein - 6) . sin (s - c) sin b . sin c 




"V 


sin h . sin c ^ sin s , sin (« - a) 

V sin (.■? - h) sin {s - c) 
sin 8 . sin - a) 

'sin { 8 -a), sin {s - 6) . sin {s - c) ^ 
sinf.sinV-a) ' 


VI 


Ul 
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and therefore tan 

- — - / . X sin Is - «) . sin (jf - . sin {s - c). 

Hin {s - n)\J Bin s ' ' 

Siinilaiiy, tan 

^ ? — - - . / . * X sin {s - a ) . sin (.» - h) . sin {.y - r), 

sm (s - b)^ sin 

and tan iC 

= - . ^ — .1 V X sin is - a) . sin (.y h) . sin (.y r). 

SIM {.y-r)'Ysin a* 


t sin (« - a) . sin (.y - h) . sin {.y - r), 


The thi*ee angles of a spherical triangle oan lie calculated 
logaritliniically from either of the three sets of formuhe given 
above ; but the last, which gives the tangent of the semi aiiglc, 
will be found the most convenicMit in practice, as all the angles can 
be found in terms of four arcs, while those fonnul.'C whicli give the 
scmi aiigles in terms of the cosine or sine require the use of seven 
arcs ; besides, the angles can be found with greater accuracy from 
the tangents than from the sine or cosine, as the tangent varies 
more rapidly than either the sine or cosine. 

"•)4, When the three angles are given to find the sides, the 
supplements of the given angles may be taken for the sides 
of a new triangle, and the angles f>f this triangle, foiiml from 
the formuhT of la.st article, will Im the supplements of the 
sides of the given triangle, from which the sides can easily be 
found. 

Formula similar to the alrove, cxpimsing the sides in terms of 
tlie angles, may be deduced from f,v] in the same manner as those 
in the last article; they are the following: tf=J(A + B + C). 


ft i 

/ cos .? . CO.M (5 - A) 

Sii. 

' . 11 • ■ > 

.Sin B . sin c 

n 

/cos («-B). cos {s (') 


' sin B . sin C 


1 - cos 8 , cos {8 - B) 


sin A . sin C 

h 

/^(7- AjTcos (^-C) 


' siu A . sin C 

Qin ^ — 

/-cos cos 

2”*>vi 

' sin A . sin B * 
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and 


•i-4 


' COH (jg - A) . cos {8 - B) ^ 
Hill A . sin B * 


h^s~:-A)yl - col . • '' 

.v-B)^ cos«‘* 


, h 

cot = 


2 cos (.V - 


cot 


2 cos (.V 


i«-c)'\l' 


. COS (« - A) . cos (« - B) . cos (s - C), 


. cos (5 - A) . cos {s - B) . cos (« - C). 


755. When the parts j^iven are either two sides and the contained 
angle, or two angles and the side lying between, the other parts 
are most conveniently found by a set of formulae called Napier's 
Analogies, which may be established as follows : — 


Let M 


= J .'-.si 
'Y sin 6‘ 


and 


sin (s - «) . sin (« - b) sin {$ - c), then 

f«« ^ M , B M 

2 sm (« -«)* 2 8in(s~6) 

, C M , 

tan , -7 ; hence 

2 sm {s-c) 


M 




M 


. A-^'B sin H\n(s-b) 

tan -- =-^ SP 


2 


sin («-o) . sin (a* --6) 

— s (*' ~ «) . sin . s i n (.»-c) {sin {s - fe) + s in (s --«)} 


sin (s- a), sin (s - 5){sin s - sin (« - c)} 
sin « . sin (« - c) sin (« - 5> + sin (s - a) 
sin [s - a) . sin {s - b) sin ^ - sin (s-c) 

<' __ (rt-5) 

C ^ 2 2 ^ C cos i(n - 6)_ 

2 * cos i(« + 5)* 


=V. 


=cot 


In a similar manner, after some reduction, we find 
A-l 



1 . e 

2c.>sf 2 J 

1 . sin ^ 


tan - 






sin n . sin {s - c) sin (5 - 5) - sin {s - a) 
sin (s - a ) , sin {s - 6) sin s + sin - c) 
c 

iin ita - 0) 

cot ■ 


rt 2 cos s Sin i(a - 6) ^ • 1 / 

C 2 ^ C sin 4(a-o) 

2 sin 4(a + &).co8g 


2 sini(n + 6)‘ 
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Therefore, tan i(A+B)=cot 4C. jJ.! 

and tan A - B) = cot iC . 

'* ■* Sill t>) 

In a similar manner, it may lie shown from Art. 753 (A) that 

tan \{a + i) = tan Jc . vrlil’ 1 

* cos i(A + li) I 

1 * 1/ J.V A 1 4(A~H) I • • 

and tan 4(rt -b)- tan 4c . . ~ . I 

* ** sui4(A+B)-' 

The above four equations, which can cosily be converted into 
proportions, are called Napier’s Analojries. 

756. Rule for determining the si/^n of the answer in a proportion. 
If the fourth term is a cosine, tangent, or cotangent, and of tin; arcs 
whose co.sine8, tangents, or cotangents enter in the first three terniM, 
if one or three are greater than a quadrant, so is the fourth term. 

757. Case 1.— Given the hypotenii.se and one of tlie angles of a 
right-angled triangle, to find the other parts. 

Example.— In the spherical triangle ABC right-angled at B, the 
hypotenuse AC is 64°, and the angle C 46' ; what 
are the remaining parts? 

1. To find BO 

When angle C is the middle part, BC an<l the 
complement of AC are the mljacent parts ; there- 
fore R.cos C = cot AC. tan BC; and as BC is 
wanted, the proportion must be (Art. 750) 

Cot AC ; U=cos C ; tan BC. 

+ CotACOI" . . . . = 

+ Radius =10* 

-hCo.sC46‘’ = 9-8417713 

Tan BC 54" 5.5' .35-8" . . = 101.5.^W95 

Since the signs of the first three terms are +, for radius is always 
positive, that of the fourth mu.st be so, and + tan B shows that 
Bis<90. 

2. To find AB 

AB being the middle part, AC ainl C are op]iosite parts ; therefore 
(Art. 750, n) R . sin AB = sin C . sin AC ; or, since AB is requireil, 


K jsin AC=i)in C : sin AB. 


Radios = 

10* 

Sin AC 64' . . . . . 

9-9536602 

Sin C 46* 

9-8560.341 

Sin AB 40* 18' 68" . . . = 

Sbm. OUk 2 D 

9-8105943 
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The sine for 9-8105943 may be either that of 40® 16' 52", or its 
8ni)i>leinent 139® 43' 8"; but in the given triangle, the angle C 
opposite to the side AB is ac\dc ; hence AB is <90 (Art. 742). 

3. To find angle A 

When AC is the middle part, angles A and C are the adjacent 
parts, and (Art. 750, o) K . cos AC=cot A . cot C ; hence 
Cot C : li=cos AC : cot A. 

Cot C 46® = 9-9848372 

Radius 10- 

Cos AC 64® = 9 -6418420 

Cot A 65® :bT 4 " . . . . = 9 -6570048 

Exkrcises 

1. The hypotenuse is -75® 20', and one of the oblique angles 
=67'* 16' ; Aviiat are the other parts? 

The two sides -64® 10' 20" and 54® 28' 3", and the other angle 
= 68® 30' 4". 

2. Tlie hypotenuse is=64®40', and an angle = 64® 38' 11" ; find the 
other parts. 

The otluM- angle = 47’ 55' 50", its opposite side =42® 8' 24-5", 
and the otlior side = 54® 45' 25". 

758, Cask 2.— Given the hypotenuse and a side. 

ExAMri.K.— Let the hypotenuse AC and the side BC of the tri- 
angle ABC he given equal to 70® 24' and 65® 10' respectively, to 
lind the other parts. 

1. To find angle C 

By Art. 750 (r), R . cos C= cot AC . tan BC ; 
hence R : cot AC = tan BC : cos C. 

Radius =10* 

Cot AC 70® 24' .... = 9*5515524 

Tan BC 65® 10' ... . = 10*334633 8 

Cos C 39® 41' 40" . . . . = 9-8861862 

2. To find AB 

By Art. 750 (f), R . cos AC=cos BC . cos AB ; 
hence Cos BC : R=cos AC : cos AB. 

Cos BC 65® 10' . . . . = 9 -6232287 

Radius 10- 

Cos AC 70® 24' . . . . = 9-525 6298 

Cos A B 36® 59' 27" , . . = 9*9024011 
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3. To find angrle A 

By Art. 750 (wi), U . sin BC = siii AC . sin A ; 
hence Sin AC : II -sin BC : sin A. 

Sin AC 70” 24' . . . . 'r 9*9740774 

Radius “10* 

Sin BC 6.V 10' 9*9578626 

Sin A 74” 26' 26" .... - 9*9837852 


K.xkucisks 

1. The hy|>otonnse is = 75” 20', and a side is = 64” 10'; requirc<l 
the otliLM* parts. 

Tlie otlier side -54” 28' .‘12", its opposite angle = 57” 16' 32", and 
the other angle = 68” *29' 40". 

2. The hypotenuse AC is = ,50 , and the shle B(-=44' 18' 39"; 
what are the other parts? 

AB=26 3' 53", angle A =65” 46' 6 ", and angle (V..:35”. 
759. Case 3.— Civen the two sides. 

Example.— T he side AB is=.37”, and BC 18=65® 10'; find the 


other parts. 

1. To find AO 

By Art. 750 (/), U , cos At" =co.s AB , co.9 BC ; 
hence R : co.s AB=cos BC : cos AC. 

Radius =10* 

( 'os A B 37® = 9*fK)23486 


Cos BC 65” 10' . . . . = 9 *62.32287 

Cos AC 70” 24' 9" . . . . = 9 5255773 

2. To find angle A 

By Art. 750 (r), R . sin AB=cot A . tan BC ; 
hence Tan BC ; R = sin AB : cot A. 

Tan BC 65” 10' .... = 10 ,3, 346,338 

Radius =10* 

SinAB37® ^ 9 77946,30 

Cot A 74" 26' 14*5 " . . . = 9*4448292 

3. To find angle C 

By Art 750 (#), R . sin BC=cot C . tan AB ; 
hence Tan AB ; R =sin BC : cot C. 

TanAB37" . . . - 9*8771144 

Ra<]iu8 =10* 

Sin BC 65" 10' 9 *9578626 

Cot C 39® 42' 14" . . . . = 16*0807482 
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Exercises 

1. T)ie two sides are =64* 28' and 64* 10' ; find the other parts, 
'file angles are =57* 16' 1*4" and 68* 29' 48", and the hypotenuse 

= 75* 19' 48". 

2. The two sides arc =42® 12' and 64* 41' 28" ; what are the other 
parts ? 

'riie angles are =48* 0' 49" and 64* 33' 24", and the hypotenuse 
=64* 38' 54". 

760. Case 4.— Given the two oblique angles. 

Example.— ' riie angle C is =106® 24', and angle A =32* 30'; 
required the other parts. 

1. To find AC 

By Art. 750 (o), R . cos AC=cot A . eot C ; 

hence R : cot A=cot C : cos AC. 

+ Radius =10* 

-hCotA32*30' .... = 10 1958127 

- Cot C 106* 24' (73* 36 ) . . = 9-4688139 

-Cos AC 117* 30' 55" . . . 9 6646266 

In the Tables the cosine here belongs to an arc of 62* 29' 5" ; 
but since the sign of cot 0, one of the terms, is negative, that of 
the fourth term, cos AC, must also be negative (Art. 756) ; and 
hence AC >90. 

2. To find AB 

Angle C being 3/, A and comp. AB are 0 and o. 

By Art. 760 (</), R . cos C =sin A . cos AB ; 

hence Sin A ; R=cos C : cos AB. 

+ SinA32*30' . . . . = 9*7302165 

+ Radius =10* 

- Cos C 106* 24' . . . . = 9 -4507747 

-Cos AB 121* 42' 3" . . . = 9*7*205582 

AB is also <90*, for angle C is so (Art. 756). 

8. To find BO 

By Art. 750 (p), R.cos A=8in C.cos BC; 
hence Sin C : R=cos A ; cos BC. 

+ SinC10a*24' . . . . = 9-9819608 

+ Radius =10* 

+ Co8A32*30' . . . . = 9-9260292 

+ CosBC28*27'3l" . . . = 9*9440684 

BC is <90*, for angle A is so. 
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Exercises 

1. The two angles ore =39* 42" ami 74“ 26' ; line! the other part<<. 

Tlic shies are = 36“ 69' 39" ami 65“ 9' 28", and the hypotenuse 

= 70“ 23' 39". 

2. The angles A and C are respectively = 138" 16' 46" and 
105* 52' 39" ; what are the other parts ? 

The sides AH mid H(J are = 114“ 15' 54*2" and 140’ 52' 39-6", 
and AC = 7r 24' 30-3". 

761. Case 5.— Given a side alioiit the right angle and its 
adjacent angle. 

ExAMPLE.~The side KC is = 140“ 63', and angle C is = 105 53'; 
find the other parts. 

1. To find AO 

By Art. 750 (?<)» E . cos C=cot AC. tan HC ; 
hence Tan HO: 11 = cos C : cot AC. 

- Tan HC 140" 53' . . . = 9*9101766 

+ Uadin8 =10* 

- Cos C 10.5“ 53' . . . . = 9 *4.372422 

+ Cot AC71'’23'55*.3" . . = 9*5270656 

Angle A is of the same species with HC, and hence A apd C are 
of the same species ; therefore (Art. 752) AC <90. 

2. To find AB 

Hy Art. 750 («), R , sin HC :cot C . tan AH ; 
hence Cot C : li =sin HC : tan AB. 

- Cot C 105“ 63' . . . . = 9*4541479 

+ Radius =10* 

+ Sin BC 140*53' , . . = 9-7999616 

-Tan AB 114“ 16' 33" . . . 10*3458137 

The side AB and angle C are of the same species (Art. 752). 

8. To find anffle A 

By Art 750 (p), R . cos A =8in C . cos BC ; 
hence R ; sin C=co8 BC : cos A. 

+ Radius =M)* 

+ SinCl05*53' . . . . = 9*9830942 

-CosBC 140“ 53' . . . = 9-8897 850 

-Coe A 1.38* 16' 67" . . . = '9-8728792 

Angle A is of the same species as BC. 
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Exercises 

1. A Bide and its adjacent angle are iefipectively = ll9“ IT and 
126® 64' ; find the other parts. 

The hypotenuse =71“ 27' 43", the other 8ide=130 41' 42", and 
the other angle = 112“ 57' 0*7". 

2. The side All 18=54“ 28' 10", and angle A = 68“ 29' 48"; what 
are the other parts ? 

AC = 75“ 19' 54*3", BC=64“ 10' 3*2", and C=57" 16' 10*3". 


762. Case 6.~When a side about the right angle and its 
opposite angle arc given. 

Example. — Given AB=40® 25', and angle C=44° 56', to find the 
other parts. 

1. To find AC 


By Art. 750 (n), li . sin A B=siii AC . sin C ; 
hence Sin C : ll=sin AB:sin AC. 


Sin C 44 * 56' 

Radius 

Sin AB 40® 25' . . . . 

Sin AC 66® 37' 48" 

Or (Art. 752), AC is also 180® - 66® 37' 48" 


9*8489791 
= 10 * 

= 9*81180.38 

= 9*9628247 

= 11.3® 22' 12 ". 


2. To find angle A 

By Art 760 ( 7 ), 11 . cos C = sin A. cos AB ; 
hence Cos AB : K = cos C ; sin A. 

Cos AB 40® 26' . . . . = 

Railius ■ = 

Cos C 44® 66' . . . . = 

Sin A 68® 24' 30" . . . . = 

Or, A is also 180® - 68® 24' 30"= 111® 35' 30". 


9*8815842 

10 - 

_9;8499897 

9*9684056 


3. To find BC 


By Art. 750 ( 5 ), R . sin BC=cot C . (an AB ; 
hence' R ; cot C = tan AB ; sin BC. 

Radius = 

Cot C 44® 66' . . . . = 

Tan AB 40® 25' . . . . = 

Sin BC 58® 36' 0*6" ... 

Or, BC is also 180® -58® 36' 0*6"^ 121® 23' 69*4''. 


10 * 

100010107 

9*9302195 

9*9312302 
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As either of the triaii^'les ABC, A'B'C to Art 730), fullils 
(he coiulitions given in this case, it is hence called the ambigUOUS 
case. In practical application.s of this .subject it is generally easily 
known which of the two triangles is to be taken. If, for example, 
it were known that the side B(' or the angle A is loss than iK)‘, 
the triangle ABC alone wouhl .satisfy the given conditions, ami the 
triangle A'B'C would be exclude<l. 

Exekci.sks 

1. Given AB or A'lV (fig. to Art. 730) -2(r4', ami the opposite 
angle “35®, to find the other ])arts. 

AC^TiO" 0' 18", or AC'^kiO^ olV 42^; angle A-G5' 40' 13", 
or angle A' - 114® 13' 47"; and B('- 44' 18' 57", or B'C *- 
135® 41' 3". 

2. Given (fig. to Art. 730) All or A'll' 115®, and angle C 
= 114' 14', to find the other parts. 

AC = 83® 30' 43", or A'C^OG’ 20' 17"; angle A 103 4fl' .50", 
or A' = 70® 13' 10 " ; also, CII 105 8' 3.3", or CII' 74 51' 27 ". 

3. Proof triangle in which all the parts are given, and in which, 
if any two of the live parts be taken as the given parts, the other 
three will be found by the previous rule." ; it will thendoie allord 
an exercise in each of the ten ca.Hes of right angled tiigonomctry; 
the right angle Is A. 


EloiiiPiits 

71' 24' 30" 

I/)tr Siiif*. 

9-97072.35 

Cosiiio 

9-5035175 1- 

10 4731759 1 

6 =140 52 40 

9-8(KKJ13l 

9-8S97507 

9 91026-26 

c =114 15 54 . 

9-959830.3 

9-6137909 

10-3160.3.33 - 

B = 1.38 15 45 

9-82329tJ9 

9-8728.568 • 

9-9504.311 -- 

C = 105 52 39 j 

9-9831068 

9-4370867 - 

10-546<r201 - 


QUADRANTAti SPHERICAL TRIANGLES 

763. If the supplements of the sides and angles of a quadrantal 
triangle be taken, they will Ije the angle.s and sides respectively of 
a right-angled spherical triangle ; the supplement of the quadrantal 
side l)eing the right angle. 

'fhis is evident from the properties of the polar triangle, wdiich 
are the following : — 

764. If the angular points of a spherical triangle are made the 
poles of three great circles, another spherical triangle will Ik; 
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formed, such that the sidcn of each triangle are the supplements 
of the angles opposite to them in the other triangle. 

Thus, if the angular points A, B, C of the tiiangle ABC are 
i-cspectively the poles of the sides EF, DE, DF 
opposite to them in the triangle DEF, then EF 
is the supplement of angle A, DE of B, DF of C, 
/ 7 ^ \ BC of D, AB of E, and AC of F. 

/ / \ \ Hence, if ABC were a qna<lrantal triangle, 

being the quadrantal side, then DEF would 

1)6 a riglit-angled triangle, E being the right 

angle. 

Quarlrantal tiiaiigles can therefore be solved by the rules for 
light-angled triangles. It will also be sufficient to know two parts 
of such a triangle besides its quadrantal side ; for then two parts of 
the suiiplemcntal right-anglc<l tiiangle are known ; and if its other 
parts are then calculated, the supplements of its sides and angles 
will bo respectively the angles and sides of the given triangle. 


Exercise 

Aside and the angle opiK).site to the quadrantal side are = 136® 8' 
and 61® 37' j find the other parts. 

The otlier side =65® 26' 35", and the other two angles =53® 9' 
and 142® 26' 2". 


OBLIQUE-ANOLED SPHERICAL TRIOONOMBTRY 

765. The number of cases in oblique-angled trigonometry 
formed in reference to the given parts is six, as in the former 
section. 

These cases, except when the three sides or three angles are 
given, can be solved by the method used in the preceding section, 
as explained afterwards under the next head. The solutions may, 
however, frequently be more conveniently effected by means of 
other methods, which are here employed for that purpose. 

The rules used in the first four cases to determine the species of 
the part sought ai-e : — 

766. The half of a side or angle of a spherical triangle is less 
than a quadrant. 

For a side or an angle of a spherical triangle is less than two 
right angles. 

Other two rules are given under the fifth and sixth cases, to be 
employed in their solution. 
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The rule in Arfc. 759 is also applicable to oblique - aii|»le«l 
gpherical triangles. 

767. Half the flifference of any two j>arls of a triangle is less 
than a fpia<lrant. 

For each part is less than ISO''. 

768. It is to bo observe<l in foriiiiiig exainpics in spherical 
trigonometry that the sum of the three sides of a spherical 
triangle is le.s8 than the circumference of a circle, ami the sum of 
any two sides is greater than the third ; also, the greater angle is 
opposite to the greater side, and conversely. 


769. Case 1.— When the three .rides are given. 

This case can be conveniently solved by any of the three 
following rules ; — 


UULB I. — From half the .sum of the three .sides .subtract the side 
opposite to Ihe required angle ; then add together the logarithmic, 
sines of the half sum ami of this ditrercnce and the logarithmic 
cosecants of the other two sides ; and half the sum, diminished by 
10 in the index, will bo the logarithmic cosine of half the required 
angle. 

Let the three sides be <lonoted by «, A, c ; the angles respectively 
opposite to them being A, B, and C ; and half the sum of the sides 
by «; 

/sin .9. sin (.9- o)\i 


then (Art. 75.3, i) cos iA=^^ 


sin h . sin > 


r 


And for B and C the formuhe are exactly analogous ; that for B, 
for instance, Ijoing formed from the above by changing A into B, 
a into b, and b into a. 

Rule II. — From half the sum of the three sides subtract sepa- 
rately theside.s containing the angle ; a<ld together the logarithmic 
sine-s of the two remainders and the logarithmic co.secanU of these 
two sides; and half the sum, diminished by 10 in the index, will 
be the logarithmic sine of half the required angle. 

If A is the required angle, 

* 1 .. / A i. rrsA • f * /sin (s-5) sin («-c)\4 

then (Art 753, i) sin iA=( — ' - . ' ) . 

\ sin 6. sine / 

Rule IIL— From half the sum of the three sides subtract the 
side opposite to the given angle, and also each of the sides con 
taining it ; then add together the logarithmic cosecant of the half- 
sum and the logarithmic sines of the three remainders ; and half 
the sum will be a constant, which, being diminished by the sine of 
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the half-mini, minuA tlie side opposite the angle sought, will be 
the logaritliiiiic tangent of half the required angle* 

Let A he required, then (Art. 753, k) 

tan i A = ^ (* ~ f*) • (^ - ^) • . 

770. The third rule is given in a new form, and is both more 
accurate in particular cases and more easy in practice than either 
of the other two when all the three angles are sought. 

Example. — The sides of a spherical triangle are = 143® 46', 67® 24', 


and 132® 11'; find the angles (see fig. in Art. 731). 


Let a = 143® 

46' 



5= 67 

24 

By Rule III 

c=132 

11 

L cosec 5 

= 10-8.392676 

2)343 

21 

L sin {s-a) . 

= 9-6703000 

then 5=171 

40 

L sill (.s* - 5) . 

= 9-9863791 

5-rt= 27 

54 

30 ~ * 

= 9-8034.339 

5-5 = 104 

16 

30 

2)40-2993806 

5-c= 39 

29 

:m) 

20-1496903 = 0 



C - L sin (5 - «) = L tan i A 

= 10-4793903 



0 - L sin (5 - 5) = L tan 

= 10-16.33112 



-L sin (5-c) = L tan 

= 10-3462564 

Hence 


angle A =143® 18' 34" 




B=lll 3 18 


and 


C = 131 29 32 




EXERCI.SE.S 



1. Find the three angles of the spherical triangle whose three 
sides are rt = 33® 4', 5=74® 16', and c=94® 18'. 

A = 26® 34' 54-6", B=52® 7' 47*6", and C = 125® 7' 57 *2". 

2. The sides of a spherical tiiangle are =62® 54' 4", 125® 20', and 
131® 30'; what are its angles? 

=83® 12' 10", 114® 30', and 123® 20' 32". 

771. Case 2. — When the three angles of a spherical triangle are 
given. ' 

Rule I. — From half the sum of the three angles subtract the 
angle opposite to the required side ; then add together the loga- 
rithmic cosines of the half-sum and of this remainder and the 
logarithmic cosecants of the other two angles ; and half the sum, 
diminished by 10 in the index, will be the logarithmic sine of half 
the required side. 
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Let a be the required side, and S half the huiu of the angles ; 

/A i. • 1 / -cos S . cos (S - rt)\4 

then (Art. 754) sin irt=( — . .V, . 

Rule II.—From half the sum of the three angles subtract 
separately the angles adjacent to the required side ; then iwld 
together the logarithmic cosines of the two remainders and the 
logarithmic cosecants of the other two angles; and half the sum, 
diminished by 10 in the index, will be the logarithmic cosine of 
half the required side. 

Let a be the required side ; 

.1 /A I /cos (S - B) cos (S - r)U 

then (Art. 754) cos Ja = ( . ,, . ' 'r. 

\ sin B . sin C / 

Rule III. — From half the sum of the three angles subtract 
each angle separately ; then add together the logarithmic secant 
of the lialf-sum and the logarithmic cosines of the three re- 
mainders ; and half the sum will Im; a constant, from which, if 
the logarithmic cosine of the half sum, diminished by any angle, 
lie subtracted, the remainder will be the logaiitlimic cotangent of 
half the side opposite to that side. (See Art. 754.) 

Example 

The angles of a spherical triangle are = 114' 30', 83 12', and 
123" 20'; find the sides. 

To find the side a by Rule 111 

Here A = 114 ,30' 

B= 83 12 
C = 123 20 
2)321 2 

S = 160 31 L sec = 10 02.56087 
S-A= 46 I Lcos= 98416404 

S-B= 77 19 Lcos= 9-.341,5r>80 

S-C= 37 11 Lco8= 99012980 

2).39il0105l 
C = 19*55.50525 

cot ia=C-L cos (S-A)= 9*7134121; 4a= 62" 39' 55" 

2 

rt = )23 19 50 

In the same manner, the other sides may be found to lie 
5=62* 54' 16", and c=13r 23' 32". 
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Exercises 

1. The tliree angles are = lir4\ 143° 18', and 31® 30'; find the 
Bides. The sides are=67“ 25' 35", 143° 44' 46", and 132“ 10' 26". 

2. The three angles A, B, C of a splierical triangle are 
reBpectively^TO® 39', 48“ 36', and 119“ 15'; what are the sides? 

The side a=89“ 16' 53*4", 6=52° 39' 4 5", and c = 112® 22' 58*6". 


772. The two following cases can be solved by means of the 
analogies of the circular parts,* which are expressed in the 
following manner : — 

Let one of the six parts of a triangle be omitted, and let the 
part opposite to it, or its sii])plement when it happens to be an 
angle, be called tl»e middle part {M)\ the two parts next it, 
the adjacent parts (^4, a); and the two remaining parts, the 
opposite parts {0, o) I then 

sin ^{A +n) .-sin -rt) = tan tan i(O-o), 
and cos i(vl + n) : cos ^(^4 ~a) = tun : tan + o). 

By means of these two analogies, half the sum and half the 
difference of 0 and o are found, and each of them is then easily 
found. 

773. When At a, 0, and o are given, M can be found from the 
first of tliese analogies by placing it for the lost term, and 
sin i(A-a) for the first, and the other two indifferently for the 
second and thinl ; thus, 

sin i(A-a] : sin i[A +«) = tan i{0-o ) : tan pf. 

Or, M can bo similarly found from the second analogy. 

774. Cask 3.— When two sides and the contained angle are 
given, as a, 6, and C. 

Omit the side c, and make the supplement (Art. 772) of C the 
middle part M; then the sides o, b are the adjacent parts At a; 
and the angles A, B the opposite parts 0, o ; hence (Art. 755, v) 
sin i(a + 5) : sin 4(a<^6)=cot 4C ; tan J(A'-B), 
cos 4(a + 6) : cos i(rt^6)=cot iC : tan i(A f-B). 

The half-sum and half -difference of A and B being found by 
these two analogies, each of them is then easily found. 

To find the side e 

Reject C, and make c the middle' part; then c is 3f; angles 
A, B are adjacent parts ; and the sides a, h are opposite parts ; 
hence (Art 773), 

sin i(A^B) : sin iiA-pBl^rtan : tan \c, 

* These are called Napier’s Analogies, as they were discovered by him. 
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Example.— In a spherical triangle two shies are - 84 ‘ 1 4 ' 29" 
and 44® 13' 45", and the contained angle = 36® 45' 28"; required 
the remaining parts. 


Here 


rt = 84® 

14' 29" . . 





II 

13 45 





C = 36 

45 28 




i(n + 6) = 64'’ 14' 7", 

i(fe-«»)=20® 

0' 22", 

and 



4C=18" 

22' 44". 





1. To find J(AfB) 



Sc‘c 

i(« + 6) . 

. 

. 

1()-.3018.3;16 


Cos 

J(rt-6) . 


. 

9-9729600 


(N)t 

4C 

. 

. 

l()-478r)895 


'Pan 

4(A + B) 

, 

. 

io- 8 i:m 2 i 

Hence 

4(A + B) = 

81° 15' 44 *4". 






2. To find 4<A~B) 



Cosec J(« + 5) 


. . = 

100454745 


Sin 

- 6) 

. 

. . 

9-5341789 


(\»t 

iC . 

. • 

. . = 

10-4785395 


Tan 

i(A-B) 


. 

10-0581929 

Heiic( 


i(A-B) 

= 48® 49' 38". 



Since 



therefore A : 

>B; hence 




A = 8r 15' 44-4" + 48’ 49' 38"= 139' 

5' 22-4", 

and 


H = 81 15 

' 44'4"-48'49' :i8"^ 32 26' 6*4". 




3. To find the aide c 



Cosec 

48® 49' 38" 

. . = 

10*1233621 


Sin 

J(A + B) 

81® 15' 44*4", 

. 

9-9949.302 


Tan 

\(a~h) 

20® 0'22" 

. . = 

9-5612100 


Tan 

4c 25’ 33 

' 5-8" . 

= 

9 -679502:1 

And 


c=61® 6' 11-6". 




Exercises 

1. Given two sides =89® 17', 52® 39', and the contained angle 
= 119“ 15', to find the other parts. 

The other side is = 112® 23' 2", and the other angles = 70® 39' 3" 
and 48® 35' 58 S". 

2 . The aides a and h are = 109f® 21' and 00® 45', and angle C is 
= 127® 20' 55*5" ; find the other parts. 

Anglea A and B are=90® 43' 6-6 " and 67® 37' 1*4 ", and the 
aide cU= 131® 24'. 
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775. Case 4. —When two angles and the interjacent side are 
given. 

Let the angles A and H and the interjacent side c be given. 

1. To find the sides a and b 

Omit C, and let c be the middle part ; then A and B are the 
adjacent parts, and a and b the op}>o.site parts ; hence 
sin ^(A + B) tsin J(A-'B)=:tan :tan 
cos i(A + B) :co8 i(A'-B)=:tan ^c: tan ^(a-\-b), 

2. To find angle C 

Omit r, and make the supplement of C the middle part ; then 
the sides a, b are adjacent parts ; and the angles A, B are opposite 
parts ; hence (Art 772), since tan pI=:cot 

sin \{a^b ) : sin J(rt + 5) = tan i(A~B) : cot ^C. 

Example.— T lie angles A and B are= 1;10° .V 22*4" and 32" 26' 6*4", 
and the side c is =51® 6' 11*6" ; required the other parts. 

1. To find a and b 
MA + B) = 81® 15' 44-4", 

J(A-B) = 48® 49' 38", and ic=25® 33' 6-8". 

Sin J(A + B) . 9*9949302 Cos i(A + B) . 9-1816881 

Sin 4(A-B) . 9-8766379 Cos 4(A<-B) . 9*8184449 

Tan Jc . . 9 -67950 22 Tan \c . . 9 6795022 

19-556140 1 19-4979471 

Tani(a-5) . 9-6612099 Tani(a + 5) .10-3163690 

And 4(a - 6) = 20® 0' 22". And 4(0 -f- 5) = 64® 14' 7". 

And since A > B, therefore o > 5 ; whence 

«=84® 14' 29", 5=44® 13' 46". 

2. To find angle C 

Cosec 4(0 - b) 20® 0' 22" . . = 10-4658211 

Sin 4(0 + b) 64® 14' 7" . . = 9-9545255 

Tan 4(A-B)48®49'38" . , = 10 0581929 

Cot 4C 18® 22' 44" . . . = 10-4786395 

And . C=36®45'28". 

Exercises 

1. The angles A and B are=82® 27' and 67® 30', and side c is 
= 126® 3T ; what are the other parts ? 

The angle C is=124® 42', and the sides a and 5=104® 34' 28" 
and 55® 25' 32". 
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2. Given A =66’ 57' 3‘6", B=97’ 20' 31*6", iiinl tlio side c 
= 41’ 9' 46", to find the third angle and other two sides. 

C = 42’ 30' 55", «=63’ 39' 5S ", an<l 6 = 75’ 0' 51-6". 

776. Case 5.— When two sides and the angle opposite to one of 
them are given. 

Let rt, by and A be given ; then H can he found by the analogy, 
sin a : sin 6 = sin A : sin 11. 

Wlien 11 is found, there are then two sitles ami their ojiposite 
angles known ; and lienee c and C can he found as in the third 
and fourth ca.ses ; thus— 

sin i(A~ll) ; sin J(A + Il) = tan \{n ~ b ) : tan Jc, 
sin ^{a b) :sin ^{a + 6) = tan i(A~ll) :cot .^0. 

There will, however, be sometimes two values of 11, as in tlio 
analogous case of plane trigonometry, and consequently two 
triangles can be formed fiom the .same data; hence this is an 
ambiguous case, as is also the next case, for a similar reason (see 
fig. to Art. 735). 

When 11 has two valuc.s, so have c and C. The valucis of H nro 
8upi)Iementary ; and hy using first one of its values, the corrcspoml- 
ing values of c and C will lie found by the last two analogies, and 
then all the parts of one of the trianghw are known. When the 
other value of 11 is taken, and the corresponding values of c and C 
are computed in the same manner, all the paits of the other 
triangle will then he known. 

Whenever a <lifrer.s from 96’ in exccas or defect less than b does, 
there will be only one triangle, ami therefore only one value of 11, 
which will Ije of the same species os h ; in other cases 11 has two 
values that are suppleinentarj'. 

When the difVcrence of a from 90’ is less than that of 6, then 
it is evident that sin rt>sin 6; that is, if then 

sin r{>sin h . 

Example.— The si<le,s «, h are =38’ 30' and 40’, and angle 
A =30“ 28' ; required the other parts. 

To find angle B 

Sin a : sin 6 = sin A : sin B. 

Cosec a 38’ 30' = 10 *2058504 

Sin 5 40’ . . . . ^ 9*8080675 

Sin A 30’ 28' . . . -- 9*7050397 

Sin B 31’ 34' 14", . . . = ^9*7189576 

B= 148’ 26' 46 ". 


Op, 
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B ha» two values, for since 

90"~38“ SO'^Sl** 30', and 90'’-40=50‘', or sin a<sin b. 

Taking the triangle that has B acute, then B=3r 34' 14". 
Tliere are now known a, 6, A, and B, to find c and C, which are 
calculated exactly as in the third and fourth coses ; and when this 
is done all the parts of this triangle are known. 

Taking next the triangle that has B obtuse, then BrrHS” 25' 46" ; 
hence in this triangle are known a, 5, A, and B ; and consequently 
c and C in it are found also as in the preceding triangle. 

It will be found in the triangle in which B is acute that 
C=130“ 3' 50", and c=70° 0' 29". 

Exercises 

1. Given a =24° 4', 5 = 30°, and A =36“ 8', to find the other parts. 

B=46“ 18' 6", or 1.33“ 41' 64"; C = 103“ 59' 60", or 11“ 23' 33" ; 

and c = 42“ 8' 49", or 7“ 51' 6*4". 

2. Given a = 76“ 35' 36", 5=50“ 10' 30", and A=121“ 36' 19*8", to 
find the other parts. 

B = 42“ 16' 13*6", C=34“ 15' 2*8", and c=40“ 0' 10". 

777. Case 6.— When two angles and a side opposite to one of 
them are given. 

Let A, B, and a be given ; then 5 will be found by the analogy, 
sin A : sin B=sin a : sin 5. 

When 5 is found, there are then two sides and their opposite 
angles known ; and hence c and C can be found as in the preceding 
case; thus— 

sin i(A'-B) : sin i(A + B)=tan 5) ; tan 
sin i(a 5) ; sin ^{a + 5)=tan i(A«^B) ; cot JC. 

There will sometimes be two values of 5 admissible, as there were 
of B in the preceding case, and consequently also two triangles 
(see fig. in Art. 736). 

When 5 has two values, so have c and C. The values of 5 
are supplementary, and by taking one of them there will then 
be known in one of the triangles the parts A, B, a, 5; hence 
c and C can now he found, and all the parts of this triangle 
will be known. Taking then the second value of 5, the remaining 
parts c, C of the other t riangle can similarly be found. 

Whenever A differs from 90“ in excess or defect by less than B 
does, there will be only one triangle, and therefore only one value 
of 5, which will be of the same species as B ; in other cases 5 has 
two values that are supplementary. 

When (iir^A)<(iT^B), then sin A>sin B. 
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Example.— T he angles A and B are=3r 34' and ainl the 

side n is =40“ ; required tlie otlier parts. 

To find the side h , 

Sin A ; sin B=Min a\ sin h. 

Cosec A 3r 34' . . . . ^ 10-2810914 

Sin B30“28' . . . . = 9'70r)0397 

Sin « 40“ = 9-8080(i7r> 

Sin 6 38“ 30' 18-5" . . . -r *0-7941980 

The side b has only one value, for sin A '-sin B. 

In the triangle are now known tin.* parts A, B, o, A, and the 
remaining parts c and C may be computed in the same innnnor 
as in the third and fourth cases. 

Exercises 

1. Given A =51“ 30', B=59' 10', and /e = 63“ 50', to find the other 
parts. 

6 = 80“ 19' 9", or 99“ 40' 51" ; 0 = 131“ 29' 53", or 155' 22' 19" ; 
and c=120“ 48' 5", or 151“ 27' 3 ". 

2. Given A=07“ 20' 31-6", 11=66' 57' 3 6", ami 0 = 75 0' 51 tl", to 
find the other parts. 

C=42“ 30' 54*7", 6=63“ 39' 57-8", and r - 41 9' 45*6". 

Besides determining the species of the parts of oblique spherical 
triangles by means of the algebmical sines of the re«juli-ed parts, 
they can also Ije ascertained by certain theorems in spherical 
geometry. 

OTHER SOLUTIONS 

The preceding methods of solution are generally the most con- 
venient when all the |>ai-ts of a spherical triangle are reqiiii-e<l ; but 
when only one part is required, it will be more c»>nci8e and simple 
to use some of the following methods 

778. The third, fourth, fifth and sixth cases can be solved by 
dividing the given triangle into two right -angleil triangles by 
means oi h perpendicular from one of the angles upon the ojiposite 
side, so that one of the right-angled triangles sliall contain two of 
the given parts. 

By the method, however, of right-angled trigonometry alone, it 
would be necessary always to calculate the perpendicular ; but this 
unnecessary calculation Is avoided by eliminating the pcriiendiciilar 
from two equations. 

PMfcIfotIk 2 B 
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779. The Third Case. — L et the given parts be a, 6, and C ; and 
^ let a perpendicular BD be drawn from 

I \ \ segment of b that is nearest to C, 

0 — ^ A< ^ L Jo reckoning from C towards A when 
C is acute, but from C in AC pro- 
duced when C is obtuse; tlien Al) = 6-^ when C is acute, and 
AD = b-i-d when C is obtuse. 


1. To find & and A 

From the triangle BCD, by making C, or its supplement when 
it is obtuse, the middle part, BC and CD are the adjacent parts ; 
therefore, 

cos C = tan d cot o, or tail $ - tan a . cos C . . [1]. 

Again, from the triangles ABD and BDC, by making AD and 
DC the middle parts, we have 

sill 0 = cot C tan BD, and sin (b + d) = cot A tan BD ; 
hence, by division, 

sill 0 _ cot C . tan BD _ cot C _ tan A ^ 

sin (/)+fl')’~cot A . tan BD~cot A ~tan C' 
or sin (6+^) : sin ^=tan C ; tan A . . . [2]. 

2. To find the side c 

In the triangles ABD and CBD, we have by right-angled 
trigonometry, 

cos c=cos [b’+d) cos BD, and cos o = cos 0 cos BD; 
cos c __ cos (&+^) . c os BD _ cos (b'^ 6) ^ 

* ’ co^a ~ cos 0 . cos BD ~ cos 0 * 

, cos . cos (ft + d) 

hence cos c= ; 

cos 0 

or cos 0 ; cos (6+^)=cos a ; cos c . . . [3]. 

The angle B can he found exactly in the same manner as A by 

supposing the perpendicular to be drawn from A upon the side a. 
The formulflp for this purpose are easily obtained from those for A 
by merely changing A into B, a into 6, and h into a. 

Exercise 

Given a=89* 17', ft=62® 39', and C = 119° 16', to find A, B, and c. 

A=70" 39' 3", B=48® 35' 57", and c=112" 22' 60". 
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780. The Fourth Case. —Let tlie given parts be A, B, r, and 
let a pel pcndicular be drawn from B upon 6; let angle ABl) 
= 0, then, 

To find the side n and the angle C 
From the triangle ABD, cos r=cot 0. cot A ; 
or cos c . tan A = cot 0 ; . * . U : cos c -- tan A ; cot 0 . [4], 

From tlie triangles ABD and CBI) we have 

cos 0=cot r . tan BD, ami cos (B-0)=cot o . tan Bl) ; 

, cos ( B^ 0) _ cot a . tan Bl) cot a t an r ^ 
cos 0 ~cot c . tan BD ”cot^ ~ tan a * 
lienee cos (B'^0) : cos 0 tan c : tan a . . . [5]. 

Again, from the same triangles we have 

cos A = sin 0. cos BD, and cos ('-sin (B~0). cos BD; 
cos A sin 0 cos BD _ sin 0 
* cos (v 'sin {B'^0) cos BD sin (B-'0) * 
and hence sin 0 : sin {B^0)=:co8 A : cos C . • . [6]. 


Exkrci.se 

(Jiven A = 82’ 27', 11-57’ .W, and c - 126'’ 37', to find o, 6, and C. 

a= 104’ 34' 30", 6=65’ 25' 32", and (; = 124’ 42' 7". 

781. The Fifth Ca.se.— L et a, 6, and A be given, and let a 
perpendicular CD be drawn from C upon c ; let the segment of c 
next to A be denoted by and the opposite angle ACT) by 0 ; then. 


1. To find the angle B 

Sin B = ^!” - . sin A, or sin a ; sin 6 = sin A : sin B. 
sin a 

When a is nearer to 90’ than 6, B has only one value, which is 
of the same 8{>ccie8 as 6. When a differs more from 90' than 6, 
then B has two supplementary values (Art. 777). 


2. To find the side c 


Let AD=:^, then BD=(c^^); and 
cos A = cot 6. tan or 
tan ei=tan 6. cos A . . [7]. ^ 

Also, cos 6 = cos ^ cos CD, * 

*“*<1 cos a = cos (C'* 6) cos CD ; 

, cos 6_ co s ^ . cos C P _ cos 0 ^ 

’ cos «~COS {€'*'$) cos CD’’cOS {C'^O) * 
coo 6 :coB a=cos :cos (c^0) • 



c 



hence 


. [ 71 . 
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782. The value of d found a1)ove does not show whether the 
perpendicular in within or without the triangle, as c is not known ; 
hut the species of A and B determine this circumstance, for the 
perpendicular falls within or without the triangle according as 
angles A and B are of the same or of different affection. 

8. To find the angle C 

Let ACD = 0, then BCD = C'^^; and from the triangle ACD we 

have ' cos 6 = cot A. cot 0, or cot 0= cos ^ tan A . . [8j. 

Also, from the triangles ACD and BCD, 

cos 0=cot b tan CD, and cos (C'^0)=cot a tan CD. 

_ cos co t h . tan C D _ ^t h _ ton n ^ 

* cos (C ^ 0) ~ cot rt tan CD “ cot a ~ ton b * 

hence tan « ; ton 6=cos 0 ;co8.(C'-0) . . . [9], 

783. When B has two values, one of them — for instance, its acute 
value— .should firat be taken, and the side c and angle C of the 
triangle to which it belongs are then to be calculated ; then, its 
other value being token, the side c and angle C of the triangle to 
which it belongs are to be calculated. 

Exercise 

Given a=76‘’ 35' 30", 6=60*’ 10' 30", and A = 121" .36', to find 
B, C, and c. B=42“ 15' 26", C=34" 15' 15 ", and c=40" O' 14". 

784. 'The Sixth Case.— Let A, B, and a be given, and let a 
perpendicular be drawn, as in the preceding case ; then, 

1. To find the side b 

Sin A: sin 6 =sin a: sin 6 . . . [10]. 

When A is nearer to 90" than B, b has only one value, which 
is of the same species as B ; in any otiier case b has two supple- 
inentary values (Art. 777). 

a. To find the angle 0 

By last case [8], cot 0=cos 6. ton A, and from the triangles 
ACD and BCD we have 

cos A =8in 0 . cos CD, 

and cos B = sin (C 0) cos CD 

cos A sin 0 . cos CD _ sin 0 

* * cos B'’sin (C'^0) cos CD”’sin(C '*'0) ' 

hence cos A :cos B=sin 0 :sin (C'^0) . . [ll]* 

It is known, as in Art 782, whether the perpendicular falls 
within or without the triangle. 
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Tlie species of is not thus deteriiiined, as ite sine is the 

fourth term ; but those of B and a being known in triangle B( -I), 
that of DCB=C-^ is known, if the formula (Art. 750, o) cos a 
= cot B . cot (C 0) be use<l ; or, II : cOs a = tan B : cot (C - 0). [1 2]. 

3. To find the side c 

By Art. 781, tan <?=tan 6. cos A, and from the triangles ACl) 
and BCD we have 

sill t?=cot A. tan CD, and sin (c'-^) = cot B tan (M) ; 
sin d __cot A . tan CD_cot A tan B 
’ sin {C'^d)~c<)t B. tan CD~cot B tan A * 
hence tan B : tan A=sin ^ : sin . . [13], 

The species of c - is not determined, as its sine is the last term ; 
but in triangle BCD, the species of (c - 6) is known from those of 
a and B. 

785. When h has two values, one of them — for instance, its acute 
value— can first be taken, and the angle () ainl side r of tlic triangle 
to which it belongs are then to be calculated ; its other value lieing 
next taken, the angle C and side c of the triangle to which it 
belongs are to be computed. 

Exkkcisk 

Given A =97" 20' 30", B=66" 57', and 0=75" T, to find 5, andc, 
C = 42" 31' 10", ft = 63’ 39' 59", and rr=4r 10' 8". 


786. All the forms of a triangle that can exist when two sides 
and an angle opposite to one of them are given are contained in 
the following diagram ; — 

Let MM', Pt be tw’o perpendicular diameters of the circle 
MPM', which is the ba.se of a hemisphere ; and let C l>e any piiint 
in iU surface, and the arcs passing through C be all the lialves 
of great circles, except CB", C/J", which are 


portions of great circles. Let all these l>e 
symmetrically situated in the semicircles PMr, 
PM't, so that every two corresponding arcs 
—as, for instance, AC, A'C— are equally in- 
clineii to PCir. 

Hence eveiy two corresponding arcs, 
reckoning from C, as CB and CB' or C/J and 
, are equal. Also, of all these arcs, CV is 



the greatest, CP the least ; and any arc, as Ca, nearer to the 


greatest is greater than any other, as CA'— that is, more renioic 



474 


SPHERICAL TRIGONOMETRY 


(Soli<l Geoiu.y p. 64). Also, the arcs CM, CM' are quadrants ; and 
therefore all the arcs, reckoning from C to the semicircle MPM', 
are less tlian quadrants, and those terminating in the semicircle 
MirM' are greater than qua<lrants. 

Let PC=A, and denote the parts of tl»e triangle ABC as usual ; 
then K . sin 4=.sin B sin r/, 

, . 11 . sin h 

and sin B = ; 

sm a 

It is evident that when h is constant, sin B is least when sin a 
is greatest— that is, when a is a quadrant and equal to CM' or 
CM. Hence, of all the angles suhtended by CP at the points 
B, A', B", M', a,. ..that at M' is the least, and that at a point 
nearer to M', either in the quadrant PM' or irM', is less than one 
more remote ; and these angles, therefore, are all less than right 
angles, for h<a\ and their adjacent angles are greater than right 
angles. Also, when two arcs CA' and Ca are supplementary, the 
acute angles at A' and a are equal. 

When each of the sides a and h is less than a quadrant, and 
angle A is acute, and sin a>siu 6, only one triangle can he 
formed, and the unknown angle B is of tlie same affection as b. 
This appears from the triangle ACB", where B"C=^f, AC = 6, and 
angle CAP= A ; for B"C> AC, and <aC. 

When each of the sides a and h is greater than a quadrant, and 
sin a>8iii 6, and A is obtuse, there can he only one triangle, 
and angle B will be of the same affection as h. This appears from 
the triangle aC/S", where j8"C=a, aC = 6, and angle Ca7r= A ; where 
/3"C is intermediate between aC and its supi)lenient AC, and there- 
fore sin a>sin 6. 

When sin a<sin h there will be two triangles. This appears 
when A is acute from the triangles ACB, ACB', in which CB 
=CB' ; and when A is obtuse, from the triangles aCjS, aCjS'. And 
in this case the two values of B are supplementary. 

By examining all the possible cases, it will be found that they 
are comprehended in the rules for the signs of the trigonometrical 
i*atio8.(Art. 195). 

Let A, B, and a be given. When each of the given parts is 
less than a quadrant, and sin A>sin 6, there can be only one 
triangle, and the unknown side h 'will be of the same species 
as B. This appears fioni triangle ACB", where B"C=o. Were 
sin A<sin B, thei'e could then be two triangles— as BCA, BCa'. 
And by examining in the same way all the possible ca«e.«, the 
theoi’em 8tate<l in Art. 776 is easily established. 
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ASTRONOMIOAL PROBLEMS 

CIRCLES AND OTHER PARTS OP THE CELESTIAL 
SPHERE 

787. To an observer placed on tlio surface of the eartli 
tlie lu avciily bodies appear to bo situated on tlio surfaee (»f 
a concave sphere, of wliicli the place of the observer is the 
c<‘ntrc j for the magnitude of the earth is a men* point in 
reference to the distance of all celestial bodies, except thosc^ 
belonging to the solar system, ami it lieeonn s sensible in 
regard to the distances of the latter only when accurate 
observations arc taken with pro|)er instruments. 

The {\pparent diurnal revolution of tlu'se l)odies from east 
to west, caused by the real daily rotation of the earth on its 
axis in the opposite direction from west to east, and tlie 
api)arent annual motion of the sun in tluj heavens, arising 
from the earth’s annual revolution in its orbit in an opposite 
direction, are, for convenience, in the piae.tice of astronomy 
and navigation, considered as real motions ; and the, positions 
of these bodies are determined accordingly, for any given 
time, with the aid of the principles of spherical trigonometry. 

DEFINITIONS 

7HH. The celestial sphere i» tlie aj»paient concave H])herc o!» 
the surface of wliich the heavenly Inxlies {ip]>eai’ to he situated. 

789. The axis of the celestial sphere is a straight line passing 
through the eai th s centre, teriiiinate,il at lM>th extremities hy the 
celestial sphere. Alniut this axis the heavenly lH)tli(fH appear to 
revolve. 

790. The poles of the celestial sphere arc the extremities of 
it« axis, one of them )>cing called the north, the other the south 
pole. 

The poles appear as fixed points in the heavens, without any 
diurnal rotation, the Ixxlies near them appearing to revolve round 
them as centres. 
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791. Tlie equinoctial or celestial equator is a great circle in 
the heavens equidistant from the poles ; and it divides the celestial 
splicre into the nortliern an<l southern hemispheres.* 

Tins circle referred to the earth is the equator ; also the axis of 
the earth is a portion of that of the celestial sphere. 

792. The ecliptic is a great circle that intersects the equator 
obliquely, and is that in which the sun appears to perform its 
annual motion round the eartli. 

79.3. The two points in which the ecliptic and equinoctial inter- 
sect are called the equinoxes, or equinoctial points; that at 
which the sun crosses the equator towards the north is called the 
vernal equinox, and the other the autumnal equinox. 

704. The zodiac is a zone extending aliout 8° on each side of the 
ecliptic ; and it is divided into twelve equal parts, called the signs 
of the zodiac. 

The names and character of the.se signs are ; — 

cp A lies, 55 Cancer, di Libra, VJ Capricornus, 

y Taurus, ^ Leo, lit Scorpio, ^ Aquarius, . 

n Comini, 11^ Virgo, / Sagittarius, X l^isces. 

The first six lie on the north of the equinoctial, and are called 
northern signs; the other six, on the south of that circle, are 
called southern signs, lilach sign contains 

The signs are reokoned from west to east according to the 
apparent annual motion of the sun. Tlie fii-st, Aries, is near the 
vernal equinox ; and Lihra, near the autumnal eqiiinox.t 

795. The solstitial points are the middle points of the northern 
and southern halves of the ecliptic; the northern is called the 
summer, and the southern the winter, solstice. t 

706. The horizon is the name of three circlets : one, the true 
or rational ; another, the sensible ; and a third, the visible or 
apparent horizon. 

The first is the intersection of a horizontal plane passing through 

* This cii*cls is called the equinoctial because when the sun is in it the nights, 
and consequently the days, are equal everywhere on the earth's surface. 

t About three thousand years ago the western j^art of Aries nearly coincided 
with the vernal equinox; but from the slow westerly recession of this point, 
called the precession of the equinoxes, it is nearly a whole sign to the west of Aries. 

t These iioiiits arc so named because when the sun (sol) has arrived at either 
of them it appears to stop (slo), in reference to its motion north and south, and 
then to return ; and hence, also, the origin of the term tropics, from a Greek word 
(v(«V«r) which means a turn. 
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the earth’s centre with the celestial sphere; the secoinl is (ho 
ii)terscction with this sphere of a plane parallel to the foniicM* 
touching the earth’s surface at the place of the observer ; and the 
thirtl is the intersection with the same sphere of the conic surface, 
of which the vertex is at the eye of the observer, anti the surface of 
which touches on every side the surface of the earth, consitleretl as 
a sphere. 

797. A vertieal line passing through tlie earth's centre niul (lie 
place of the observer may be calletl the axis of the liori/on ; and 
the extremities of this axis, where it iiiocts the celestial sphere, 
the poles of the horizon ; the upper pole being called the zenith, 
and the lower the nadir. 

798. The north, east, south, and west points of the horizon are 
called the cardinal points. 

799. Meridians are great circles passing through the poles of the 
celestial sphere ; they are also called hour circles. 

These circles correstiond to meridians on the earth. 

800. A meridian passing through the equinoctial points is called 
the equinoctial colure; and tiiat passing throiJgli the solstitial 
points, the solstitial colure. 

801. Circles passing through both poles of the ecliptic arc callcjl 

circles of celestial longitude. 

802. Vertical circles are great circles passing through both tho 
poles of the horizon. 

803. A vertical circle passing through the east and west points 
of the horizon is called the prime vertical. 

804. Small circles parallel to the equinoctial are called parallels 

of declination. 

805. Small circles parallel to the ecliptic arc called parallels of 
celestial latitude. 

806. Small circles parallel to the horizon are called parallels 
Of altitude. 

807. The right ascension of a heavenly body is an arc of the 
equinoctial intercepted between the vernal equinox and a meridian 
passing through the body. 

808. The longitude of a heavenly Wly is an arc of the ecliptic 
intercepted between the vernal equinox and a circle of longitude 
Passing through the Iwly. 
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809. The azimutll of a body is an arc of the horizon intercepted 
between the north or south point and a vertical circle passing 
through the body.* 

810. The amplitudo of a body is an arc of the liorizon inter- 
cepted between the east or west point and a vertieal circle passing 
through the body.t 

811. The declination of a liody is its distance from the equi- 
noctial, nieasuied by tlie arc of the meridian passing through it 
which is intercepted between the body and the equinoctial. 

812. The latitude of a body is the arc of a circle of longitude 
intercepted between the body and the ecliptic. 

81.^. The altitude of a Insly is the are of a vertical circle passing 
through the body, intercepted between it and the true horizon. 

814. The dip or depression of the horizon i» the angle of de- 
pression of the visible horizon below the sensible, in consequence 
of the eye of the observer licing situated above the surface of the 
earth. 

8b^. The observed altitude is the altitude indicated by the 
instrument, the apparent altitude is the result after correcting 
the observed altitude for the error of the instrument and the dip, 
and the true altitude is the result after correcting the apparent 
altitude for refraction and parallax. The meridian altitude of a 
body is its altitude when on the meridian. Wlien a body is on the 
meridian it is said to culminate ; and its culmination is said to 
be upper or lower according as it is then in its highest or lowest 
position. 

816. The polar distance or codeclination of a body is its 
distance from the pole of the equinoctial, measured by the arc 
of a meridian intercepted between the body and the pole. 

817. The zenith distance or coaltitude of a body is its dis- 
tance from the zenith, measured by the arc of a vertical circle 
intercepted between the body and the zenith. 

818. The obliquity of the ecliptic is the inclination of the 
ecliptic to the equator. This inclination is nearly 23® 27i'. 

819. The horary angle of a body at any instant is an angle at 
the pole of the equator, contained by the meridian pas.sing through 

* Tlie azimuths may be named according to the quadrants in wliich they lie; 
thus, N.B. when between the north and east |)oints, S.W. between the south and 
west points, and so on. 

t Amplitudes may be named, also, according to the quadrants in which they tie, 
as the azimuths are named. 
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the body and the meridian of the place of observation. It niensnres 
the time between the instant of observation and tlic instant of the 
liody’s passage over the meridian of the observer. 

820. The rising or setting of a bo<ly is tl»e time when its centre 
is apparently in tiic horizon when rising or setting. 

821. The diurnal arc of any body is that portion of its parallel 
of declination which is situated above the horizon, and its noc- 
turnal arc that portion of the same parallel which is below the 
horizon. 

The diurnal arc, reckoned at the rate of 15'’ to 1 hour, will 
express the interval of continuance of a IkmIv alsjvc the horizon, 
for a star in sidereal time, for the sun in solar time, for the moon 
in lunar time, and for a planet in planetary time (Art. 881). 

822. The precession of the equinoxes i^ a small motion of the 
equinoxes towards the we.st.* 

823. A tropical year is the time in which the sun moves from 
the vernal equinox to that point again. 

824. A sidereal year is the time in which the sun moves from 
a fixed star to the same star again, or the time in which it 
performs an absolute revolution.f 

825. Apparent time is that which depends on the position of the 
sun, and is also called solar time. This is the time sliown by a 
sun dial, the days of which are unequal. 

826. Mean time is the time shown by a well regulated clock, 
the days of which are equal. 

827. An apparent solar day is the time biqween two successive 
transits of the sun’s centre over the meridian, and is of variable 

length.^ 

828. A mean solar day is a constant interval of time, and is 
the mean of all the apparent solar days in a year ; or it is what 
an apparent solar day would l>e were the huh’k motion in the 
equinoctial uniform. 

* Tills retrograde motion is about 1* in 72 years, or fiO'2" annually ; and in coiiho. 
quence of it the aim returns to the vprnal i*quinox sooner than it would tlo were 
this point at rest ; hence the origin of the t^nii. 

t Tlie tropical year, in coii.spquciice of the iirecesslon of the equinoxes, is shorter 
than the sidereal year by the time the sun lakes to move over 50*2", or 20 in. IP'9s. 
Tlie length of the fotuier is 305 d. 5 h. ■t';| in. 51*0 s., and that of the latUr 305 d. 
6 li. 9 m. 11*5 8. 

X In consequence of the obliquity of the ecliptic and the sun's umvpial motion 
in its orbit, its motion referred to the equinoctial is not unifomi, and couseqitently 
the intenals between its successive transits are variabia 
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829. The equation of time is the ditference helween mean and 
apparent time. 

It is just the difference between the time sliown liy a regulated 
timepiece and a Hun*dial ; at mean noon it is the difference 
between twelve o’clock mean time and the mean time of the 
sun’s passing the meridian. 

830. A sidereal day is the interval l)etwcen two successive tran- 
sits of the same star over the meridian. It is the time in which 
the earth performs an absolute rotation on its axis ; and as this 
motion is uniform, the sidereal day is always of the same length. 

The sidereal day begins when the vernal equinox— that is, the 
first point of Aries— arrives at the meridian ; and its length is 
23 h. 56 in. 4*056 s. in mean solar time, or 24 sidereal hours. 

A meridian of the earth returns to the same star in a shorter 
interval than it does to the sun ; the difference, expressed in mean 
time, is called the retardation of mean on sidereal time ; and 
when expressed in sidereal time, it is called the acceleration of 
sidereal on mean time.* 

831. (Jenerally, the interval of time between the departure of a 
given meridian from a celestial body and its return to that body 
is called a day in reference to the body. If the body is a star, the 
interval is called a sidereal day ; if the sun, a solar day ; if the 
moon, a lunar day ; each day consisting of 24 hours, the hours 
for these days being of coui*se of different magnitudes. 

The astronomical day begins at noon, and is reckoned till next 
noon ; and it is thus twelve hours later than the civil day. 

832. The refraction of the atmosphere causes the altitude of a 
celestial botly to appear greater than it 'svould be were there 
no atmosphere ; the increase of altitude from this cause is the 
refhiction of the body (see Art. 849). 

When the body is in the horizon its refraction is greatest, and 
when in the zenith it is nothing ; at other altitudes the refraction 
is intermediate. 

* The retardation for 24 hours of mean time ia— 3 m. 55*9004 s., or 24 sidereal hours 
a 28 h.' 56 m. 4*0906 s. of mean time. The acceleration for 24 hours of sidereal time 
isaS m. 56*5554 s., or 24 hours of moan solar time are=:24 h. 8 m. 56*5554 s. of sidereal 
time. Tlieae equivalents are obtained flrom the fhet that the sun’s mean increase 
of right ascension in a mean solar day is 59' 8'S", or 8 m. 55*9 s. of mean time ; so that 
a meridian of the earth moves over 300* in a sidereal day, and 860* 59' 8*3" in a mean 
solar day ; the former motion, which is just the time of the earth’s rotation on its 
axis, ia perfbitiie^l in 24 sidereal hours, and the latter in 24 h. 3 m. 56*5554 a. of 
sidereal time ; or the former is performed hi 28 h. 50 in. 4*09 s. mean time, and the 
latter in 24 hours of mean time. 
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833. The parallax of a celestial body is the quantity by which 
its altitude, when seen from the surface of the earth, is d^ninished, 
comparcfl with its altitude seen from the earth’s centre. 

The j)arallax, like the refraction, is ffrcatest when the body is in 
the horizon, and is nothing when it is in the zenith. 

When the body is in the horizon its parallax is called horizontal 
parallax ; its parallax at any altitude is called its parallax in alti- 
tude ; and its parallax supposed to l>e subtended by the greatest 
or equatorial radius of the earth is called its equatorial parallax. 

834. Most of these definitions will he readily undei-stood from 
the two following diagrams 

Let PQM bo a meridian passing through the pole of (he ecliptic; 
MQ the equator, N and 8 its north and south p<des ; the 
ecliptic, P and p its north and south poles. Then A is the first 
point of Aries, C that of Cancer, and C' 
that of Capricornus; and angle CAQ, 
measured by CQ, is the obliquity of the 
ecliptic. The parallels of declination CB, 

C'T are the tropical circles, the former 
being the tropic of Cancer, and the latter 
that of Capricorn ; and Pli, Ep are the 
polar circles, the former being the arctic, 
and the latter the antarctic, circle. Also, 
if POp an<l NOS are respectively a circle 
of celestial longitude and a meridian passing through any celestial 
body O, then AL is its longitude, OL its latitude, AH its right 
ascension, and OH its declination. The meridian NQSM is the 



solstitial coliire, and NAS the equinoctial colure. 

Again, let KH be the horizon, Z and N its poles, the former 
Ireing the zenith and H the south point ; EO the equator, P and p 
its north and south poles; also, let B be ^ 

any celestial body, and ZBN a vertical ^ ^ 

circle through it; then BL is its altitude, / 

HL its azimuth; and if O is its position / I 
when rising, OW is its amplitude. Let A r| — 

Ihj the first point of Aries, and POp a mcri- ) / 

dian through O ; then the distance between j/ 

A and F is the right ascension of O, the ^ p 

distance between A and W its oblique ascen- ** 

sion, and WF its ascensional difference. The small circle OBT, 
parallel to RH, is a parallel of altitude, and ZWN is the prime 
vertical. 
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B35. Problem I. —To convert degrees of right ascension 
or of terrestrial longitude into the corresponding time; 
and conversely. 

Rule.— T o convert degrees into time, multiply by 4, and con- 
sider the product of the degrees by 4 as minutes of time, the 
product of the minutes of space as seconds of time, and so on. 

To convert time into degrees, reduce the hours to minutes, and 
consider the number of minutes of time as degrees, the seconds 
of time as minutes of space, and so on ; divide by 4, and the 
quotient will be the required numljer of degrees. 

Examples.— 1. Convert 36“ 12' 40" to time. 

(36“ 12' 40") X 4 = 144 m. 50 s. 40 t. =2 li. 24 m. 60 s. 40 t. 

2. Convert 2 h. 24 ni. 50 s. 40 t. to degrees. 

i(2 h. 24 m. 60 s. 40 t.) = i(144 m. 60 s. 40 t.) = 36“ 12' 40". 

If the sun moved uniformly it would pass over 360“ of the 
equator nr equinoctial in 24 hours of mean time — that is, 15“ in 
1 hour; hence, if f^ = the number of degrees, and /t=the number of 
hours corresponding, 

1 h. : A= 15“ : rf, and therefore 

1 ^ 4 , , j irr 60/i 

A = ~ = ^(l also a = 15A = — ; 

15 60 4 

and from these expressions the rules are easily obtained. 

Exercises 

1. 80“ 32' 40" are equivalent to 5 li. 22 m. 10 s. 40 t. 

2. 161 5 20 .1 M 10 44 21 20 

3. 08 14 48 n .. 6 32 59 12 

4. 5 h. 22 m. 10 s. 40 t. are equivalent to 80“ 32' 40" 

5. 0 28 6 .. .. 7 1 30 

6. 14 1 12 .. .. 210 18 0 

836. Problem II.— To express civil time in astronomical 
time ; and conversely. 

Rule.— When the given time is p.m., the civil time and astrono- 
mical time are the same; and when the civil time is a.m. add 12 
hours to it, and the sum will be the astronomical time, reckoning 
from the noon of the preceding day. The rule for the converse 
problem is evident. 

Examples.—!. April 6 at 3 h. 12 m. p.m. civil time is in 
astronomical time also 6th April 3 h. 12 m. 

2. June 1 at 10 h. 15 m. A.M. of civil time is 31st May 22 h. 15 m. 
of astronomical time. 
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Exercises 

Civil Time Astronomical Time 

1. Pel). 10 (1. 4 li. 20 III. p.M. is Feb. 10 d. 4 h. 20 in. 

2. July 13 2 12 A.M. .. July 12 14 12 

3. Aug. 1 11 40 A.M. .. July 31 23 40 

4. Oct. 9 10 1 P.M. M Oct. 9 10 1 

837. Problem III.— To reduce the time under any given 
meridian to the corresponding astronomical time at that 
instant at Greenwich ; and conversely. 

lirLE. — To find the time at Greenwich corresponding to that at 
anotlicr place : to the given time expressed astronomically apply 
the longitmle in time by addition when it is W., and by subtraction 
when it is E. 

To find the time at a given place corresponding to a given lime 
at (Ireenwich : to the given time expressed astronomically apply 
tlie longitude in time by .addition when it is E., and by sulitraction 
when it is \V. 

Examples.— 1. Find tlie time at Greenwich corresponding to 
2()tli June, at 9 li. 12 m. A.M., at a place in longitude - 14“ 2' .30" W. 
Given time June, .... 19 d. 21 h. 12 m. Os. 

Longitude in time W., . . + 0 ,50 10 

The reduced time at Greenwich, . 19 22 8 10 

2. Find the time at Greenwich corresponding to 30th August, at 
2 b. 40 ni. 10 8. P.M., at a place in longitude = 75“ 34' 45" E. 

Given time August, .... 30 d. 2h. 40 m. lOs. 

Longitude in time, . . . - 5 2 19^ 

Astronomical time at Greenwich, . 29 21 37 51 

From these examples the converse problem is evident. 

Exercises 

1. Find the time at Greenwich corresponding to 18th July, at 
5 h. 24 m. A.M., at a place in longitude = 40" 20' W. 

July = 17d. 20h. 5 m. 20 s. 

2. Find the time at Greenwich corrcs|)onding to 19th June, at 
1 h. 12 m. 40 8. P.M., in longitude =90“ 37' 30" E. 

June = 18 d. 19 h. 10 III, 10 s. 

3. Find the time at a place in longitude =40“ 20' \V. correspond- 
ing to 18th July, at 8 h. 5 in. 20 s. A.M., at Greenwich. 

July = 17 d. 17 h. 24 in* 
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4. Find the time in longitude =00° 37' 30" E. corresponding to 
19th June, at 7 h. 10 ni. 10 s. A.M., at Greenwich. 

June = 19 d. 1 h. 12 m. 40 s. 

838. Problem IV.— To reduce the registered* declination 
or right ascension of the sun to any given meridian and 
to any time of the day. 

Rule. —A s 24 houra is to the given time, so is the change of 
declination for 24 hours to its change for the given time. When 
the declination is increasing add this proportional part to it, 
and when diminishing subtract it, and the result will be the 
declination required. 

Ry the same method, the sun’s right ascension can be found for 
any time at a given place, only it is always increasing. 

Or, if t = reduced time at Greenwich past the previous noon, 
v' = variation of declination in 24 horn's, 

V = II II given time, 

D'= declination at noon at Greenwich, 

D = II required ; 

then 24 : f = v' ; V, and v = D = D' ± v. 

Or, if P.L. denote proportional logarithms, 

P.L., v=P.L., < + P.L., v'. 

Example.— F ind the sun’s declination in 1854, .30th August, at 
2 h. 40 m. 10 8. P.M., at a place in longitude = 75° 34' 45" E. 

Time at Greenwich (Art. 837), 29th August =21 h. .37 m. 51 s. =f 
Sun’s declination at noon on 29th . . = 9° 24' 1" = D 

„ M II 30th . . =_9 2 35^ 

Variation of declination in 24 h. . . = 0 21 26 = v' 

And 24 h. ; 21 h, 37 m. 51 s. =21' 26" : v, and v . . = 0° 19 ' 19" 
Hence the required declination D'-v=D . , . =9 4 42 


Or, by proportional logarithms — 



P.L., < 21 h. 37 m. 51 s. 

= 4516 


P.L., v' 0° 21' 26" 

= 4912 

hence 

P.L., » 0 19 19 

= 9427 

and 

iy= 9 24 1 


therefore 

D = 9 4 42 

= required declination. 


By changing declination to right ascension in the preceding rule, 
it will be adapted to the (inding of the sun’s right ascension. 

* Tliese elements of the sun's place are registered in the Nautical Almanac for 
noon of every day at Greenwich. 
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Exercises 

1. Find the sun’s declination in 1854, l‘2th October, at noon, at 

a place in longitude 4“ 15' AV., the declination at (Ireenwich at 
noon, l‘2th October, being=7‘* 22' 52" 8. and incrcjising, and its 
variation in 24 hours = 22' 32" -r7 ‘ 23' 8". 

2. Find the sun’s declination in 1854, 20tli June, at 9 h. 12 in. 
P.M., at a place in longitude =14'* 2' 30" W. ; liaving given D' 
= 23® 27' 13" N., and i/ = 20", and the declination iruTeJisiiig. 

- 23 ’ 27' 21". 

3. Find the .sun’s declination in 1854, 20th May, at 2 li. 37 in. 20 h. 

A.M., in longitude = 32® 40' W. ; having given 1)' - 21 27' 33 " N., 
andi;' = 9'3l" . =21 34' 13". 

4. What is the sun’s right ascension in 1854, 41b September, at 

4 h. 45 in. 39 s. P.M., at a place in longitude -72 35' 15" W., >vln*n 
D' = 10 h. 52 in. 4*65 s., and v'=3 in. 37 s. ? = 10 h. 53 in. 31 ’45 s. 

PROPORTIONAL LOGARITHMS 

839. These logarithms, which are useful in cabmlating small 
quantities, such as minutes of time or space, os they generally 
require to be carried out only to four tlecimal places, are obtained 
in this manner 

Let rt, ft, be any quantities ; as.sume another (|uantity y, such 
that it exceeds any of the quantities fty ft, r,.,.tben Ly L« is the 
pioportional logarithm of r#, Ly - Lft that of ft, and so on ; also, 
P. Ly = Ly-Ly = o. 'Fhe quantity y so assumed is 3 hours or 
3 degrees, and sometimes 24 hours. 

840. Problem V.— To reduce the registered declination 
and right ascension of the moon to any given meridian 
and to any time of the ’day.* 

Rule. — Find the reduce<l time, ami the declination for the pre- 
ceding hour ; then, as 10 minutes is to thb time past that hour, so 
is the variation in 10 minutes to the vaiiation in the past time, 
which being applied to the given declination by addition or sub- 
traction, according as the declination is increasing or diminisbing, 
will give the declination required. 

The same rule applies for finding the right ascension, only 1 hour 
or 60 minutes must be used for 10 minutes ; and as the right nscen* 
sion is always increasing, the variation is always to be mldeil. 

* The moon’s declination and right ascension are given for every hour in the 
Kautkal Almanac, and the variation of the former for every 10 minutes. 

PiM. luuu 2 P 
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Let D=the earlier given and required declination, 

K= M II II right ascension, 

t =time past the hour preceding the re<luced time, 
v' = the variation for 60 m. of right ascension, or 10 ni. of 
declination, 

V =the correction sought ; then 
for the declination, 10 in. : t in. : Vy 

and V = I'fl f ; hence D = D' ± ; 

and for the right ascension, 60 in. : t in. —v'wy 
and V = ; hence 11 = U' + v. 

Example.— W hat will be the declination and right ascension of 
the moon on 15th November 1841, at 0 h. 30 in. A.M., at a place in 
longitude = 36“ 45' W.? 

Given time on 14th November . = 12 li. 30 m. 

Longitude in time . . . . = + 2 36 

Reduced time (Art. 837) . . . = 15 6 and<=6m. 

Right Ascension Declination 

On 14th, at 15 h., R' = 16 h. 53 in. 37*35 s., 1)'=26“ 18' 47*5" 

„ .1 16 h., 1 6 55 57 *69 26 20 25*9 

Change in 60 m,, v' = 0 2 20*34 0 1 38*4 

Diff. dec. in 10 m. 16*4". 

For declination, />' in 10 m. = 16*4" ; 

hence v = A ^ 16*4=9*8", 

and D=D' + v=26“ 18' 57*3". 

For the i-ight ascension, 

v= A ^ 140*34 s, = 14*03 s., 
and R=R' + i;=16 Ii. 53 in. 51*38 s. 

From the variation of declination 1' 38*4" in 60 ni., its change in 
the past time 6 in. could be found in the same manner as that for 
light ascension. 

Exercises 

1. What was the moon’s right ascension and declination at 
Greenwich on the 18th of October 1841, at 10 h. 40 m. P.M., from 
these data ? 

October 1841 RIglit Ascension Declination 

On 18th, at 10 h., R'=17 h. 2 m. 18*88 s., D'=26“ 34' 19*7" 

n 11 11 h., 17 4 38*13 26 .35 31*9 

R = 17 h. 3 ra. 61*71 s., and D =26“ 35' 7*8" 
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2. Required the moon s right ascension and declination on the 
27th of October 18.54, at 10 h. 43 in. A.M., at a place in longitude 
=40® 15' E., from these data 

October 1854 Right AsceiiHion Declination 

On 26th, at 20 h., R' = 19 h. 4 m. 6*50 s., D'=26® 49' 5 1" 

It M 21 h., 19 6 44*40 26 47 4*8 

Re<luced time = 26 d. 20 h. 2 «i., R = 19 h. 4 in. 10*79 a., 
and D=26" 49' 109". 


841. Problem VI.— To reduce the registered semi-diameter 
or horizontal parallax of the moon to any meridian and 
any time of the day."" 

Rule.— F ind the civil time at Oreenwieh ; then, as 12 110111*8 is 
to the reduced time, so is the change in cither of these elements in 
12 hours to its change for the intermediate time, which is to bo 
applied by addition or subtraction to the earlier given element 
according as it is increasing or decreasing. 

Let s', s =the earlier given and required setni-diameter, 
p\ p = II II II lioriKontal {larallax, 

^ = II time in hoiu*s pa.st noon or midnight, 
i/= It change in either of these elements for 12 h., 
and V = 11 M for the reduced time ; then 
for the semi-diameter, 

12 h. ; f h. = ?/ : t?, v= and s^^±v\ 
and for the horizontal parallax, 

12 h. : f h. =ii' : v, and p-p'±v. 

Example.-— Find the semi-diameter and horizontal parallax of 
the moon at a place in longitude =4® 20' 16" W., on 20th March 
1854, at 7 h. 42 ni, 39 s. p.m. ; having given the registcre<l cletnenU 
for the preceding noon and midnight. 


The reduced time is 20fA, 8 h. 

20th March 1854 Heini-fllameter 

At noon, . . . . ^ = 16' 9*3" 

It midnight, . . . 16 10*2 

Change in 12 h., . . 0*9 

Computed change in 8 Ii., 0 *6 

Required elements, . 16 9*9 


P.M. 

llorizontAl Parallax 

;/ = 59' I0*.r 
69 i.r5^ 
3*2 
2*1 
69 12*4 


For to find s, v=i*ffw'=/ 5 x *9" =0*8", and + 
and .. />, f;=:X<i/=^x3*2"=21", 1 . p^p' ^v. 


* Thaw alcme&U are regieUred for every noon and miaulght. 
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Exercises 

1. Find the seml-diarneter and horizontal parallax of the moon 
on 17th November 1854, at 10 h. 30 m. P.M., at Greenwich from 
these elements 

17th Nov, 1854 Seinhdlametor llorizontal Parallax 

At noon *=15' 39-2" jj=6r 19-8" 

i« midnight, ... 15 46 57 44*7 

s = 15' 45 2", andja = 57' 41*6" 

2. Find the semi-diameter and horizontal parallax of the moon 
on the 10th of November 1854, at 4 h. 7 m. 10 s. P.M., at St Helena, 
in longitude = 5° 42^ 30" \V., from these elements 

loth Nov. 1864 Seini-clianioiRr Horizontal Parallax 

At noon, .... ,v' = 14'48*9" jt>' = 54' 15*8" 
n midnight, • . . 14 48*3 54 13*5 

Kcdiiced time =4 h. 30 ni., 5=14' 48*7", and ^> = 54' 14*9" 


AUGMENTATION OF THE MOON’S SEMI-DIAMETER 

842. Since when the moon is in the zenith it is nearer to the 
observer than when in the horizon by the radius of the earth, its 
apparent magnitude is consequently increased, and at intermediate 
altitudes its augmentation will be intermediate. The amount of 
this augmentation for any given altitude is sensibly constant for 
the same diameter, and is given in a Table, and can be easily 
applied. 

For the altitude of 15% and semi-diameter 14' 43*7", this aug- 
mentation is 4", so that the semi-diameter found above must be 
augmented by this quantity for this altitude, and would then be 
= 14' 43*7" + 4" = 14' 47*7". 

The semi-diameter of the moon given in the Nautical Almanac 
is that which it would appear to have when seen from the centre of 
the earth. If this semi-diameter be denoted by 5, and its apparent 
semi-diameter at the given place by s\ and a its altitude, then 5 ' 
can be calculated from the equation, 

sin o. 

Where m=A; sin 1", l•=3•6697, and A;=-, where A and jare the 

registered horizontal parallax and semi-diameter. The value of m 
is *00001779, for the ratio of A to 5 is constant. When 
asO, thentf'sa 
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CONTRACTION OP THE MOON’S SEMI-DIAMBTBR 

843. The lower limb of the moon is apparently more elevated 
by refraction than its upper limb, as its altitude is less ; and con- 
sequently every diameter of the moon except the horizontal one 
is contracted, and the vertical one is subject to the greatest con- 
traction. This contraction is greater the less the altitude, and is 
sensibly constant for tlie same diameter and for a given altitude ; 
and is therefore conveniently applied by means of a Table. 

The contraction for an altitude of 15" is 4" for the vertical 
diameter ; so that the semi-diameter 14' 48", previously found, now 
l)ecomes =14' 477" -- 4"= 14' 437". 

'rids semi-diameter, neglecting these corrections, was found to be 
14' 437" ; so that in this instance these two corrections exactly 
compensate each other. 

THE SUN’S SEMI-DIAMETER 

844. The sun’s daily change of distance from the earth is so small 
compared with its distance that its semi-diameter does not sensibly 
change in apparent magnitude in the course of a ilay ; so that its 
registered semi-diameter may be considered as constant for at least 
one day. Its distance also is .so great compared with the earth’s 
radius that its semi-diameter is not subject to an apparent aug 
mentation dependent upon altitude. 

The sun’s diameter, however, like that of the moon, is subject to 
an apparent contraction by the unequal refraction of its upper and 
lower limbs, and its amount Is .sensibly the same as for the moon. 


845. Problem VII.— Given the horizontal parallax of a 
celestial body, and its altitude, to find its parallax in 
altitude. 

Rule. — Radius is to the cosine of the apparent altitude as the 
sine of the horizontal parallax to the sine of the parallax in 
altitude. 

Let p' = the horizontal parallax, 

p = tt parallax in altitude, 
a = If apparent altitude ; 
then R . cos a^sin^ : sin />, 

sin /> =sin y cos a when rad. = 1. 
by proportional logarithms, 

P.L,i?=P.L,i»'+L8eca-10. 



490 


ASTRONOMICAL PROBLEMS 


Kxampi.r.— When tlie horizontal parallax of tlie moon is =54' 
20", and its altitude =36*’ 45', what is its parallax in altitude? 

Here «=36* 46', and /=54' 20". 


L, ra<iiuH 
L, cos a 
L, sin 
T., sin p 
llencf p 


By LogariUiniit 


10 - 

9-9037701 
81987 581 
8 1025^2 
43' 32". 


By Proi»ort.ional Logarithms 
L, radius . . = 10* 


li, sec a 

P.Uy 

P.L, p 
Hence p 


= 10 0962 
= -5202 

= -6164 

= 43' 32 " 


846. Tlie principle on which the rule is founded is very simple. 

Let PEA be the earth, 0 its centre, M' the 
moon in the horizon, M its position at any 
altitude, OZ a vertical line ; and let 

OM'P =;/ the horizontal parallax, 

II OMP ~p II parallax in altitude. 

If MPM'=a M apparent altitude 

OP —r II earth's Bcnii'diameter; and 
OM or OM'=<f n moon's distance ; 
then in triani^le 0PM, angle P=90+a, and sin P=cos a ; 
and II 0PM, sin P or cos a : sin p=d : r ; 

II II 0PM', U : sin />'=«? : r ; 

hence R : cos «= sin : sin p. 



847. The sun’s horizontal parallax varies only about ^ of a 
second, and may in practice generally be considered as invariable. 
The parallaxes in altitude for the sun at any given time may 
therefore be considered the same for any other time; and thus, 
being constant, they are given in a Table. 


Exercises 

1. When the horizontal parallax is =64' 16", and altitude= 

24® 29' 30", what is the parallax in altitude? . =49' 23". 

2. When the horizontal parallax is =57' 32", and the altitude 

=50® 40', what is the parallax in altitude? . . . =36' 28". 


RBDUOTION OF THE EQUATORIAL PARALLAX 

848. The horizontal parallax given in the Nmitkal Almanac is 
calculated for the equatorial radius of the earth, and is the true 
horizontal parallax only at the equator; for, the earth’s radius 
being less the greater the latitude, the hoiizontal parallax will be 
less at any other place. If I denote the latitude, and e the ellip* 
ticity of the earth, tlie value of which is nearly ii 
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//' denote the horizontal parallax at the jj;iven place and at the 
cMjuator, then is (1 -c siii^/). 

For if rt, r are the radii of the earth at the equator and the 
j^dven place, it is proved in the theory of the ri^,niro of the earth 
that r=a (1-c sin^f). Also (Art. 846), r=id sin p\ and a~d 

sin;/'; therefore, since very nearly, = sin^/) ; 

p sin ;> II 

hence p'~p" (1-c sin-/). 

A Table contain.^ the corrections, calculated hy this formula, 
that must be deducted from the equatorial horizontal parallax in 
order to reduce it to the horizontal parallax for any f(iven latitude. 

Thus, for the equatorial horizontal parallax in the prt'cedin^ 
example, the reduction in the 'I’ablc under 54', and oj>p»)sitc to 
latitude 36®, is 3*7"; and the correct horizontal parallax for this 
latitude is = 54' 20" - 3*7" = 54' 16-3". 

«49. Problem Vin.— Given the observed altitude of a 
heavenly body, to find the altitude when corrected for 
refraction. 

The refraction for the observed altitmle is ;;(iven in a Table, and 
is always to be subtracted from the observed altitude. 

Example.— L et the apparent altitude be 32® 10', to find the true 
altitude. 

In the Table the refraction for this altitude is 1' 30", 
and the apparent altitude . . . = 32^ 10' 0" 

The refraction - 0 1 30 

Hence the true altitude . . . . = 32 H 30 

Let ER 1x5 a part of the earth’s .surface, and ZP a portion of the 
upper limit of the atmo.sphere ; B the real 
place of a heavenly body, B' its apparent 
place; O the eye of the observer; OH a 
horizontal and OZ a vertical line. When 
a ray of light BO from the body B 
entere the atmosphere at P, which in- 
creases in density downwards, the direc- 
tion of the ray'' approaches always nearer 
to that of the vertical line OZ, and thus 
it moves in a curved path BPO ; but the direction of the l)ody is 
referred to the direction of the ray when entering the eye at O— 
that is, to the direction OB' of the tangent to the curved path at 
0 — ^and the body thus appears at B' higher than its real position. 
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The greater tlie altitude of the body tlie less is its ^fraction, 
and in the zenith it vanishes. 


850. Tlie mean refraction of a body is its true refraction when 
the barometer stands at 29*6 inches, and Fahrenheit’s tiicrniometer 
at 60®. Bradley’s fonnnla for calculating the mean refraction is 
>''=57" tan ( 2 -.V), 

where ^ = 1110 mean refraction, and 2 = the zenith distance. 

A Table of mean refractions can thus be calculated ; and to 
find the true refraction r when the pressure of the atmosphere 
is A, and the temperature f, multiply the mean refraction by 
400 h 4no/j 

350+ < • 29 6 ' ^" 2i F 6(3 5 0 ~+ < )*'- 

latcd containing the corrections that must be applied to the mean 
refractions when the juessure and temperature differ from 29*6 
and 50. 

Thus, the refraction in the preceding example— namely, T 30"— 
is the mean refraction ; hut if the temperature and pressure were 
eO'* and 30*35, then the correction 


For altitude 32® 10', an<l temperature 69®, is 
And M 32® 10', n pressure 30*35, is . 
Hence the correction for both is . 

And the mean refraction was found 
Therefore the true refraction 

Apparent altitude 

And the true altitude 


. = - 4" 

. = -f 2 

, = - 2 
. =r 30" 
. =1 28 

= 32® 10' 0" 
= 32 8 .32 


851. Unle.ss when great accuracy is required, or when the alti- 
tude is small, the corrections for change of pressure and temperature 
are unnecessary. 


862. Problem IX.— Given the height of the eye of the 
observer above the surface of the earth, to find the depres- 
sion of the visible horizon. 

The' depression of the horizon HOR (fig. to preceding problem) 
can be calculated when the height 0£ of the eye and the diameter 
of the earth are known ; for it is just the angle at the earth’s 
centre, subtended by the arc ER, because (fig. to Art. 585) angle 
RBH = BCH, and the latter angle can be calculated in the same 
manner as angle £ (fig. to Art. 587). 

The real depression, however, will be this angle diminished by 
tV of itself on account of refraction. 
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KXAMPLE.— Find the depression of the horizon wljcn the height 
of the eye is =30 feet. 

Opposite to 30 in the Table is 5' 18", the dip. 

853. Problem X.~Given the observed altitude of a fixed 
star, to find its true altitude. 

Hulk.— C orrect the observed altitude by applying to it the imlex 
error of the instrument with its proper sign, ami subtract tlie dip 
from the result, and the remainder will be the apparent altitude. 

From the apparent altitude subtract the refraction, and tlio 
remainder will be the true altitude. 

When the observed altitude is taken by a back observation, the 
clip must be added to it. When great acoiracy is required, the 
corrections for the temperature and pressure of the atinosj)here 
must be applied to the refraction. 

Example. — The observed altitude of a star was =40’ 20' .34", the 
height of the eye =12 feet, and the index error 2' 25" in excess; 
find the true altitude. 


Observed altitude 

. = 40® 

20' 

,34" 

In<lex error 

. . = 

2 

25 


40 

18 

o' 

Dip 

. = - 

3 

21_ 

Apparent altitude 

. = 40 

14 

48 

Refraction .... 

. . -= - 

1 

8 

True altitude 

. 40 

1? 

40 ’ 


Exercises 

1. When the observed altitude of a star is = 25'" ,36 40", the index 

error =r 54" in defect, and the height of the eye = 2t) feet, what is 
the true altitude? =25® .32' 1,5". 

2. What is the true altitude of a star when its observed altitude 

is=38® 2^ 20", the height of the eye=18 feet, and t!ie temperature 
and pressure = 45® and 30'6 ? 37® 57' 4". 

854. Problem XI. -Given the observed altitude of the 
upper or lower limb of the eun, to find the true altitude 
of its centre. 

Rule. — A pply the sun's registered semi-diameter to the observecl 
altitude by addition or subtraction, according as the lower or upper 
limb was observed, and subtract the dip, and the result will be the 
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apparent altitude of its centre ; from which subtract the refraction 
corresponding to it, and add the parallax in altitude, and the sum 
will be the required altitude. 

Example.— If the observed altitude of the sun’s upper limb on 
the 6th of November 1854 should be=28'* 21' 24", and the lieight 
of the eye = 13, what would be the true altitude? 


Observed altitude of sun’s upper limb 

= 28® 

21' 24" 

Semidianieter 

^ - 

16 11 

Dip 

28 

5 13 

3 29 

Apparent altitude of centre 

= 2^ 

1 44 

Refraction 

= - 

1 47 

Parallax in altitude .... 

w 

59 57 
+ 8 

Exercises 

28" 

0 5 


1. If the observed altitude of the sun’s lower limb on the 

19th of April 1854 was =42® 10' 15", the height of the eye being 
=25 feet, what was the true altitude of its centre, its semi- 
diameter being =15' 57"? =42® 20' 25". 

2. If the observed altitude of the sun’s upper limb on the 11th 

of June 1854 was=20® 40' 15", and the height of the eye = 16 feet, 
what was the true altitude of its centre, its semi-diameter being 
= 15' 47"? =20® 18' 12". 


855. Problem XII.~-Giveii the observed altitude of the 
upper or lower limb of the moon, to find the true altitude 
of its centre. 

Rule.— T o the observed altitude apply the semi-diameter by 
addition or subtraction according as the altitude of the lower or 
upper limb is given ; from this result subtract the depression, and 
the remainder is the apparent altitude of the moon’s centre ; and 
to this altitude apply the refraction and parallax in altitude, as in 
the preceding problem. 

Example.— If on the 12th of July 1841, in latitude 66® 40', the 
observed altitude of the moon’s upper limb was =67® 14’ 20", 
the height of the eye =22 feet, the semi-diameter =15’ .35", and the 
horizontal parallax =57’ 14"; required the true altitude of the 
moon’s centre. 
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Oh. alt. moon’s upper limb 

= 67® 14' 20" 

Hor. par. . 

= 57' 14" 

Moon’s semi-diameter 

= 15 35 

Ucd lie lion 

= - 8 

Augmentation . 

= 13 

Tr. hor. par. 

= 57 6 

Ang. semi-diameter 

= - 15 48 



Depression 

= ^4 32 

RL., 57' 6", 

= *4986 

Ap. alt of centre a! 

= 56 54 0 

Secant a' . 

= -2627 

Moon’s par. in alt. 

= + 31 11 

P.L.,;,, . 

- *7613 

Kef. to ap. altitude . 

= - 0 37 



True altitude a 

= 57 24 34 




856. The longitude of the place of ohservalion ainl the Jiuic of 
observation must be known in order to determine the veducctl time 
(Art. 837), and then the semi diaineter and horizontal parallax are 
found for the reduced time according to the rule in Art. 841. 

Exercise.s 

1. At a place in latitude 50' the observed altitude of the 
moon’s lower limb was =24® 18' 40", the height of the eye-- 17 '3 
feet, the moon’s semi-diameter at the time of observation = 15', and 
its horizontal equatorial parallax =55' 2" ; what was the true alti- 
tude, the corrected semi-diameter, and parallax in altitude? 

The true altitude of moon’s centre=25® 17' 41 ", semi-diametc*r 
= 15' 6", and parallax =50' 1". 

2. If, at a place in latitude =24® 30', and longitude = 23' K, on 
31 st May 17^, at 5 h. 36 m. P.M., the observed altitude of the 
moon’s lower limb wa8 = 23® 48' 15", the height of the eye=-17’3 
feet, the moon’s semi-diameter and horizontal parallax at the 
preceding noon and following midnight being = 15' 49", 15' 56", 
and 58" 1", 58' 29" ; required the true altitude of the moon’s centre. 

The reduced time =4 h. 4 in. P.M. ; corrected semi diameter 
= 15' 57", parallax in altitude = 53' 6", and altitude 
=24® 51' 9". 

3. On 10th Septemlier 1841, in latitude = 28® 40' N., longitude 
24® 45' W., at 5 h. 51 m. P.M., the observed altitude of the moon’s 
lower limb was =32® 40" 15", height of eye =16 bet; required the 
true altitude of the moon’s centre, having also given the moon's 

Semi-^Iiaiiieter Horizontal Parallax 

At noon preceding, . ... 16' 15" 59' 37" 

*t midnight following, . 16 19 59 51 

Reduced time=7 h. 30 m. P.M., corrected semi-diameter 
= 16' 26", parallax in altitude =60' 8", and altitude 
=33* 41' 29". 
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857. Problem XIIL— To find the polar distance of a 
celestial object. 

Rule. —W hen the declination and the latitude of the place are 
of the ftaine name, suhtnact the tleclination from 90 ’ ; and when 
of dilFcrcnt namcB, ad«l the declination to 90’ ; then the difTercnco 
in the former or tiie Hum in the latter case is the polar distance. 

Let D=the declination of the body, P = the polar distance ; 
then P=90:fD. 

Example.— What will bo the moon's north polar distance on 
the I2th of November 1854 at noon at Greenwich, its declination 
being then=2P 18' 4*4" N. ? 

P=90’-D = 90’-2r 18' 4-4" = 68’ 41' 65-6". 


Exercises 

1. Find the moon’s north polar distance on the 11th of Septem- 

ber 1854 at 11 h. P.M. at Greenwich, its declination being then 
= 18’ 21' 15" N =71’ 38' 45". 

2. Find the north polar distance of Mars on the 10th of Decem- 

ber 1841 when on the meridian of Greenwich, its declination being 
nt that time = 19’ 15' 16" S = 109’ 15' 16 ". 

858. Problem XIV.— To convert intervals of mean solar 
time to intervals of sidereal time ; and conversely. 

Rule. — As 1 h. is to 1 h. 0 m. 9*8565 s., so is the given interval 
of mean solar time to the required interval of sidereal time ; and 
1 h. is to 0 h. 59 in. 50*1704 a. as the given interval of sidereal time 
to the required interval of mean time. 

859. Or find the equivalents by means of a Table of time equiva- 
lents, or by means of a Table of accelerations and retardations. 

Let 7n = the mean time, 

s = n equivalent sidereal interval 
a = 11 acceleration, 
r = II retardation; 
then ^ + m=s-r, 

P'.L. a =P.L. 1*65949, 

P'.L. r =P.L. s -f 1*66068, 

where P'.L. stands for 3 h. proportional logaiithms, and P.L. for 
24 h. ones. 

Example.— Convert 10 li. 20 m. 40 s. of sidereal time to mean 
time. 

By the First Method 

1 h. : 0 h. 69 m. 50*1704 s. = 10 h. 20 m. 40 s. : 10 b. 18 m. 68*32 8. 



ASTRONOMICAL PROBLEMS 


497 


By the Second Method 

P.L., 10 h. 20 in. 40 s = -36,550 

Constant =1 -GlKiOS 

P'.L., Im. 41-68S. . . . =2 02018 

Sitlereal time, 10 ii. 2 0 _ 40 
Kequired n 10 18 58-32 

The rules depend on the facts that a meridian describes ,360'’ in 
24 sidereal hours, and 360^ 59' 8*3" in 24 hoiii-s of mean solar 
time. Hence it describes 59' 8*.3" in 3 m. 55*91 s. mean time, 
and in 3 m, 56 ‘56 s. sidereal time. 

Hence 24 h. mean time 24 li. 3 m. 56 56 s. sidereal time, 


and 

24 sidereal i 

. =23 

56 

4*09 

mean 

Or, 

1 mean > 

, = 1 

0 

9*8.56 

sitlereal 

and 

1 sidereal i 

. = 0 

59 

.50*170 

mean 


'riic acceleration of sidereal on mean time in 24 sidereal hours 
is 3 III. 56-56 s., and the retardation of mean on sidereal time in 
24jnean hours is 3 m. 55*91 s. A Table of accelerations and 
retardations for any number of hour.s, of minutes, &c. can easily 
be calculated. 

The rule by ]>roportional lof^arithms is obtained thus;—Tlie 
fii-st two terms of tlie proportion arc either .3600 s. ami .3609-85 s., 
or .3000 s. and 3590*17 s., and the ditrerence of their loj^aiithms is 
*00119; then proportional logaritlims may be taken for the other 
twii terms ; for if a, 5, r, <i are the terms of a proportion, then 
(Art. 839), 

I^~U = P.L.e-P.L. f/, 

L6-Lrt = P.L.c-P.L.rf, 
and P.L. (f = P.L.c + (U-L6). 

Exercise.s 

1. Convert 7 h. 40 m. 15 s. of sidereal time to mean time. 

= 7 h. .38 III. .59*6 s. 

2. Convert 7 h. ,38 ra. 59*6 s, of mean time to sidereal time. 

=7 h. 40 III. 15 H. 

Problem XV,— Given the son’s registered mean right 
ascension at mean noon, to hnd its mean right ascension 
at any place and at any time of the day.* 

UuLE.--Find the reduced time; then, as 24 hours is to the 
reduced time, so is 3 m. 56*555 s. to a profiortional part, which, 

* In tbs Nautical Almanac the tneen right Mceneion le celled the ildereal tluic. 



498 


ASTRONOMICAL l^ROBLEMS 


when added to the given right ascension at the preceding mean 
noon, will give that required. 

Let A' = thc regi8tere<l mean right ascension at mean noon, 

A = II required mean riglit ascension, 
d! = ti increase of A' in 24 mean hours =3 in. 56*555 s., 
rf = M proportional part for 
f = II reduced time ; 
then 2i\t=d* ’.dj and 

and A=A' + rf. 

Examples.—!. Find the sun’s mean right ascension at menu 
noon on the lltli of April 1864 at a place in longitude =36° 15' W. 
f = longitude in time =2 h. 25 m. 

Sun’s given mean right a.scen8ion, or A' = l h. 17 m. 29*86 s. 
Increase in time f, or . . . rf =0 0 23*82 

Right ascension required, or . . A=1 17 63*68 

2. What is the sun’s mean right ascension at 2 h. 40 in. P.M. on 
the 30th of April 1841 at a place in longitude =50° 20' .30" W. ? 
Given time . . = 2 h. 40 m. 0 s. 

Longitude in time = + 3 21 22 

Reduced time f . = 6 1 22 

Sun’s given right ascension, or . A' =2 h. 33 m. 1*27 s. 

Increase in time or . .. , d = 0 0 59 .36 

Right ascension required, or . A =2 34 0*63 

861. The principle of the rule is evident, for 3 m. 56*555 s. is the 
increase of the sun’s mean right ascension in 24 hours mean time, 
and terrestrial longitude reduced to time by the usual rule is mean 
time. 

Exercises 

1. Find the sun’s mean light ascension at mean noon at a place 
in longitude =45’’ 25' W. on the 25th of June 1841, its registered 
mean R.A. at mean noon heing=6 h. 13 m. 48*5 s. 

=6 h. 14 m. 18*34 s. 

2. Requii*ed the sun’s mean R.A. on the 20th of July 1841, at 
3 h. 20 m. P.M., at a place in longitude=56® 15' W. ; its registered 
mean R. A. at mean noon on the same day being=7 h. 52 ni. 22*45 s. 

=7 h. 53 m. 32*26 s. 

3. What will be the sun’s mean R. A. on the 14th of November 

1854, at 10 h. 40 m. A.M., at a place in longitude=36^ 24' 15" £. ; 
its registered mean R.A. at mean noon on the 13th beings 16 h. 
29 111 . 5*9 s. ? . . . . 16 h. 32 m. 25*4 s. 
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862. Problem XVI.~>To convert any given mean time on 
any given day to the corresponding sidereal time; and 
conversely. 

UULE. — When mean time is given, express it astronomically 
and convert it into the equivalent sidereal time ; then to this 
result add the sidereal time at the preceding mean noon, and the 
sum will be the required sidereal time. 

When sidereal time is given, subtract from it the sidereal time 
at the preceding noon, and convert the remainder into its equiva- 
lent mean time, and it will he the required time. 

The sidereal time at the preceding noon -that is, the snn*s mean 
right ascension— is found by the preceding problem. 

Let ?n=the mean astronomical time, 

« = II equivalent interval of sidereal time, 
a = II acceleration for 
r = II retardation for 
S = II sidereal time, 

S'= M registered sidereal time or sun’s mean U.A. at pre- 
ceding mean noon at the given place. 

When m is given, s = o, and S = 8' -i- « ; 
atid when S is given, «=S-8', and 

Example.s.— 1. Find the sidereal time corresponding to 2 h. 
22 111 . 25*62 s. mean time at Greenwich, 2nd January 1854. 

Here m- 2 h. 22 m. 25*62 s. 

a = 0 jO 2 .3*39 

« = 2 22 49*01 

S’ = 18 47 10*92 at noon, 2nd Jan. 

S =21 9 69*93 required time. 

2. Find the mean time conesponding to 21 h. 9 m. 59*93 a. 
sidereal time at Greenwich, 2nd January 1854. 

Here S =21 h. 9 m. 69 93 s. 

S' = 18^ 47 10*92 at noon, 2nd Jan. 

8 = 2 ^2*2 49*01 

r =: q 0 23 40 . 

m= 2 ^ 25*61 2nd Jan., required time. 

3. Find the sidereal time corresponding to 3 h. 40 m. P.M. 
mean time on the Uth of April 1854 at a place in longitude 
*3r 15' W. 
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The sun *8 mean R.A. at mean noon— that is, the sidereal time 
at the preceding noon at tlie given place, according to the first 
example of the preceding problem— is = 1 h. 17 ni. 63-68 s. 



m=3 h. 

40 m. 

0 s. 


a =0 

0 

.36*14 


8 =3 

40 

36*14 

and 

S' = l 

17 

53*68 

hence 

S=4 

68 

29*82 


863. The sidereal time at mean noon at any place is just the 
right ascension of its meridian at that time— that is, the sidereal 
interval since the transit of the first point of Aries— and this is 
just the right ascension of the mean sun at the mean noon. This 
time is given in the Nautical Almanac for Greenwich, and is 
easily found from the sun’s right ascension at mean noon, by 
applying to it the equation of time; it could also be deduced 
from the sun’s right ascension at apparent noon. 

Exercises 

1. Convert 2 h. 21 m. 13*08 s. mean solar time on the 2nd of 
January 1854 at Greenwich into the corresponding sidereal time, 
the sidereal time at mean noon being =18 h. 47 m. 10*92 s. 

=21 h. 8 m. 47 *2 s. 

2. Convert 21 h. 8 m. 47*2 s. of sidereal time on the 2nd of 
January 1854 at Greenwich into the corresponding mean solar 
time, the sidereal time at mean noon being =18 h. 47 m. 10 92 s. 

=2 h. 21 m. 13-08 s. 

3. Find the sidereal time corresponding to 8 h. 20 m. A.M. mean 

time on the 26th of June 1841 at a place in longitude =45'’ 25' W., 
the registered sidereal time at the preceding mean noon being 
=6 h. 13 m. 48*5 s =2 h. 37 m. 38*75 s. 

864. Problem XVII.— To find the mean time of tbe sun's 
transit over the meridian of any place. 

Rule.— F ind the equation of time for the reduced time corre- 
sponding to the longitude, and it will be the time from mean noon, 
either before or after, at which the transit of the centre happens. 

To the time of the meridian passage of the centre apply the 
time of the semi-diameter’s passing the meridian, by subtraction 
or addition, according as the time of transit of the firat or second 
limb is required. 
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ExAHPLKa— 1. Find the mean time of the tranHit of the sun^H 
001 ) 11 * 6 , and that of it8 lii-Mt limb, over the ineridian of lii'ocnwich 
on the 10th of January 1H54. 

Kqnation of time at apparent noon to 
be added to apparent lime . . ~0 h. 7 m. r)0*4.1 n. 

Time of semi (liametcr'a passage . == l 

U 0 .‘iuuf* 

Hence the time of transit of the centre iH;:::0 h. 7 m. r>()*43 
and of the first limb-0 h. 0. m. 39*91 s. 

2. Fiml the mean time of the transit of the sun’s centre, nn<l 
of its second limb, at a place in longitude = 54' 30' K. on the 
2Slh of April 1854. 

Longitude in time = 3 h. 38 m. 0 s. 


Keg. equation of time on the 28th 

r= + 

2 m. .'16*28 s. 

.1 M •• 27t)i 

-.0 

2 

2<V87 _ 

Increase of equation of lime in 24 h. 

=:0 

6 

9*41 ^ 

« M M 3 h. 38 111. 

= - 

0 

1 *43 

Kqnation of time for reduced time 

= 0 

2 

34 *85 ’ 

Time of passage of scmi diaincier 

= 0 

1 

5*80 


0 

3 

40*65'~ 


licnco the time of the passage of the centre iK=0 h. 2 m. 34*80 a., 
and of the second limb = 3 m. 40*05 s. 

ExEunsRs 

1. Find the time of the meridiat) passage of the sun’s centre, 
and of its second limb, at Greenwich on the 30th of April 1854, 
the equation of time at apparent noon heing=2 m. 53*58 s., to 
l>e subtracted from apparent time, and the mean time of the semi- 
diameter’s passing the meridian = 1 m. 5*96 s. 

For centre =29 d. 23 h, 67 m. 6*42 s., and for the second limb 
=29 d. 23 h. 58 m. 12*38 s. 

2. Required the time of the meridian passage of the stin’s centre, 
and that of its first limb, at Edinburgh, in longitude = 12 m. 44 s, 
AV., on the 16th of Novcml)er 1854, the equation of time at apparent 
noon (to be subtracted from apparent time) on the 15th and 16th 
beings 15 m. 15*56 s., and 15 ni. 4*77 s., and the mean time of the 
semi-diameter’s passage being 1 m. 8*71 s. 

For centre=16 d. 23 h. 44 m. 65*32 s., and for the 6rst limb 
a 15 d,23h. 43 m. 46*618. 

fffeWtICMk. 
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805. Problem XVIII. —To find tbe mean time of a star's 
culmination at any given meridian. 

Rule. —F ind the ami’s mean right ascension at mean noon at 
the given place, and subtract it from the star’s right ascension, 
increased if necessary by 24 hours; and the remainder, which is 
a sidereal interval, being converted into mean time, will bo the 
mean time of culmination. 

Let A’= the star’s apparent right ascension at given time, 

A = II sun’s mean riglit ascension at mean noon preceding 
the transit at given place (Art. 860), 

T’ = fi sidereal time of transit after mean noon, 

T = .1 mean n m h n 

then T'= A' - A, and T = T’ - r, by Art. 859. 

Examples.—!. Wlien will Arcturus culminate at Greenwich on 
tiie 1st of April 1854? 


R, A. of Arcturus, or. 

A' = 

+ 14 h. 

9 m. 0‘82 8. 

R.A. of sun at mean noon, . 

A = 

- 0 

42 

4*21 

Sidereal time of cul. after noon, 

T = 

13 

26 

66*61 

Retardation, 

r = 

- 0 

2 

12*20 

Mean time of transit, . 

T = 

13 

24 

44*41 


, 2. Find the time of the passage of Arcturus over the meridian of 
a place in longitude =62° 15' W. on the 7th of December 1854. 
Longitude in time 62° 15' W. =4 h. 9 m. 

Sun’s registered mean R.A. on 7th = 16 li. 55 m. 21 *88 s. 


Increase or accel. for4 h. 9 m. 

orff 

= -t- 0 

0 

40*90 

Hence .... 

A 

= - 16 

56 

2*78 

And .... 

. A' 

= + u_ 

9 

2*69 

Therefore 

. T' 

= 21 

12 

69*91 

Retardation, or 

. r 

= - 0 

3 

28*65 

Mean time of transit, . 

. T 

= 21 

9' 

31*36 

Or, in civil time, on the 8th, 

at 9 ! 

li. 9 m. 31 

*36 8. 

A.M. 


Exercises 

1. At what time will Sirius culminate at Greenwich on the 17tli 

of December 1854, its right ascension being = 6 h. 38 m. 45*46 s., 
and sun’s mean right ascension, or the sidereal time, at mean noon 
being = 17 h. 39 m. 27*73 s. ? . . . At 12 h. 67 m. 10*06 s. 

2. When did Aldebaran culminate at New York, in longitude 
= 73* 59' W., on the 17th of November 1841, its right ascension 
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t)ein;' 4 h. 26 m. 51 iO r., aii<l the regiHtere<l shlcreal tiiiie at nmii 
noon being = 15 li. 45 in. r. ? . ; At 12 li. 38 tii. 28*06 h. 

866. Problem XlX.— To find the mean time of the moon's 
culmination at any given meridian. 

llCLE I.— Find the Rim’s mean right aseenHiun for the reduced 
lime corresponding to the longitude, and find also the iiifMiirH right 
ascension for the snine time ; Kiibtract the former from tlio latter, 
increaRctl if neceasary by 24 hours, and the remainder will bo an 
approximate time. 

Then as 1 hour diiiiinislied by the difference )»etween the hourly 
variations in right ascension of the sun and moon is to the 
appioximate time, bo Is this difference to a huirth term, wliicii, 
added to tlie approximate time, will give the true time. 

Let A'-“the moons It. A. at the reduced time, 

A n Min’s •! II II II 

T - It approximate time of culmination, 

T= II true time of culmination, 

V* = II hourly variation in U.A. of the moon, 
e r; „ M M M 11 sun, 

r - II fourth term. 

Then r.-=A'-A. 

I - (y' - y) : = - V : r, and T=r 4*r. 

867. The interval of time hetween two succoRsive meridian 
poBsagea of tho moon is called tlie moou's dally retardation. 

If the transit is re<|uired only to aliout a minute of accuracy, 
it can eaBily l>e found by the following rule 

Rule II.— Find the difference lietween the timcH of the pre- 
ceding and succeeding meridian paRKages—that is, the nioorrs daily 
retarriation ; then find the proportional part for the longitude in 
time ; add this part to the first regiBtcrcd time, and the suiii will 
be the reqiiireit time. 

Let P=regiRtereii time of preceding pasRage, 

P =: required time of meridian (>assage, 
t/ - the moon’s daily retardation, 

V = >1 variation for the given longitude in time, 

< = M longitude in time. 

Then 24 : : u, and And PssF+r. 

Example.— F ind the time of the moon’s culininaricn in longi* 
tnde»4(^ 45' W. on the 2nd of May 1854. 
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By the Second Method 
Longitude 40® 45' =2 li. 4B m. 

Time of reg. meridian passage on 2nd May = + 4 h. 13 m. 0 s. 

M It t» 3rd It = 5 3 12 

Retardation in 24 h = 0 50 12 

Hence retardation in 2 h. 43 m. . . = + 0 5 41 

Required time of transit . . — 4 18 41 

By the First Method 

Sun’s m. R. A. at ni. noon on 2nd May = 2 li. 40 in. 17*50 s. 


Increase or acceleration in 2 It. 43 in. 

. = 

f- 


26*77 _ 

Sun’s R.A. at noon at given place. 

A = 

- 2 

40 

44*27 

Moon’s reg. R. A. on 2nd May at 2 h. 

. = 

6 

49 

6*80 

n M II 3 h. 

. = 

6 

. 51 

18*74 

Increase in 1 h., or ... 


0 

2 

11*94 

II 43 m 

. = 

+ 0 

1 

34*56 

Moon’s R.A. at noon at place, 

A' = 

^ 6 

50 

41*36 

Approximate time . -A' -A 

=T'- 

4 

9 

57*09 

Also, by Table of accelerations, . 

V - 

0 111. 

9*858 8. 


Xwdhy Nautical AlmamCi . . y'= 2 11*94 

Hence v'-v=2 2*08 

And 1 -(iZ-v) : T' = v'-w : r. 


Or, 67 in. 67*92 s. : 4 h. 9 in. 57*09 s. =2 m. 2 08 s. : r, 
P.L., 57 m. 57*02 r. . . . = 1*39520 

P.L., 4 h. 9 m. 57*09 s. . . = *76050 

F.L., 2111.2*08 8. . . . = 1*94701 

2*70751 

P.L., 0 h. 8 in. 47*16 s. . . = 1-31231 

And T' = 4 9 57*09 

Hence T = 4 18 44*25 = mean time of transit. 



Let the meridian lie at S at mean noon at the 
given place, and the moon then at M' ; then, if M 
be the position of the same meridian of the earth 
at the culmination of the moon, the meridian will 
have moved over the arc SM, while the moon has 
moved over M'M. Now, if arc SM'=T' in sidereal 
time = A' -A, 


SM =T" in sidereal time, 


T =the mean time corresponding to T", 

A, A'=a mean and sidereal hour respectively, 

Vf i/ »the variations in R. A. of sun and moon in 24A 
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Then 2U' + w ; v'=SM : M'M=:T" : T" -T'. 

Or, 2W-{t/-v ) : 24A' f r -^T' : T 

Rut 24A' + i»:24A' .r':T. 

Tlioi f'foro 24A' - v) : 24/<' 'K' : T. 

By tins propoilion tho rcquiidl tiiiie T niii Im? fouml. Or if 
i\ i»' refer to 1 instead of 24 houi-s, then 

\~W ~e): 1==T':T. 

i )r, 1 - (e' - ?•) : v' - : T T'. 

Or, 1 - (»»' - r ) : T ^ e' - e : r, if r T - T, 

This proportion is the rule, ainl the ealenlation ran he made hy 
proportional lo;;anthtiis, takiti;' those for 24 iumrs for the iirst two 
terms, and for three hours for the third and fourth. 

KXKUnsKs 

1. Find the time of the moon’s meridian passaiije at a phico in 
loiif^ilnde ~ 1<)S 30' \V. on the 27th of Novemlier 1854, the sidereal 
time or sun’s mean ii<(ht itscension at noon on the 27th hein^ 
~ 16 h. 24 m. I7‘70s.. and the moon'K rif^lit ascension on tlio same 
day at U h. =23 h. 17 m. 17 8 s., and at 12 h. = 23 h. 11) m. 23-67 s. 

At 7 h. 5 m. 21ir>H. 

2. Find the time of the moon’s meridian passa^^e at a place in 
loiif(itude = 6H^ 30' W. on the 3lh of Novemls'r 1H41, the rej'istered 
sidereal time on tlie .5th hein;^-:14 h. 38 m. I0-.'J.5 s., and the moon’s 
rej^istcred ri><ht ascension on the same ilay at 4 h. l>cing 8 h. 33 m, 

1 *64 s., and at 5 h. -:8 h. 37 m. 22*13 s. . At 18 h. 17 ni. 15*17 s. 

868. Problem XX. —To And the time of culmination of a 
planet at any given meridian. 

The rule is exactly the same as that in last problem ; only, os 
the increase in ri^^ht ascension of a planet for 24 hours is small, the 
right ascension is given, not for every hour, but only for every 
noon; and tiie meridian passages are given to the tenth of a 
minute. In the first formula of last problem, Iherefon*, when 
ailapted to this one, v and r' arc the daily variations in tight 
ascension of the sun and planet. Hence 

24 ~ ( r" - r ) : T' = t/ - » : r, and 'I* = T' + r. 

When f/< t% r is negative, and T=T'-r. When is negative— 
that is, when the motion of the planet is retrograle— then r is also 
negative, and 

24-(tf + n):T=!n'+n:r, and T=T'-r. 

Example.— F ind the time of the meridian passage of Mars, at a 
place in longitude =45* W., on the 6th of April 1854, 
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By the Second Method 
Longitude in timers li. 2 m. 


Time of registered meridian passage on 6tb 

. = 

+ 9 h. 6 m. 

K It II II 

7th 

. = 

+ 9__ 

1*9 

Retardation in 24 h. . . . 


. = 

0 

4*1 

II 11 3 h. 2 m. . 


. = 

- 0 

0*5 

Time of mcr. passage at given place on 61 b 

By the First Method 

• “ 

9 

5*5 

Registered R.A. of Mam on 6th . 

. ^ 

f- 10 h. 5 in. 

12 *72 8. 

II II M 7th 

. 

10 

5 

5*28 

Decrease in 24 li 

. = 

0 

0 

7 44 

II II 3 h. 2 m. . 

. 

- 0 

0 

0*94 

R.A. at noon at given placi*, 

A^- 

10 

5 

11*78 

Registered R.A. of sun on 6th 


0 

57 

47*09 

Increase or acceleration in 3 h. 2 in. 

. 

0 

0 

29*9 


R.A. of Hun at noon at given place, A 0 58 16 09 

Approximate time . =rT=^A' A - 9 6 54*79 

The motion of the planet being retrognule, 

v' - v= - 0 III. 7*4 8. - 3 111. 5(5*6 8. = 4 m. 4 8., 

ami 24 - (t/ - 1?)=24 h. 4 in. 4 8.* 


P.L., 24 h. 4 III. 

4 

8. = - *00123= - P.L., 23 h. 55 m. 56 s. 

P.L., 9 

6 

54*79 

= + *42045 

P.L., 0 

4 

4 

= + 1*64603 

P'.L., 0 

1 

32*41 

= 2*06771 

r= 9 

6 

54*79 


T = 9 

6 

22*38 

= T' r, the required time. 


Exehci.ses 

1. Find the time of Jupiter*s transit over tlie meridian in longi« 
tude=160® E. on the 10th of January 1854, the registered times of 
meridian passage on tlie 9tli and lOtli being 23 h. 20*8 ni. and 

23 h. 17*9 111 At 23 h. 19*5 m. 

' 2. Find the time of the meridian passage of Jupiter on the 10th 
of September 1854 at a place in longitude =160'’ E., its registered 
right ascension on the 9th and lOtli being =19 h. 17 ni. 6*93 s. and 
19 h. 17 m. 3*55 s., and that of the sun on the 10th being=ll h. 
16 ra. 48*43 s* At 8 h. 0 m. 43*63 s. 

• When ifw, the flret term, 24— (i<— exceeds 24 hours. But it will never exceed 

24 hours by more then 10 minutes, and L1440— L14MsL14M)— L1440, when carried 
only to 5 figures. Hence — U84-(fl'+e)] may be taken Instead of +L(24+if+t], 
and it must be added to the logarithms of the second and third tenns. 



ASTRONOMICAL PROBLEMS 


607 


869. Problem XXI.— To find the meridian altitude of a 
celestial body at a given place, the declination of the 
body and the latitude of the place being given. 

Kule. — Find the declination of the lM)dy at its meridian passaf^o 
at the given place; then take the sum or dili'crcnce of the colati 
tilde and declination, according as they are of the same or of 
different namc.s, and the re.sult will he the meridian altitude. 

Let li, C =the latitude and colatitude, 

D, I* = II declination and polar distance, 

A, A'= II meridian altitudes at upper and lower culmi- 
nation ; 

then A =C±I). 

When the declination exceeds the latitude, the altitude then 
would exceed 90°, ami the supplement is to he taken, wliicli is the 
altitude from the opposite point of the horizon hclow the pidc ; 
or in this case A = L + P. 

When the declination exceeds the colatitude, tlie lower merhlian 
pas.sage will he above the horizon, and the altitude then is 
A'=0-C, or A'=^L-P. 

In all these formuhe the latitude and declination are of the 
same name, except in A=C--I). 


Example.— Required the meridian altitude of the moon at a 
place in latitude = 5(r 20' 10 ' N., and longitude =40' 45' W., on 
the 12th of May 1854. 

Longitmle in time =2 h. 43 m. 

Time of registered pa-ssage on 12th . = -t- 12 h. 16*8 m. 

.1 M II 13tb . = 13 10*6 


Retardation in 24 h. . 

II n 2 h. 43 m. . 

Time of meridian passage on 12th 
Declination on 12th at 12 h. 

II II II 13 h. 


0 59*8 

+ 6*7 

12_ 2 3*5 
19'^' O' .39*5" S, 
19 12 24*4 S. 


Increase in 1 h. . 

II II 23*5 m. 

Hence declination at transit, 

Colatitude 

Meridian altitude, 


. = 0 11 45*0 

. = + 0 4 3 6*5 

D= 19 5 16*0 

C= 33 39 50*0 N. 

A = C-D= 14 34.34*0 


If the apparent altitude were required, this altitude just found 
would require to be corrected for refraction and parallax. 
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Let NS be the 





liorizon, EQ the equator, NZSR a meritUan, 
and B, B', B" celestial lK>dies in the meridian, 
and B6, B7/, and Wb" parallels of declina- 
tion ; then ZE = L. ; and lienee ES = C, and 
A=BS = C-|>1). So when B" is south of the 
equator, B"E ~ D, and B"S = A ; hence 
A=C-I). For the Ixidy B', D>L., and 
B'S = C*f-I) is>90, and A = B'N = 180‘’~ (Ch-D) 
= L hP. AVhen D^L., and of the same name, 
then A' = ^/N = D-C. 


Exercises 

1. Find the meridian altitude of Castor on the 11th of May 

1854 nt a place in latitude =28’ 30' 25", its declination being 
= 32*’ 12' 10-7" N =86“ 16' 30-1". 

2. Find the meridian altitmlc of Jupiter on the 10th of Septem- 

her 1854 at a place in latitude =46“ 35' 28" N., and longitude 
= 160“ E., its registered declination on the 9th and 10th being 
= 22“ 45' 6*0" and 22“ 45' 14*2" S. (See 2nd exercise, Art. 868, hir 
time of transit.) =20° 39' 19*7". 


870. Problem XXII. —Of tbe obliquity of the ecliptic, the 
sun’s longitude, declination, and right ascension, any two 
being given, to find tbe other two. 


Let PEQ be the solstitial colure, EQ the equator, CC' the 
ecliptic, PliP' a meridian through the sun’s centre S. Then A is 
the first point of Aries, C of Cancer, C' of 
Capricorn, and the point diametrically oppo- 
site to A is the fii-st point of Libra ; also, 

AS =L is the sun’s longitude, 

AK=A II II right ascension, 
SR=D II It declination; 
angle SAR=0 is the obliquity of the ecliptic. 
Now, the triangle ARS is right-angled at R, 
and any two parts of it, except the right angle, being given, the 
other two can be found by the rules of right-angled spherical 
trigonometry. 

Example. — The sun’s registered longitude on the 11th of 
May 1854 was =60° 25' 39-4", and the obliquity of the ecliptic 
=23° 27' 34*26"; find the sun’s declination and right ascension 
At mean noon at Greenwich. 
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In the trianj'le ARS are given AS = L=rjO'' ‘25' 39*4", jiml angle 
SAR=:0=:23“ 27' 34 26". 

To find AR“A To find R8=D 

L, cot L . :: 9*9172221 L, radius . . -10* 

L, radius . . =1()* L, sin O . . = 9*5999732 

L, cos 0 . . = 9*962;'>311 L, sin L . . = 9-S.S69532 

L, tan A . . = 10*0453090 L, sin 1) . . = 9*48G9‘264 

And A=47"59'0*12" = 3h. 11 m. 5G1 s., and I)=17’52' 10*‘2". 

When the longitude exceeds 90“, so will the right ascension. 
Since right ascension is reckoned from the vernal equinox, and 
since the equator and ecliptic intei-sect at two points <liaiuetrically 
opposite, it is evident that to any particular tleelination there 
belong four different right ascensions, and of these tlie one re^ 
quired must be determined )>y the time of the y(‘ar. 

Exkrcisks 

1. The sun’s longitude on the 10th of June 1854 will be 
= 79“ 13' 1*8"; what will be its declination and right ascension, 
the obliquity of the ecliptic l»eing=2;r 27' 34 04 "? 

1)=2.3' V 161' N., and A =5 h. 13 m. 5 s. 

2. The obliquity of the ecliptic on the 20lh of July 1854 being 
=23“ 27' 34*47", and the sun’s declination = ‘20' 42' 11*7" N., re- 
quired its right ascension ami longitude. 

A=7 h. 57 in. 46*25 s., and L = 117“ 22' 23*3". 

3. 'rite sun’s right ascension and declination on the 8th of 
September 18,54 will bo=ll h. 6 in. 30*79 s., and 5' 43' 52*4" N. ; 
what will be its longitude and the obliquity of the ecliptic? 

L = 165“ 28' 20*7", and 0=2.3“ 27' 34*1". 

4. On the 27th of December 1854 the stin’s longitude and right 
ascension will be =275“ 28' 44*8", and 18 h. 23 m. 52*67 s. ; required 
its declination and the obliquity of the ecliptic. 

D = 23' 20' 49*3", and 0 = 23“ 27' 37 *7 

371. Problem XXm.— Having given the longitude and 
latitude of a celestial body, to find its right ascension and 
declination; and conversely, the obliquity of the ecliptic 
being supposed known in both cases. 

Let M be the moon or any celestial l>o<ly (last fig.), and TMT' 
an ecliptic meridian ; then 

AL = I/ is its longitude, reckoning from the nearest pre- 
ceding equinox, 
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Tisrtlic true longitude, 
iH itH latitude, 

AU=A' is its nj»ht ascension, reckoned from the nearest 
preceding' equinox, 

A = true right ascension, 

Mll = D is its declination, 
angle SAK=(3 the obliquity of the ecliptic. 

Let AM = H its distance from preceding equinox, 
angle MAK = E, and MAL = C; 

then E = 0±C, according as M is without or within the 
angle of the equator and ecliptic ; 
and C = E ~ O. 

£xAMPLE.~lf the moon’s longitude on the 2nd of August 1841, 
at noon at Greenwich, 1)6=310” 50' 1", its latitude =0” 10' 1" N., 
and the obliquity of the ecliptic =23“ 27 ' 42", requirwl its right 
ascension and declination. 

Here i; = KK)” 60' 1", /=0“ 10' I" N., and 0=23“ 27' 42", and M 
is between the equator and ecliptic. 

In triangle MAL 

To find H To find C 

L, radius . . =10* iL, tan^ . . = 7*4044500 

L, cos 1/ . . = 9*8154878 L, radiirs . . =10* 

L, cos/ . . = 9*9999982 L, sin L' . . = 9*8788730 

L, cosH . . = 9*8154800 L, cot C . =12*4144224 

And H = 130“ 50' 0*2". And C=0“ 13' 14*4" 

Hence, also, E=0 - C=23“ 14' 27 *6". 

In triangle MAR 

To find D To find A 

L, radius . . =10* L, cot H . = 9*9366113 

L, sin H . . = 9*8788749 L, radius . . =10* 

L, sin E . . = _?:59615a') L, cos E . . = 9*963 2462 

L, sinD . . = 9*47^314 L, tan A' . . =10*0266359 

And D= 17" 22' 16". And A' = 1:13" 14' 38*7". 

Hence A=A' + 180=313“ 14' J8*7"=20 li. 62 ni. 58*58 s. 

Exercises 

1. On the 19th of May 1854, at noon at Greenwich, the moon’s 
longitude was =331“ 3' 6*7", and its latitude =5“ 17' 22*3" S. ; 
required its right ascension and declination, the obliquity of the 
ecliptic being =23“ 27' 34". 

A=22 h. 20 m. 11*62 s., and D=16“ 2' 61*3". 
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2. On the 17th of Septeml)er 1854 the rei'intered light ascenftion 
of the moon at noon will be 8 h. 10 m. 31*05 and its declination 
=24® 47' 45*7" N. ; what will be its longitude and latitude at the 
same time, the obliquity of the ecliptic being =23® 27' 35*65"? 

L = 1 19® 24' 41 *8", and /=4® 36' 32*45". 


872. Problem XXIV.— The right ascensions and declina- 
tions, or the longitudes and latitudes, of two stars being 
given, to find their arcual distance apart. 

Let PNP' be the solstitial colure, A the vernal equinox, MN 
the equator, P its pole ; 1), E two celestial bodies, of which All, 
AC are the right ascensions, and 1)H, K(’ the 
declinations. Then in triangle DPE arc given 
the codeclinations PD, PE, and angle P=the 
difference of their right ascensions ; hence there 
are known two sides and the contained angle, 
and therefore the distance DE can l^e found. 

When the latitudes and longitudes of two 
Ixidies are given, their distance is found exactly 
in the same way. When one of the IkmIIcm, as E', is on the opposite 
side of MN, then PE'=90 + CE'. 

Let C, C' = the complements of their declinations, 

P = »i difference of their right ascensions, 

D = their distance ; 

then (Art. 779), R : cos P=tan C ; tan ^ . 
and cos B : cos (C' - ^)=co8 C : cf>s D 

Or D can be found, though not so concisely, by the methoil in 
Art. 774. 



fl]. 

[3]. 


Example.— Find the distance between Capella and Procyon on 
the 21st of January 1841, their right ascensions being=5 h. 4 in. 
59*77 8. and 7 h. 31 in. 0*79 s., and their declinations =45® 49' .58*2" 
N. and 5® 37' 37*9" N. 

Here P=2 h. 28 in. 1 *02 s. =.%® 30' 15*3". 

C=44® 10' 1 *8", and C'=84® 22' 22*1". 


To find 
L, radiils 
L, cos P 
L, tan C 
L, tan $ 

And ^=37® 58' i 


be ajTc 9 
. = 10 * 

. = 9*9051549 
. = 9*9873727 
. == 9*8925276 
5". 


To find the distance D 


L, cos B 
L, cos (C' - B) 

L, cos C 

L, cos n 
And 0=51® r 10*5". 


= 9*8966.390 
= 9 8386823 
= 9*8557069 
19* 6943892 
= 9*7977502 
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When the difference of the right aRcension« exceedf? 12 honre, 
odd 24 hourfl to the lefts, and from the huiii ftuhtrnct the greater, 
and tlie difference will be the included angle at the pole. 

Exercises 

1. When the latitudes of Sirius and Procyon were =30® 34' S. 

and 15" 58' S., and their longitudes = 101® 14' and = 112® 56', what 
was their distance ? =25® 42' 52". 

2. Find the distance of Iligel and Kegulus on the 1st of August 
1854, their right ascensions being 5 h. 7 ni. .33 s. and 10 h. 0 ni. 37 s., 
and their declinatioiiH = 8® 22' ,30" S. and 12® 40' 34" N. 

= 75® 45' 44*7". 


873. Problem XXV.— Given the latitude of the place, 
the declination and altitude of a celestial body, to find 
its azimuth. 

Let HZR be the meridian of the place, HK the horizon, and Z 



the zenith ; EQ the e<iuator, and P its pole ; 
S the body ; then 

ZS = Z =zenith distance or coaltitudc, 

PS = P = body’s polar distance or codeclina- 
tion, 

PZ = C = colatitude, and angle 
PZS = A=suppleinent of azimuth AZR from 
south. 


Hero P, C, Z are given ; and hence A can be found by Art. 769 ; 
thus, if S = J(P + C-l-Z), then 

2L cos iA = L sin S + L sin (S- P) + L cosec C 4- L cosec Z - 20. 

If the Imdy’s declination is south, as at S', while the given 
latitude is north, the polar distance PS'=90®-fDS'. 

Example.— W hen, in latitude =44® 12' N., the sun’s altitude 
was = 36® 30', its declination l)eing=15® 4' N., what was its 
azimuth ? 

Here P= 74® 56' L, sin S . . . = 9*9994498 

C= 45 48 L,sin(S-P) . . = 9*3243657 

and Z = 53 30 L, cosec C . . . = *1446,350 

2)174 14 I-** cosec Z . . . = *094 8213 

Hence S= 87 7 2)1986 31718 

AndS-P= 12 II L, co8}A, . . . = 9-781o8S9 

Hence iA=62* 47' 17-3", and A=105'’ 34' 34 r=tlie azimuth 
from the north. 
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Exercises 

1. When, in latitude =48® 51' N., the buii’s declination iB=18* 

30' N., and its altitude = 52'' 3.V, wliut is its a/itnulh from the 
north? “i:U 36'7". 

2. If, ill latitude = 51° 32' N., tlie altitude of Arctiirus was found 

to be=44° 30', wlien its declination was=20° 16' N., what was its 
azimuth from the north ? =117® 8' 28". 

3. When, in latitudesfir 32' N., the sun’s altitude wa8=25®, 

and its declination = 4® 47' S., what was its a/imutii from the 
north? 137° 17' 37". 


METHODS OP DETERMINING TIME 

374. Problem XXVI.— Given the latitude of the place, 
the sun's declination and altitude, to find the hour of the 
day in apparent time. 

The angle P (last fig.) in triangle SPZ is evidently the horary 
angle. If this angle be denoted by II, then (Art. 769) 

2 L cos = L sin S + L sin (8 - Z) + L cosec P + L cosec C - 20. 

Example.-— O n the 8th of May 1854, at 5 h. 30 m. 32 s. p.M. 
per watch, in latitude = 39° 54' N., and longitude =80® 39' 45" W., 
the altitude of the sun’s lower limb wa.s observed to lie 15° 40' 57"; 
required the error of the watch. 

Given time = ^ h. 30 ni. 32 s. 

Longitude in time . . . . = 6 22 39 

Greenwich time =10 53 11 


1. To find the sun’s declination 


Sun’s registered declination on 8th 
li It II 9th 

Increase in 24 h. ... 
Hence increase in 10 h. 53 m. 11 s. 
Required declination . 


= 17® 4' 30" 
= 17 ^45^ 
= 0 16 ~9 
= 0 7 19 
= 17 11 55 


2. To find the sun's true altitude 


Observed altitude . 
Refraction 
Semi-diameter . 
Contraction 
Parallax . 

True altitude of centre 


15® 40' 57" 
- 0 3 21 
f- 0 15 52 
0 0 3 
+ 0_0 8 
15 53 33 



514 


ASTRONOMICAL PROBLEMS 


3. To find the horary angle 


Z = 74 " 6 ' 27 ' 
P = 72 48 5 
C == 50 fl 0 
2)197 0 32 


L, win S 
L, sin (S - Z) 
L, cosec P . 

L, cosec C . 


S = 98 30 16 

S-Z = 24 23 49 L,cos JH . 

Hence iH-4r 42' 9*5", 


and H = 5 li. 33 ni. 37*28 s. = apparent time. 

Time by watch =6 30 32 


Watch slow by 0 3 6-28 for n 


= 9*9951982 
= 9*6160088 
= *0198668 

= *1151111 

2 )19*7461849 
= 9*8730924 


Exercises 

1. In latitude =52° 12' 42" N., in the afternoon, the true alti- 
tude of the sun’s centre was = 39° 5' 28", when its declination was 
= 16° S' 10" N. ; what was the apparent time of observation ? 

=2 h. 56 m. 42*7 s. 

2. In latitude =24° 30' N., in the forenoon, the true altitude of 
the sun’s centre was found to l)o 33° 20', when its declination was 
=6° 47' 50" S. ; required the apparent time of ol)servation. 

=8 h. 45 m. 57*4 s. A.M. 


875. Problem XXVII,~Qiven the latitude and longitude 
of the place, the right ascension and declination of a fixed 
star and its altitude, to find the mean time. 

Rule.— Find the horary distance of the star from the meridian ; 
then 6nd the sun’s mean right ascension at the preceding mean 
noon at the given place, and subtract it from the star’s right 
ascension, increased if necessary by 24 lioiu's; to this interval 
apply the horary angle by addition or subtraction, according as 
the sUr is west or east of the meridian, and the result is the 
sidereal interval from mean noon, and its corresponding interval 
of mean time will be the required time. 

As in last problem, 

2L cos 4H = L sin S + L sin (S-Z)+L cosec P+L cosec C -20. 

Let A = sun’s mean R. A. at preceding noon at place, 

A’ = star’s right ascension, 
d =the difference of A and A', 

5 as M sidereal interval from mean noon, and m, r the 
corresponding mean time and retardation ; 
then d =sA'-A, s^d ± H, and 
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Example.— At a place in latitudc=48° 56' N., and longitude 
=66° 12' W.f the true altitude of Aldcbaraii, which was w'est of 
the meridian, was =22° 24' on the 10th of February 1864; what 
was the mean time of observation ? 


Star’s dec. = 16° 12' 43" N, and U. A. =4 h. 27 m. 33*3 a. 


Z = 67" 36' 0" 
P = 73 47 17 
C = 41 4 0 
2 )182 2 7 17_ 
S = 91 13 38' 
S-Z = 23 37 38 


L, siu S 
L, sin (S-Z) 
L, cosec P 
L, cosec C 


L, cos JH, 


= 9*9999004 
= 9*6029108 
= *0176222 
= i824765 

2 ) 19 * 86^9 
= 9*9014549 


Hence 4H=37° 9' 21*7'', and H = 4 h. 57 m. 14*9 s. 


Sun’s reg. RA. or sidei*eal time on 10th = 21 h. 20 in. 56*6 a. 

Acceleration for long. 4 h. 24 in. 48 a. W. = -I- 0 0 43*5 


Sun’s RA. for noon 
Star’s II II 

Hence 

and 

and retardation 
Mean time required 


place, . A = 
I. . A' = 

rf=A'-A = 
S=cf II = 


+ 21 21 40*1 

4 27 33*3 

7 5 53*2 

12 3 8 1 

- 0 1 68*5 

12 1 9*6 


Let A be the lii*st point of Aries, MP the meridian of the place, 
B the place of the star, and S of the mean sun at 
time of observation. Then, if since noon the sun’s 
increase of mean right ascension lie SS', the sidereal 
interval at noon between the .sun and stari8 = BS', 
and as B has pas.sed the meridian by the horary 
arc BM, the sidereal time from noon till the obser- 
vation is expressed by S'M = S'B + BM = + H 

“A'-A + H. And when the star is east of the meridian when 
observed, as at B', the sidereal time from noon = S'M=S'B'-B'M 
-A'-A-H. And this interval, reduced to mean time, gives that 
required. 



Exercises 

1. If, at a place in latitude = 53° 24' N., and longitude =25* 18' W., 
the altitude of Coronas Borealis when east of the meridian was 
found to be=42° 8' 60" on the 31st of January 1841, its right asceti* 
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niim beiiig=15 h. 27 in. 58 it8 declination =27° 16' 12" N., and 
the registered mean right ascension of the sun =20 h. 42 m. 8 s., 
find the mean time of observation. 

n = .3 h. 40 m. 19'3 s., and the mean time=15 Ii. 2 m. 45'8 s. 

2. Find the hour of observation in moan time at which the 
altitude of I’rocyon was = 28® 10' 13", when east of the meridian 
in latitude =7° 45' N., its declination being =6'* 41' 62" S., its 
right ascension =7 h. 29 m. 30 s., and that of the mean sun at 
mean noon = 11 h. 4 m. 40 s. 

H = 4 ii. 2 rn. 0*5 s., and time =16 h. 20 m. 8 5 s. 

876. The equation of equal altitudes is a. correction, generally 
of a few seconds (and seldom exceeding half-a-minute), that must 
bo aiiplied to the middle time between the instants of two obser- 
vations at which the sun has equal altitudes in the forenoon and 
afternoon. It depends on the change of the sun’s declination in 
the interval between the observations. 

877. Problem XXVIII. —To find the equation of equal 
altitudes. 

Let L=iho latitude of the place, 

I = II interval of time expressed in degrees, &c., 

P= II sun’s jiolar distance, 

v's variation of declination in 24 hours in seconds, 

V = w It interval I in seconds, 

£=the equation of equal altitudes in seconds. 

Then an arc called arc first, is such that 

L, tan B-ht cot L+L, cos U - 10 ; 
ami if ^ is another arc, called arc second, then 0 = P - 
And L, E=L, cot JI + L, co.sec ^ + L, cosec P + L, sin 0 
+ L, I + L, u'+45*3645, 

in which the quantity I in L, I is expressed in minutes. The 
logarithms require to be carried only to four places. This rule is 
approximate, but it will give the result correct to a small fraction 
of a second. The polar distance at the nearest noon may be used, 
08 any small change in it or in the latitude produces a very small 
effect on the equation. 

Example.— Find the equation of equal altitudes for an interval 
of 7 h. 45 in. 30 s., and latitude =46° 30' S., on the meridian of 
Greemvich, the sun’s declination being =7° 10' N. 

Here L=46“ 30' S., 1 = 7 h. 45 m. 30 s., ir=58° 11'. 

P=97° 10' N., I m. =465*6 m., v'=22' 14"= 1334". 
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L, cot L . . = 9*97725 

Constant 

. = 45 *,3645 

1., cos^r. . =9*72198 

L, cot il® 

. = 9*7927 

1,, tan e, 26” 35' = 9 -69923 

L, cosec 0 

. = 1()*.3492 

P = 97 10 

L, cosec P . 

. = 100034 

0 = 70 35 

L, sin if> 

. = 9*9740 


L, I m. 

. = 2*6679 


L, y' . 

. = :M‘251 


L. E 18*9 s. . 

. =‘ 1*2774 


Hence the equation of equal altitudes is 18*9 ». 


It is evident that when tlie declination of the sun has varied 
in one direction during tlie interval hetween two equal altitudes, 
the intervals between the nieridiaii passage, or apparent noon, 
and the instants of the two observations are diUcrent. When 
it increases, the interval in the afternoon will exceed that of the 
forenoon, and conversely when it diminishes. For a demonstration 
of the rule, see Kiddie’s treatise on Navigation and Nautical 
Astronomy. A slight alteration has been made here which 
improves it a little. Instead of L, wliere v is the variation 
due for the interval I, and which requires v to be separately 
calculated, there has been introduced above the constant 5*3045, 
L, I m. and L, v\ 

For 24 : 1 =y' : y ; and hence L, y = L, I + L, y' - L, 24. 

And if v', V are in seconds of space, and 24 and I m. in minutes 
of time, then, since 24 h. = 1440 ni., and L, ;,\y=:L, y- L, 30; 
therefore, L, j^y = L, I m. + L, y’ + 5*3645. 

Exercise 

If at a given place, when the sun’s declination at noon was 
= 17’ 54' N., the sun had equal altitudes at an interval of 5 h. 
40 m. Os., the latitude of the place being =57® 10', what was the 
equation of equal altitudes ? . . . . . . = 14*36 h. 

878. The middle time for the times of observation of two equal 
altitudes of the sun is half the sum of the times. 

879. Problem XZIX.-<To find tbe time by equal alti- 
tudes of the sun. 

Rule. — ^Apply the equation of equal altitudes to the miildle 
time by addition or subtraction, according as the polar distance is 
increasing or diminishing, and the result is the time shown by the 

riM.K^ 2 H 
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clock at apparent noon ; find the moan time at apparent noon, and 
the dinercnee between it and tlie preceding time will bo the error 
of the clock. 

When a chronometer is used for the times of observation, api)ly 
the longitude in time to the mean time at ai>parcnt noon, and the 
result is the mean time at Greenwich at that instant; and the 
ditrerence between it and the time found by the chronometer for 
the same instant will be the error of the chronometer. 

ExAMPiiK.— At a given place the altitude of the sun was the 
same at 9 h. .34 m. 20 s. A.M., and 2 h. 32 m. 20 s. p.m. ; required 
the error of the clock, the polar distance being decreasing, the 
equation of etjual altihides .-S‘4 s., and the equation of time 
= 1 111 . 57'0 H. to be aihled to apparent time. 


Time of first observation 


21 h. 

:u III. 20 s 

II second II 

. = 

2 

32 2(i 



24 

6 46 

Mhldle time of observation . 

. = 

12 

3 43 

Equation of equal altitudes 

. ■■= 

- 0 

0 S*4 

Time by clock at apparent noon . 

. = 

12 

3 .34 0 

Mean time m n n 

. = 

12 

1 57-6 

Clock is fast ,1 II II 

. r= 

0 

1 37 


Instead of only two observations being taken, several corre- 
sponding pail's may be taken, and the sum of the times of observa- 
tion in the forenoon being divided by their number, and also the 
sum of the afternoon observations being similarly divided, the 
quotients are the mean times of observation, which are then to 
be treated as the two times of observation. The times of observa- 
tion ought to be more than two hours distant from noon. 

Exercises 

1. At a given place the altitude of the sun was the same at 

8 h. 4 m. 54 s. and 4 h. 2 m. 36 s, ; required the error of tlie clock, 
the polar distance being increasing, the equation of equal altitudes 
= 12*4 s., and the equation of time=4 m. 16*7 s. to be subtracted 
from apparent time Clock fast 8 m. 14*1 s. 

2. Suppose that at a given place the altitude of the sun was the 

same at 9 h. 40 m. 2 s. a.m. and 2 h. 10 m. 25 s. p.m. ; required the 
error of the clock, the polar distance being decreasing, the equation 
of equal altitudes =14 *5 s., and the equation of time =3 m. 50*2 s., 
to be added to apparent time. . . . Clock slow 8 ni. 51*2 s. 
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880. Problem XXX.— Qiven the latitude of the place 
and the declination of a celestial body, to find its ampli- 
tude and ascensional difference. 

Let HZR lie the nicriilian of the place ; EQ tlic equator, P its 
pole; 11 li the horizon, Z the zenith, ami H the 
hotly in tlic horizon when rising ; then in the 
triangle ODB, D is the riglit angle, 0 is the 
colatilmle, HI) the declination, OH the am- 
plitude, 00 the ascensional ilifiercnce, and 
KO + OI) the semi-diurnal arc. When the 
declination is south, OB' is the amplitude, OIV 
the ascensional difference, and EO-OO' the 
semi-diurnal arc. Wlien the body is setting, the figure is exactly 
similar. 

It is evident that if any two parts of the right-angled triangle 
OBI) are given, the other parts can be found. 

Let angle BOD = C the colatitude, 

HI) =0 »i declination, 

OB =M II amplitude, 

00 11 a.scen.sional difference, 

BW = I II Bemi-diurnal arc. 



To find the amplitude OB 
R . sin BD=sin 0 . sin OB, or sin C : R=sin 0 : sin M. 


To find the ascensional difference OD 
11 . sin OD = cot O . tan DB, or R ; tan O = cot C : sin N. 
Then I=6h. ±N. 


Example. — W hen the declination of a celestial l>ody ifl=14® 15' 
N., what is its amplitude and ascensional difference in latitude 
=:36M5' N.? 

Here * C=53M5', D=14M5'. 


To find the amplitude M 


L, sin C 
L, radius . 

L, sin D . 

L, sin M 

AndM=:17*53'28' 


9*9037701 
= 10 * 

= 9*3912057 

= 9*4874356 
'N. 


To find N 

L, radius . . = 

L, tan D . . = 

L, cot C . . = 

L, sin N . . = 

And N = 10* 65' 56". 


The semi-dinmal arc 1=6 h. N=6 h. 43 m. 43*7 s. 


10 * 

9*4047784 

9*8731668 

^9*2779452 
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Exercises 

1. Tlic declination of a celestial botly 18=37® 34' N. ; what is its 
amplitude and ascensional difference in latitude =46® 8' N. ? 

M=6r 37' 4*5" N., and N=3 h. 32 m. 36*4 s. 

2. The declination of a celestial body is = 26® 3' 63" S. ; what is 
its amplitude and semi diurnal arc in latitude =56° N. ? 

M=50® S.y and 1=3 h. 2 m. 45*4 s. 


881. Problem XXXI.— To find the apparent time at which 
the sun’s centre rises or sets at a given place. 

Find the sun's zenith distance when its centre appears on the 
horizon ; then, its polar distance and the colatitude being known, 
find the corresponding semi diurnal arc, and this arc, converted 
into time, will be the time of rising or setting before or after 
apparent noon. 

The sun's zenith distance, when the apparent altitude of its 
centre is zero, is found by subtracting its parallax from the sum 
of the dip and horizontal refraction, and adding the remainder 
to 90*. 

The declination to be used is of course that at rising and 
setting, which can be found by fii-st determining the semi-diurnal 
arc, as -in last problem, sup]>oBing the declination to be that 
at noon at the given place; and then the approximate times 
of rising and setting are known, and the longitude being also 
known, the reduced time, and hence also the reduced declina- 
tion, can be found. 


Example.— Find the mean time of the apparent rising of the 
sun's centre on the 24th of May 1841 at a place in latitude =65* 
67' N., and longitude =25® 30' W., the observer’s eye being at the 
height of 24 feet. 

Approximate apparent time of rising on 23rd = 15 h. 38 m. 
Longitude in time = 1 42 


Reduced time of rising on 23nl 
Hence reduced declination . 
Horizontal refraction . 
Depression .... 
Horizontal parallax 

Depression of centre 


= 17 20 

= 20* 44' 29" N. 

= 0 33 51 

= 0 4 47 

= ~ 0 0 9 


= 0 38 29 
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By (Art. 769), 2 L cos = L .sin S + L sin (S - Z) 

+ L cosec P + L cosec C - 20. 


HcroZ = 90° 38' 29" 

li, .sin S 

. = 9-9967739 

P = 69 13 31 

L, sin(S-7.) 

. = 9*0426439 

C = 34 3 0 

L, cosec P . 

. = 10-021)1009 

2)193 57 0 

L, cosec C . 

. = 10-2518770 

S = 96 58 30 


2)19-3^3957 

S - Z = 6° 20” 1" 

li, cos . 

. - “9-0601978 

AndJH= 62 47 8 

And H=8 h. 22 m. 

17-8 s. 


Hence apparent time of rising on 24tli is 3 h. 37 ni. 42 2 s. a.m. 
Equation of time . . . - - 0 3 .30-9 

Mean time of rising . . . = 3 34 1 1 *3 


Exerci.se 

Find the mean time of the .setting of the sun on the 20th of July 
1841 in longitude =35® 45' E., and latitude =55® 57' N., the eye of 
the observer being 20 feet high, its registered declination on tlio 
20th and 2l8t l>eing=20® 40' 38" and 20® 29' 12", and the equations 
of time =5 m. 58*7 8. and 6 m. 2 1 s. , . At 8 h. 27 m. 9*3 s. 

882. The time of a star’s rising or setting may be foiuid thus :~ 
Compute the star’s semi-diurnal arc, and it will be tlie sidereal 
interval from its rising to its culmination, which is to be reduced 
to the mean solar interval by Art. 858 ; tlien find the mean time of 
the star’s culmination by Art. 865, and apply to it the preceding 
interval by subtraction for the mean time of rising, and by addition 
for the time of setting. 

The time of the moon’s rising or setting may be found thus 
Find approximately its semi-diurnal arc, considering its declination 
and horizontal parallax to be that at the nearest noon ; and find 
the time of its meridian passage ; then the approximate time of its 
rising or setting is known. Compute its declination and parallax 
for the reduced approximate time of rising, and find again its 
semi-diurnal arc ; then 24 hours is to the semi-diurnal arc found 
as the daily retardation to a fourth term, which, added to the 
preceding arc, will give the interval between the rising or setting 
and the meridian passage in mean time. For a sidereal day is to 
any sidereal arc as a lunar day (expressed in meiin time) is to the 
corresponding lunar arc (expressed also in mean time). Then the 
sum or difference of this interval and the time of transit will be 
the time of rising or setting. 
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Let H = 8cnii-(Uurnal arc in niclereal time, 

H' = correHponding lunar arc in mean time, 

U = iiiooii’h daily retardation „ m 
r = M retardation for arc IF in mean time, 

F = the mean time of transit, 
f = II M riHing or setting ; 

then 24 : R = H ; r, or RL, r=P.L, 11+ RL, H, 

and H' = H then t = t' ± H', 

where the upper sign refers to the time of setting, and the lower 
to the time of rising. 

The same method applies in iinding the rising or setting of tl«e 
planets ; but when i?' < v, or when v' is negative (Art. 868), r is 
negative, and IF = H - r. 

Exerci.se 

Fiml the mean time of the rising of the moon for tlie data of the 
example in Art. 867 ; having also given the moon's declination on 
the 2nd of May at noon=26'*2F 62-9" N., its horizontal parallax 
on tlie 2nd at noon and midnight=54' 9*5" and 54' 10*8", and its 
declination on the Ist at 21 h.=26'’ 2F 49", and at 22 h. = 
26® 2F 68", the horizontal refraction being =33' 50 ", and the 
latitude of the place =54® 30' S. . . =7 h. 1 m. 46*7 s. a.m. 

METHODS OF FINDING THE LATITUDE 

883. Problem XXXII.— Given the declination of a celes- 
tial body; and its meridian altitude, to find the latitude 
of the place of observation. 

Call tlie true zenith distance of the object north or south ^ accord- 
ing as the zenith is north or south of the l)ody ; then, when the 
zenith distance and declination are of the same name, their sum is 
the latitude also of the same name ; but when of different names, 
their difference is the latitude of the same name as the greater. 

Wlieii the body is at the lower culmination, the latitude is equal 
to the sum of the altitude and polar distance, and is of the same 
name as the latter. 

That is, L=ZiD, or L = A' + P, where A' is the altitude for the 
low*er culmination. 

Example.— On the 2nd of May 1854, in longitude =60® 15' W., 
the observed meridian altitude of the sun’s lower limb was 
70® 31' 18" S., the height of the eye being = 15 feet; what is the 
latitude ? 
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Observed altitmle, 

. A' 

' 70" 

31' 

IS" 

l)t*pres.sion, .... 

. (/ 

r - 0 

J1 

45 



70 

27 

:w 

Refraction, .... 

. . r 

- 1 - 0 

0 

20 

'I’me altitude of lower limb . 


= 70 

27 

13 

Sun's seiiii'diameter . 


- + 0 

15 

53 

Parallax .... 

. 

- h 0 

0 

3 

'I’nie altitude of centre, 

. A 

70 

43 

9 


Longitude 50'" 15' \V. = 3 li. 21 in. 

Uegi-stered declination on 2iid May . - 15" 21' 5*2 '2" N. 

Iiicimse in 3 li. 21 in u 2 28'!l 

Declination at given time, . . . D := 15 24 21*1 N. 

Zeiiitli distance = lU uj 51 

Latitude, L ^ 34 41 I 2 T N. 

Tlie principle of the rule is etusily explained l»y a reference to the 
ligure in Art. 869. Let B be the hodj*, then the zenith distance 
ZB and the declination BK are of (he same name, whether B he 
the south or the north p<de ; ami the latitude KZ is their Hiim, and 
of (he same name. If B" he the IkmIv, then the zenith distance 
B"Z and <leclination B"K are of did’erent names, and (he latitude 
EZ = B"Z - B"E. So when B' is the Imdy, Z and I) are of din'erent 
names, and EZ = EB'-ZB'. Let // lie tin* body at the lower 
culmination, A'=i>'N, and P=//P; then L=A' + B. 

EXEK(T.Sl!:.S 

1. If tlie true altitmle of Aldcharan, at a place in Iongitude= 
48'’ 30' W., on the 20th of May 1854, was -54" 20' 35" S., re<piired 
the latitude, the star’s declination being - 16' 12' 45" N. 

-5r 52' 10" N. 

2. If the nieriilian altitude of the moon’s centre on the 2nd of 
May 1841, in longitude = 40" 45' AV., wa.s=25® 13' 45*2" S., when its 
declination was =8” 26' 3*8" S., what was the latitude of the place? 

= 56' 20' 10" N. 

fiS4. Problem XXXIII —Given the sun's declination and 
altitude, and the hour of the day, to find the latitude of 
the place. 

Let the parts of the triangle PZS in Art. 873 represent the same 
quantities as in that problem ; then the polar distance P=PS, the 
zenith distance Z=ZS, and the horary angle H = SPZ are given, to 
find the colatitiide C=PZ. 
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The side PZ can be obtained by the method in Art. 776, or, 
more conciBely, by that in Art. 781. In it the quantities a, 6, 
A, and c are respectively the same n.s Z, P, H, and C in this 
problem. Hence Jl . tan P . cos H, 
and cos P : cos Z=cos 0 : cos 6). 

The algebraic sign.s of tlie tcrin.s indicate whether tliesc arcs are 
greater or le.ss than quadrants. 

Example.— On the 8th of May 1854, at 5 h. 33 m. 33*4 s. apparent 
time, the altitude of the sun’s lower limb was observed to be= 
16" 40' 67", the longitude of tlie place being =80" 39' 45" W. ; what 
was the latitude? 

TIic declination of the sun at the time of observation is found to 
have been = 17“ 12', and the true altitude of its centre = 15° 53' 37" ; 
hence P = 72° 48', Z = 74° 6' 23", and 11 = 83° 23' 21". 


To find the segment o 
L, radius . . =10* 

L, cosH . . = 9-0(511695 

L, tan P . . = 10-, '>092068 


L, tun d . . = 9-5704363 

Hence (?=20° 24' 2". 


'rherefore the colatitude, or . 
And therefore the latitude, . 


To find the segment (c~0) 


L, cos P 
L, cos Z 
L, cos $ 


9-4708631 

9*4.375159 

9*9718687 

19*409.3846 


L, cos(c-^) . = 9-9385215 

Hence (c-^) . = 29° 46' 21" 

0 = 20 24 2 
. C = 60 10 23 
. L = 39 49 37 


Exercises 

1. At a given place in south latitude, when the sun’s declination 
was=15° 8' 10" S., its true altitude was = 39°5'28" at 2 h. 66 ra, 
42*7 s. p.M. ; required the latitude of the place. -=52° 12' 42". 

2. At a place in north latitude, when the sun’s declination was 

= 6° 47' 50" S., its true altitude was =33° 20' at 8 h. 46 in. A.M. ; 
requii^ the latitude =24* 31' 10*3" 


885. Problem XXXIV.— Given two altitudes of the sun or 
of a star, and the interval of time between the observa- 
tions ; or the altitudes of two known stars, taken at the 
same instant, to find the latitude of the place. 

Let P be the pole, Z the zenith, and B, B' the body in two 
different positions, or two different bodies. Then PB, PB' are 
the polar distances, and ZB', ZB the zenith distances ; these four 
quantities being given. Also, when B and B' are the sun in two 
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<lifferent positions on the same day, or of a star on the same ni^lit, 
or of two dittercnt stars at the same instant, the angle wliich 
measures the elapsed time, or the diircrcnce of 
right ascensions of two ditFcrent stars, is known. 

But in the second case, when B, B' are two 
different stars, and the elapsed time between 
the oliservations is measured in mean time, it 
must be reduced to sidereal time. Hence the 
latitude may be found thus 
Let P, P' = the polar distances PB, PB', 

Z, 7J — ti /cnith m BZ, B'Z, 

H = M angle BPB', 

E = II side BB', 

and L, C = n latitude and colatitude ZE and ZP. 

1. To find angle B' in triangle PBB' 

By Art. 774, sin i(P + P') ; sin i(P-F)-cot : tan {(B^IV), 

and cos J{P f P') : cos i( P P') = cot ^ II : tan l ( B + B'). 

From which B and IV can be found. 

2. To find E in triangle PBB' 

Sin J(B^B') : sin i(B + B') = tan J(P'^P') : tan ^E. 

8. To find angle B' in triangle BZB' 

By Art. 769, 2 L cos JB' = L sin S + L sin (S - Z) + L cosec 
E + L cosec Z' - 20. 

4. To find angle B in triangle PB Z 
B' = BB'Z-PB'B. 

6. To find C in triangle PB Z 
By Art. 779, R : cos B' = tan Z' : tan 0, 
and cos 0 : cos (P' - ^) = cos 7J ; cos Cssin L. 

When B and B' are the same star at the times of the two 
observations, P is=P'; and when they represent the sun, if its 
declination for the middle time between the observations be taken, 
PB and PB' may be considered equal to this declination P. 
The solution may then be simplihed, for PBB' will l)e an iswceles 
triangle, and a i)erpendicular from P on BB' will bisect it, and 
will form fwo equal right-angled triangles. Hence, instead of the 
preceding formulae at No. 1 and 2, take these two 

1. To find B' in one of the right-angled triangles 
Cot iH : R=co8 P : cot B'. 




526 


ASTRONOMICAL PROBLEMS 


2. To find AS in the same trianerle 
K : Hin P = «in : ftin JE. 

Example.— I f in the forenoon, when the sun’s declination was 
= 19'*39' N., at the middle time l)etween two ohservations of its 
altitude, these altitudes corrected were = 38° 19' and 50' ‘25', what 
was the latitude, the place of observation beiiit; north, and the 
interval between the observations one hour and a half? 

Hero P=70° 21', Z = 5l° 41', and Z' = 39'' 35'. 

H = 1 h. 30 ni., and Jll = ir 15', and PZ = C. 


1. To And angrle B' In PBB' 

2. To find B in PBB' 

L, cot ^H . 

= 

10-7013382 

L, radius . 

= 10* 

L, radius . 

= 

10- 

L, sin P 

= 9*9739422 

L, cos P 

= 

9*5266927 

L, sin Dll . 

= 9 *‘2902357 

L, cot B' . 

= 

8 8‘253545 

li, sin . 

= 9*‘2641779 

And B'=86‘’ 10' 24 



And E = 21'’ 10' 26 

", 

8. To find angle B' in BZB and PB'Z 


Z 


= 6P 41' 

0" 


L, cosec Z' 

, 

= 39 35 

0 . . . 

= 10*1957243 

L, coscc E 

♦ 

= 21 10 26 . 

= 10*44‘225‘27 



2)112 26 

26 


L, sin S . 

, 

= 66 13 

13 . . . 

= 9*9196958 

L, sin (S - Z) . 

. 

= 4 32 

13 . . . 

= 8-8981869 





2)19*4558597 

L, cos JB', 

• 

= 67M1'29*4". 

2 

= 9*7279298 

B' 

, 

= 115 22 59 


PB'B 

. 

= 86 10 24 


4. PB'Z 


= 29 12 

35 




6. To find 0 in PB Z 


L, ratlins . 


10* 

L, cos 0 (rt . c)* 

= 0*0910331 

L, cos B' . 

= 

9D409342 

L, cos(P-(l) 

= 9-9158171 

L, tan Z' . 


99173911 

L, cos Z' 

= 9-8868846 

L, tan 0 . 

= 

9*8683253 

L, sin L 

= 9 8937348 

And ^=36* 48' 68". 
P - ^=34 32 2. 



AndL=61'‘ 31' 64 



* Here (a. c) means the arithmetical complement of L. cos 8 (see Table of * Nnm* 
bem of Fi^nent Use in Calculation,' p. 620 )l 
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The following method is somewhat simpler when only one star is 
observed, or when the mean declination of the sun is used, as in the 
hist example.* 

Let P, H, and L denote the same quantities as in the preceding 
rule ; let S = A + A', the sum of the true altitudes, 

1) = A A' II diirerence of I he true altitudes ; 
and let M, N, 0, Q, U denote what are called the first, second, 
third, fourtli, and fifth arcs ; then, 

1. L sin M = L sin P + L sin - 10. 

2. L cos N = L cos P + L sec M - 10. 

And N is of the same species as P. 

3. L sin O = L sin + L cos .JS f L cosec M - 10. 

4. L cos Q = L cos iD + L sin JS f L sec M ^ L sec 0 - 10. 

5. R=N;tQ. 

When the zenith and elevated pole are on the same side of the 
great circle that passes through the two positions of the sun or 
star, U := N Q ; otherwise K = N + Q. 

6. L sin L = L cos () + L cos R - 10. 

The preceding example, computed by this rule, is added here 


P=70" 

21' 

A =38” 19' JS=44”22' 

iH = ll 

15 

A'=50 25 40= e 3 

1. To find M 


a. To find N 

L, sin P 


9-9739422 

L, cos 1> . . = 9*5266927 

L, sin . 


9-2902357 

L,.secM . . ^ 10-0074565 

L, sin M . 


9-2641779 

I..C()sN . . = 9-5341492 

M = 10’35' 13". 



N=69" 59' 44". 

3. To find O 


4. To find Q 

L, sin . 

= 

9-0228254 

L. cosjl) . . = 9 997S743 

L, cos . 

=: 

9 8542329 

L, BiniS . . = 9 8448310 

L, cosec M 


10-7358221 

L, sec M . . = 10'(X»74565 

L, sin 0 


9-6128804 

L, sec 0 . . = 10 0390840 

0=24" 12' 38". 



L,cosQ . . = 9-8896458 


6. R=30“ 6P 22"=N-Q. Q=39" 8' 22". 

6. To find L 

L, cos O . . . = 9 9600160 

L, cosR = 9 ^33719 1 

L, sinL = 9 8937351 

And L=51® 3P 64", as liefore. 

* For the demonstration of this rule, consult any good treatise on Navigation 
and Nautical Astronomy. 
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In this problem it is not necessary to know tlie times of obser- 
vation, but merely the interval Ijetween them ; but the latitude 
l)eing found, the time of either observation could be calculated, 
an<l if the time was taken with a chronometer, the longitude could 
also be found. 


Exercises 

1. At a place in north latitude, when the sun’s declination was 
=23“ 29' N., its true altitude at 8 li. 64 m. A.M. was 48“ 42', and at 
9 h. 46 m. A.M. it was =55“ 48' ; required the latitude. 

= 49“ 49' 23" N. 

2. At a place in north latitude, when the sun’s declination was 
=2“ 46' S., its true altitude was =33“ 11' at 9 h. 20 m. a.m. and 
42“ 44' at 1 h. 20 m. P.M. ; retiuired the latitude. =40“ 50' 7" N. 

3. Find the time at which the first altitude was taken in the 
example to this problem, and the axiiuuth. 

The time =8 h. 30 ni. 2 s., and the azimuth from N. = 107’ 47' 42". 

4. On the 6th of October 1830, at a place in north latitude, the 
true altitude of the sun at 7 h. 5 m. 49 s, a.m. mean time was 
=8“ 37' 42*6", and at 1 h. 2 m. 47*8 s. it was = 33“ 43' 46-1", and the 
sun’s declination for tlie middle time was =5“ 9' 48 1" S. ; required 
the correct mean time of the first observation, and the latitude, 
the equation of time to be subtracted from apparent time being 
= 11 in. 421 8. 

The latitude =48* 42' 42*9" N. ; the time = 7 h. 5 m. 39*8 s. 

In the following example the first method must be employed, as 
the polar distances are different. Also, as Atair is to the east of 
Arcturus, and the altitude of the former was taken some minutes 
later than that of the latter, this elapsed time, converted to 
sidereal time, must be subtracted from the difference of their 
right ascensions in order to obtain the angle H. 

On the 19th of September 1830 the zenith distance of Arcturus 
was found to be=73* 19' 26'5" at 8 h. 2 m. 47'8 s. mean time, and 
that of Atair was =40* 63' 66*3" at 8 h. 22 ni. 3 s. ; the polar 
distance of the former was =69* 55' 36*4", and that of the latter 
=81*34'; required the latitude, and the correct time of the first 
observation, the sun’s mean right ascension at mean noon being 
»11 h. 51 in. 29*76 s. 

The latitudes 48* 42' 12", and the time =8 b. 4 m. 19*6 s. 
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LUNAR DISTANCES 


886. Problem XXXV.— To find the true angular distance 
between the moon and the sun or a star, having given 
their altitudes and apparent distances. 

Let M', S' be the apparent places of the centres of the moon and 
the sun, or a star, or a planet, and M, S their true ^ 
places, and Z the zenith ; then M will be above M', 
because the moon’s parallax exceeds the refraction 
due to its height ; but S will be below S', in conse- 
quence of the refraction exceeding the parallax of the 
body. M'S' is the apparent distance, and MS the 
true distance. 



Let A = the apparent height of the moon’s centre = the comple- 
ment of M'Z, 

A' — the apparent height of the centre of sun or star = the 
complement of S'Z, 

H = the true height of the moon’s centre = the complement 
of MZ, 

H'= the true height of the centre of sun or star = the com- 
plement of SZ, 

d - the apparent distance of the centres = S'M', 

D = the true distance of the centres = SM, 

s = A+A', andS = H + H'. 

Then, by Spherical Trigonometry (Art. 748, r/), w-e have 


cos 7a 


cos d - sin A . sin A' cos D - s in II . sin H' ^ 
cos H . cos li' ' 
cos D - sin II . sin H' 


cos A . cos A' 


(a). 


I ^ ^ - sin A . sin A' _ ^ ^ 

cos A . cos A' ~ cos H . cos H' 

C 08 </ + C 08 J cos D-fcos S ^ 
cos A . cos A' ”cos H . cos H' * 

2 C 08 Ks+ d) cos l{S'^d) _co» D+cos S' 
cos A . cos A' cos H . cos H' 

I +COS S ~2 cos® JS, 

1 - cos D=2 sin* 4D; 

• . cos D-hcos S =2 cos* iS - 2 sin* JD. 

Sul)stitating in (a) the above value of cos D+cos S, and dividing 
both sides by 2, w'e have 

cos^ (g -K fjeo s I {S'^d) _ cos* - sin* ^ 

cos A . cos A' "" cos H . cos H' ' 


hence 

But 

and 
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lienco sin® iD=cos® JS - 


cos H . c o s ir . cos 4 d). cos \{8f*>d ) 
cos h . cos }\! 


- 9 . COS H ' cos i(A' + t/) . ^ 

-cos ^ ^ j * 

. „ , cos H . cos H' . cos X(a* 4rf) . cos Ms^d) 

asHUino Hill® $= ~~ , ' , ' ; 

cos h . cos h . cos^ is 

then sin JD = cos ^ . cos JS. 

Or logaritlnnically— 

I . , TL cos H + L cos ir4-Ii cos i(s4 f/)\ 

i sin ^ A + Lsec A' + Lcos 

- (L cos iS 4- 10) 

and then L sin il)= L cos 4 - L cos AS - 10 . 


Example. —On the 14th of Deceniher 1818, at 12 h. 10 in. iicarl}^ 
latitudo=36^ 7 N., longitude by acconnt=ll li. 52 in. W., the 
following observations were made, the height of the observer’s eye 
being=19*5 foot, in order to find the distance between the moon 
and Kegulns, 

Ob. dis. of moon’s nearest 1. an<l llegulus, f/’=33® 15' 25". 


Ob. alt. moon’s 1. 1. . = 

er 

26' 

12" 




Depression . . . = 

- 

4 

18 





61 

21 

54 




Moon s semi diameter . - 

0 

14 

56 




A = 

61 

36 

50 




Refraction . . . = 

0 

0 

311 





61 

36 

18*9 

L. sec. 

= 

•32274 

Hor. par. 63' 69", 




P.L. 

= 

•52301 

Par. in alt. . , . = 

0 

25 

40*6 

P.L. 

= 

•84575 

H = 

62 

2 

0 nearly. 



Observed altitude of Regulus. 



, 


28® 

29' 17" 

Depression .... 


. 


. 

-0 

4 18 





A' = 

28 

24 69 

Refraction .... 


. 

. 

. = 


1 45 





H' = 

28 

23 14 





(t = 

33 

15 25 

Moon’s semi-diameter . 


• 

• 

. = 

0 

14 56 


Hence d 3S 20 21 
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Then L, sec h . , , 

. or 

36' 50"= 10*3229308 

L, sec A/ . . . 

. 28 

24 59 = 10 0557580 

L, cosA(« + r/) 

. 61 

46 5 = 9*6748997 

L, cos 

. 28 

15 44 = 9*9448723 

L, cos H . . . 

. 62 

2 0 = 9*6711338 

L, cos 11' . 

. 28 

23 14 = 9*9443616 
2)5916139562 
29*8069781 

L, cos iS + 10 


. = - 19*8478853 

L, sin(? = 65®3r 13" . 


. = 9*9590928 

L, cos 6 .. . 


. = 9*61738951 

L, cos 4S . . . 


. = 9*8478853^ 

L, sin iD=16®58' 24*2" 


. - 9*4652748 


HcMice D = 33 56 48 4. 

The calculation of the time of observation, ami of the longitude 
of the place, is performed in the example to the next problem. 

Exerclses 

1. Given the apparent altitudes of the centres of the sun and 

1110011=32' 0' 1" and 24" 0' 8", their true altitudes =31" 58' 38" and 
24" 61' 48", and tlieir apparent distance = 68" 42' 16" ; required their 
true di.stance . . =68" 19' :M". 

2. Suppose that on the 6th of April 1821, in latitude =47" 39' N., 
and longitude =57" 16' W., by account, at 3 li. 56 in. P.M. per watch, 
it was found that the apparent altitudes of the centres of the 
sun and moon were =26' 9' 7" and 46" 34' 44", their true altitudes 
=26" 7' 19" and 47" 14' 19", and the apparent distance of their centres 
=76" 0' 7" ; required the true distance and the true apparent time of 
observation, the sun’s declination at the time being =6" 32' 12" N. 

The distance = 75" 45' 43", and time =3 h. 61 m. 24 s. 

3. If in longitude=ir 15' W. by account, at 3 h. 45 in. A.M. per 
watch, the apparent altitude of the centre of the moon was =24® 29' 
33", and that of Regulu8=45® 9' 12", and their true altitude8=25® 
16' 50" and 45® 8' 15", and the apparent distance of Kegulus from the 
moon’s centre =63® 35' 4" ; required the true distance. =63® 4' 64". 

4. On the 9th of April 1837, at 6 h. 29 m. 36*8 s. mean time, 
supjK^ that the nearest limbs of the sun and moon were =64® 30' 
12" distant; that the apparent height of the sun’s centre was =21® 
60' 14", and that of the moon’s =61® 10' 10"; the moon being east 
of the sun, and both west of the meridian ; the latitude by account 
was»41® 47' N,, and the longitnde=2 h. 10 m, W. ; the horizontal 
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equatorial parallax wa.s=55'3rr\ aiul the semi-diameters of the 
sun and moon =15^ 59'" and 15' 7*8" ; required the true distance. 

=55" W 43". 

5. On the 6th of May 1840, at a place in latitude =36" 40' N., 
and longitude by account =39" W., at 7 h. 40 ni. A.M., the apparent 
altitudes of the centres of the sun and moon were = 30“ 33' 0*2" and 
53“ 15' 40*9", their true altitudes =30“ 31' 27*5" and 53“ 50' 31*3", 
and the apparent distance of their centres=62' 0' 9 1"; required 
their true distance =61" 52' 40*8". 

0. At a place in latitude = 10“ 1' 50" N., and longitude by account 
=30“ 5' W. of Paris, on the 17th of December 1823 at 14 h. 59 m. 
48 '8 H. P.M., the apparent altitudes of the moon’s centre and of 
Hegulus were=48' 0' 49" and 70“ 34' 9", their true altitudes =48" 
40' 38" and 70“ 33' 49", and their apparent distance was =58“ 25' 
36 what was their true distance ? . . . =57“ 47' 12*6". 

7. Required the distance between the centres of the sun and 
moon from these data 


Distance of nearest limbs of the two bodies 
Altitude of lower limb of sun 
It If upper II moon . 

•Semi-diameter of sun 

II II moon, including augmen. 

Correction of sun’s altitude, including dip . 
M 11 moon’s II II 


=83“ 26' 46" 
= 48 16 10 
=27 53 30 
= 0 15 46 
= 0 15 1 
= 0 5 27 
= 0 46 43 


The dip being=4' 24", the latitiide=10“ 16' 40", and longitude 
by account =149“ E., and the observations taken on the 5th of 
June 1793, about 1 h. 30 m. P.M =83“ 20' 55". 


THE LONGITUDE BY LUNAR DISTANCES 

887. Problem XXXYI.—Given tbe true angular distance 
between the moon and the sun or a star, and the time of 
observation, to find the longitude. 

The time, when not previously known, can be calculated by 
means of the altitude of one of the bodies, as in Art. 874. 

The time at Greenwich can be found thus:— Take from the 
Navtieal Almanac the two distances to which the given distance is 
intermediate; then the difference between the registered distances is 
to that between the hrst registered distance and the given distance 
as three hours is to a fourth term, which is to be added to the time 
of the first registered distance, to give the required time. 
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Then the ditTeience lietween the time at the place aiul tliat 
found at Greoinvich will be the loiiKitinie. 

Let i* =tinic of the lirst regifiteicd diHiancC) 

rf' = the difference between the two rcLdHteretl diHtanccs— 
that is, for intervals of three hours, 
d =the difference between the first royistered distance and 
the given distance, 

i =the interval of time corresponding to f/, 

T = M time required at Greenwich ; 

then : rf= 3 h. : f ; hence i - and T = f ' + f . 

Or, Lf=:L3 + L<f-Lr/', or RL < = P.L rf- P.L rf'. 

Since the moon moves over 360"* in about 30 days, therefore an 
error of 10'' in measuring the lunar distance will cause an error of 
about 5' on the longitude. For 

360“ : 10"=30 <1. : and ar=L^i-= ^*'=6'. 

W!»en only the first differences of the lunar distances are taken, 
the result will be a few seconds of time wrong. Thus, in tlie 
fourth of the following exercises, the correction found, when the 
second differences are use<l, is 5*8 s., or al)out 1*4'; the correct 
longitude being =2 \h 0 m. 16*9 s. 

Example. —F ind the time of ol>Bervation and the longitude of 
tlie place of observation from the data of the example to the 
preceding problem. 

1. To find the time at Greenwich 

Distance at 0 h. . . =33“ 58' 7" 33“ 58' 7'' 

" " •^*** • • =32 30 3 D = 33 m 48*4 

(t . . =1 28 4 d = 0 I i8*8 

and ct ; rf=3 h. : f, or 1“ 28' 4" : 1' I8*6" = 3 Ii. : 2 m. 40*6 s., 
and T=f' + f =0 h. +2 m. 40*6 s. =0 h. 2 m. 40*6 s. 

2. To find the time at the place 

By Art 876 (the declination of star being = 12“ 60' 53*4"), 
Z=6R36'4e" L, sinS . =9*9973493 

P=77 9 6*6 L,8in(S-Z) . . =9*7654481 

C=63 1>3 0 L, cosec P . , = *0110129 

2)192 38 62*6 cosec ^ • • = *09 26862 

8 =96 19 26*3 2 )19*8.^956 

8 - Z=34 42 40*3 L, coa JH . • . =9*9282478 

ptm. lum 2 I 
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And iH=32°2' 11*1", and 

H= 4 

h. 16 

m. 17*5 s. 

And star’s right ascension 

= 9 

58 

43 6 

Right ascension of meridian 

= 5 

42 

26*1 

Sun’s R.A. at noon at place 

= 17 

__27 



12 

15 

Vl*4 

Acceleration 

= 0 

2 

0-4 

Time at place on 14th 

= 12 

13 


It Ciicenwich on 15th 

= 0 

2 

40 0 

Longitude of place . . . . 

= 11 

49 

29 0 W. 

The time at the place could also be 

found 

from 

the observe 


altitude of the moon. 

The principle on Avhich the rule Is foniulcd is so simple as to 
require no explanation. It proceeds, however, on the hypothesis 
that the moon’s motion is uniform, which it is so nearly for three 
houra that the error arising from this assumption amounts at 
most only to a few seconds. When extreme accuracy is required, 
what is called the equation of second differences, which depends on 
the differences of the first differences, is used as a correction.* 

Exercises 

1. Find the true longitude for the data in the third exercise of 
last problem, supposing the true time of observation to be the 24th 
of January 1813, at 3 h. 45 m. A.M., the true distance =63° 4' 54", 
and that the distance of the centre of the moon from Regulus on 
the 23rd at 15 h. = 62° 20' 8", and at 18 h. = 63° 48' 54". 

= 11° 26' 45" W. 

2. Find the longitude from Paris for the data in the fourth 

exercise of the lost problem, the exact mean time of observation 
at the place being =5 h. 29 m. 36'S s., the true lunar distance 
=55* 17' 20", and the registered distance at 6 h. in the Connais- 
sance des Temps being =54° 11' 36", and the diflerence for 3 h. 
= 1°.25' 55" =2 h. 48 m. 6-2 8. W. 

3. Required the longitude west of Paris for the fifth exercise in 
lost problem, the exact mean time of observation at the place being 
= 7 li. 40 m. A.M., the true lunar distance =61° 52' 35*4", and the 
distances registered in the Connaissance dcs Temps being on the 
6tli at 21 h.=61* 6' 22", and on the 6th at 0 h.=62° 45' 51". 

=2 h. & ni. 38 s. W. 

4. Find the longitude for the data in the sixth example of the 
preceding problem, the true distance of the moon’s centre from 

* See KavHoal Almanac. 
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liegulus l)eiug=57‘’ 47' 12*6", ami their rcgintered distances in 
the Conmtmance dcs Temps being on the 17tli at 15 li. -5ir2' T\ 
ami at 18 h. = 57" 9' 45" =2 h. 0 in. 11-2 h. 

5. Find the true apparent time at the place, and the longitude 
for the true lunar distance -8.T 20' 55" in the seventh exercise 
of the preceding prohlein, the latitude being =10’ 10' 40" S., and 
the sun’s declination = 2.T 22' 48" N. ; also the next less and greater 
regisiereil lunar distances being at 15 h. apparent time = 83" 0' 1", 
and at 18 h. = 84“ 28' 20". 

'rime = 1 ii. 39 m. 38*5 s. ; longitude= 10 li. ” ni. 0 s. 


NAVIGATION 

888. Tlie (lepartincnt of navigation that belongs to I'rac- 
tical Matlioinatics consists in the solution of the problems of 
determining the direction and distance of the intended port 
from the port left, or from the place of the sliip at any time, 
and also the determining of the ship’s place at any instant 
during the voyage. The iirinciplcs of plane trigonometry, 
modified in their application acconling to circumstances, arc 
sufficient for the solution of these problems. 

The ship is navigated, as nearly as possible, by the path 
which is the sliortest distance lx* tween the two places, but, 
from contrary winds and intervening land, it is generally 
neccvssary to sail in a track of a zigzag form ; the distance 
sfiiled in each direction lx3ing known, as also the direction, 
the ship’s place can always be found, as will be aftcrwanls 
explained. 

DEFINITIONS OP TERMS 

889. When a vessel is obliged to sail to the right or left of the 
direction of the intended port, she is said to tack. When the ship 
is tacking towards the left, and the wind consequently on the 
right, she» is said to be on the starboard tack ; and when she is 
tacking towards the right, she is said to be on the larboard tack. 

890. A ship does not sail exactly in the direction of her keel 
or longitndiual axis, but deviates towards the side that is opposite 
to the wind ; and the angle coiitiuned between the apparent and 
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real direction is called leeway. The real direction is observable 
by the track of the vessel in the water, called the ship’s wake, 
or by the direction of the log line ; and the leeway can therefore 
be estimated. 

891. The angle formed by the meridian and the direction of the 
ship’s track is called the course. 

892. A line cutting all the meridians at the same angle is called 
a rhumb-line, >vhich when continued approaches nearer and 
nearer to the pole, in a spiral form, but without ever reaching it; 
it is also called a lozodrome; whereas the arc of a great circle, 
which is the shortest distance between two places, is called the 
orthodrome. 

803. The portion of a rhumb-line intercepted between two 
places is called their nautical distance. 

804. The distance of a ship from the meridian left, reckoned on 
the parallel of latitude of the ship’s place, is called her meridional 
distance. 

805. If the nautical distance is supposed to be divided into an in- 
definite number of minute equal parts, the sum of all the meridional 
distances l)elonging to these parts is called the departure. 

806. The difference of latitude of two places is an arc of a 
meridian, intcrccpte<l between the parallels of latitude passing 
through these places. 

897. The difference of longitude of two places is an arc of the 
equator intercepted between their meridians. 

INSTRX7MBNTS USED IN NAVIOATION 

898. The mariner’s compass is the instrument by which the 
coui*se is measured. This compass consists of a circular card 
suspended horizontally on a point, and having for one of its 
diameters a small magnetised bar of steel, called the needle. The 
circumference of the card is divided into 32 equal parts, called 
points of the compass ; and each point is divided into 4 equal 
parts, called quarter points. The point of the card which coin- 
cides with the north end of the needle is called the 'magnetic 
north ; the opposite point, the magnetic south ; and the middle 
points between these, on the extremities of the diameter perpen- 
dicular to the needle, are called the magnetic east and west. 
These are called the cardinal magnetic points, and the other 
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})oinU) are named from tlieir Bitnation in reference to IhcBe ])oint». 
The true cardinal points are consequently the north, south, east, 
and west. Since there are 8 points in each quadrant, tliorcfoio 
a point is = an angle of IT 15'. 

At tlie same place the needle points nearly in the same diicc* 
lion for many years, hut in dilVerent places its direction is 
not t4)wards the same part of the 
horizon. The angular diflcrcnco 
between the magnetic and true 
north b called the variation of 
the compass, being west or east 
according as the magnetic north is 
towards the left or right of the 
true north. 

The compass needle may 1)eairected 
sensibly by the attraction of iron 
placetl near it, and even by a great 
mass of iron at a considerable dis- 
tance, as in a sliip-of-war by the 
guns. When the metal is syinmetrically distributed in refer- 
ence to the longitudinal axis, the needle is not airecteil when the 
direction of this axis coincides with the magnetic meridian or 
vertical plane passing through the needle; and its local attraction 
produces the greatest error in the true variation when the direction 
of the axis of the ship is perpendicular to the former direction. 
The variation of the needle at London is at present al>out 

The points of the compass are .seen in the foregoing figure. The 
iniddle point l)etween N. and E. is called NE.; that between N. 
and NE. is calle<l NNE. ; and so on. 

899. The log is a piece of woo<l, of the form of a circular sector, 
which is nearly quatlrantal ; and the arc of it is loaded with lead, 
so that it floats vertically with the central point upjiermost. 'fhe 
line called the log-liuo is so attached to the log that when the 
line is drawn gently the log turns its flat side towards the ship, so 
that it remains nearly immovable wdiile the line is unwound from 
the reel. 

The log-line is abont 100 fathoms long, and is divided into equal 
parts called knots, each of which is generally subdivided into 
fathoms. A knot is the 120th part of a nautical mile, or of 6079 
feet, and ought therefore to be 50 feet 8 indies. In practice, how- 
ever, 60 feet is nsnally made the length of a knot, for the log lieing 
dmwn a small way towards the vessel daring the operation of 
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eBtimating tlie ship’s rate, or, as it is called, of heaving the log, the 
distance given by this line is nearer the truth ; and, besides, it 
is safer that the reckoning should be in advance of the ship, or 
ahead of it , as it is termed. 

The time, when observing the ship’s rate by the log-line, is 
estimated by a sand-glass, which measures half-minutes—that is, 
it runs out in 30 seconds. 

Since 30 seconds is the same part of an hour that a knot is of a 
mile, the number of knots run out in 30 seconds shows that the 
rate of the vessel is just the same number of miles per hour. 

Sometimes the sand ghiss and log-line, from varions causes, 
become incorrect, and therefore the rate measured by them, or 
the distance sailed, must be corrected. 

900. The angular instruments used in navigation are Hadley’s 
quadrant and sextant. The principles on which these instru- 
ments are constructed will be uiider- 
»\ stoo<l from the adjoining figure. 

'\ 1 The graduated arc All is the limb of 

I the instrument, CM an index, movable 

''\ about an a.xis at M, with a vernier at 

p its extremity C. M is a small mirror 

C attached to the index CM, and placed 

'\/7 perpendicularly to the plane ABM of 

• hw \ E I the instrument; N is a similar small 

/\ \ plate of glass, called the fore horizon 

/ \ \ glass, one half of which is a mirror; 

/ \ \ and it is placed parallel to the mirror 

B M wlicn tlic iiidcx coincidcs with MB, 
or rather with the zero point at B, and 
is fixed in this position. When the angular distance between two 
objects, as two stars, at S and I is to he measured, the plane of 
the instrument is first placed in the same plane with the objects, 
and in such a position that one of them, I, is visible through the 
glass N to the eye situated at E, and then the index CD is moved 
till the image of S, after two reflections from M and N, appears 
to coincide with I, seen directly through the plate ; and the angle 
subtended by their distance— namely, angle E— is then measure<l 
by double the arc BC. • 

The ray SM proceeding from S is reflected in the direction MN 
by the mirror M, and then at N by the mirror N, in the direction 
NE, so that, PM being perpendicular to MD, the angle of reflec- 
tion PMN is eqnal to that of incidence PMS, or the inclination 
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of tlie inciilcnt ray SMD is equal to that of the lelleeteil ray 
NMC, and also angle GNM In equal to FNK. From these 
relations of the angles, it is easily proved that the angle K of 
the triangle MNE is equal to twice the angle E of the triangle 
NMF. But angle K is equal to EMB, its GN is ]»arallel to MB; 
hence the double of angle CMB, which is measured by twice the 
arc BC, is the measure of angle K. 

In Hadley’s (luadrant tiie arc AB is an octant— tliat is, tlie 
eighth part of a circle— and therefore it contains only 4r)' ; the 
sextant differs from the quadrant merely in having its limh AB 
a sextant, or the sixth part of a circle. The sextant is furnished 
with a small telescope, to show with more precision when the 
image of one of the objects coincides with the other. The ares of 
the sextant and quadrant are lioth graduated, so as to give tlie 
reading of the true angle, though they are only the measure of 
half that angle. 


PRELIMINARY PROBLEMS 

9()1. Problem I— Given the distance sailed as determined 
by the reckoning, and the error of the log-line and sand- 
glass, to find the true distance. 

I. When only tlie log-line is incorrect— as the correct length of 
the knot or 5U feet is to the incorrect length, so is the inctirrect 
distance to the true distance. 


II. When only the sand-glass is incorrect — tlie number of 
seconds run by the glass is to 30 seconds as the incorrect distance 
to the true distance. 


III. When both the log-line and sand-gloHs are incorrect, mul- 
tiply six times the measured length of the log-line by the observed 
distance, and divide the pi-wliiet by ten times the seconds the 
glass takes to run out. 

Let the true and incorrect lengths of a knot, 

jf, / -= n II iiumlier of seconds, 

d,d'=^ n M distances; 


I. i- : ; (I, and 

II. :d, ami <<=»^=30^, 

3 

"it lOV 


. kf 8 f, O f- u 


then, for 
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k* 

For if k : k* = d* : rf", then = and s':s=d":d; 

hence d = -,d " =t *-,d'=^n’~» ’ 

8 k 8 10 8 

Example.— The distance by reckoning 18 = 92 miles, the length 
of the knot =51 feet, the seconds hy the sand-glass = 28 ; what is 
the true distance ? 

^ X 92= 100*6 miles. 

10 8 10 28 

Exercises 

The true distance is required, from the data in the hist three 
columns 



Length of 

Sftcoiulrt 

Answer : 

by Lo« 

a Knot 

by (ilasH 

True Distances 

1. 245 miles 

. 48 feet 

30 

2.35*2 

2. 156 

50 .. 

32 

146*2 

3. 126 .. 

40 n 

27 

128*8 

4. 164 .. 

49 H 

33 

146*1 


902. Problem II. -Given the magnetic course— that is, 
the course per compass— and the variation, to find the 
true course. 

Rule.— A pply the variation to the magnetic course towards the 
left when the variation is W., and towards the right wdien £. 

Example. —What is the true coui-se when the compass course 
is NW., and the variation 2 points W. ? 

The variation, l>eing W., must be applied to the left of the coarse, 
which will therefore increase it by 2 points, and the true course is 
therefore WNW. 

Exerclses 

Find the true courses from the niagnetic courses and variations 
given in these exercises 


Magnetic Course 

Variation 

Answer : 
True Course 

1. NE. 

1 w. 

NE. b N. 

2. SW. b W. 

2 W. 

SW. 

a N. 5 E. 

3E. 

NE. 

4. SSW. i W. 

2i£. 

SW. f W. 

6. WNW. ^ W. 

1 4 W. 

w. 

fi. SE. i S. 

HE. 

SSE. i E. 
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903. Problem III.— Given the true course and the varia- 
tion, to find the magnetic course. 

Tliis problem i« solved exactly os the last, only the variation is 
applied in the opposite <lirection to the true course. The true 
courses and variations in the exercises to tiu! preceding problem 
may l»e taken as <lata for exercises to this problem, and the cor- 
responding magnetic courses will be the answers. 


904. Problem IV.— Given the compass course, the varia- 
tion, and leeway, to find the true course. 

Apply the vaiiation, then apply the leeway in a direction from 
(he wind — that is, to the left when the vessel is on the starboard 
tack, and to the right when on tiio larboard tack. 

Example.— T he magnetic course is NK. h E. on the larboard 
tack; required the true course, the variation being 2 points W., 
and the leeway 5 points. 

Exehci.ses 

Find the true course in the following exercises, the compass 
course, leeway, and variation l)ciiig given 


1. 

(yourse 

NE. h N. 

Tack 

Larboanl 

Varfatioii 

Poiiita 

2 W. 

IjCRwoy 

PoiiiU 

2 

Aim\vf*r : 
Trim Coiirae 

NE. b N. 

2. 

SE. h E. 

II 

2 W. 

u 

ESE. i S. 

3. 

WNW. 

Starboard 

3 W. 

2J 

SW. K W. 

4. 

N. |E. 

II 

5E. 

3J 

NNE. i E. 


905. Problem V.- Given the latitudes and longitudes of 
two places, to find their difference of latitude and 
longitude. 

Rule. — When the latitudes are of the same denomination find 
their difference, but when they are of different names take their 
sum ; and the remainder in the former case, or the sum in the 
latter, will be the difference of latitude. 

Find the difference of longitude in the same manner as that 
of latitude, ol)serving that when the longitudes are of different 
names, anfi their sum exceeds 180’, it must be 8ubtracte«l from 
360" , and the remainder will be the difference of longitvnle. 

Example.— What is the difference of latitude and longitude of 
Quito and Canton ? 
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Canton,. . Lat. = 2:i^ s' 0" N. Loii/r. - 11.3’ IB' M'K. 
Quito, . . „ ^ ^ 

Difference of lat. . ::= 23~^2 0 192 2 0 

60 .360 0 0 

Dif. oflong. . . = 1402 15 miles 167 68 0 

60 

= 1007S miles. 

Tlic difference of longitude in miles is estimated on the equator. 

Exercises 

Find the difference of latitude and longitmlc of the places stated 
in each of the following exercises 

1. Liverpool, lat. =53'* 24' 40" N., long. =2® 58' 55" W. ; and 
New York, lat. =40" 42' 6" N., long. =73“ 59' W. 

Dif. of lat. =762‘57 miles ; dif. of long. =4260*08 miles. 

2. Valparaiso, lat. =3.3" 1' 55" S., long. =71“ 41' 15" W. ; and 
Manila Cathedral, lat. = 14" 35' 26" N., long. = 120" 59' 3" E. 

Dif. of lat. = 2857 '35 miles ; dif. of long. = 100.39*7 miles. 

906. Problem VI— Given the latitude and longitude of 
the place left, and the difference of latitude and longitude 
made by the ship, to find the latitude and longitude of 
the place reached. 

llULE.— Apply the difference of latitude and longitude respec- 
tively to the latitude and longitude left hy addition or subtraction, 
according as they are of the same or different denominations. 

When the longitude and difference of longitude are of the same 
name, and their sum exceeds 180®, subtract it from 360®, and the 
remainder is the longitude of a contrary denomination from that 
left. 

Example. — The latitude and longitude of the place left are 
=24® 36' N. and 174® 40' W. respectively ; and after sailing SW. 
for some time, the differences of latitude and longitude made 
were found to be =245 miles and 384 miles ; what are the latitude 
and longitude in ? 

Lat. left . = 24® 36' N. Long, left . = J174® 40' W. 

Dif. lat. 245 . = 4 5 S. Dif. long. 384 . = 6 24 W. 

Lat. in . . = 20 31 N. 181 4 W. 

360 

Long, in . = 178 56 £. 
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Exercises 

Find tlie latitude and longitude arrived nt in the following 
exercises 

1. Lat. left=34® 4' S., long. left = 12* 5' E. ; dif. of let. -145 
miles S., dif, of long. =305 miles W. 

Lat. in =36" 29' S. ; long, in =6" 0' K. 

2. Lat. left = 20'’ 40' N., hmg left=l78' 14' W. ; dif. of lat. 
=216 miles S., <Uf. of long. =420 miles W. 

Lat. in = 17° 4' N. ; long, in = 174° 4tV K. 

Navigation is divided into ditfereiit branches, according to the 
methods of calculation employed. 

PLANE SAILING 

907. Ill plane .sailing the surface of the earth is considered to he 
a plane, the meridians being equidistant lines, and the parallels of 
latitude also equidistant, cutting the meridians perpendicularly. 
This supposition, though incorrect, will lead to no error, so far 
m the nautical distance, difference of latitmle, and departure arc 
concerned ; for, as appears from the explanation following the 
example given below, these elements will be the same whether 
they are lines drawn on a plane or equal lines similarly related 
drawn on a sphere. As the north is on the upper side of the 
figure of the mariners compass, and the upper side of maps, the 
top of a page is considered to be directed towards the north ; 
therefore the upper parts of diagrams in navigation are considered 
to he the northern parts of the figure. 

Hence a vertical line, BC, will denote the difference of latitude ; 
a horizontal line, AB, the departure ; tlie oblique line or hyiK)- 
tenuse, AC, the nautical distance; angle C the 
coui’se, and A the complement of the course. 

Hence — 

908. If any two of the four parts - namely, the 

nautical distance, departure, difference of latitude, 
and course — are given, the other two can be found 
by the rniM of right-angled trigonometry. * «e/,arfi<re s 

There will therefore be six cases, of which the 
first, how'ever, is tlie most important. These cases may also be 
calculated very easily, and with sufficient accuracy, by means of 
the Table of the difference of latitude and departure, or, 
it is sometimes called, a Traverse Table; this method of 
solution is called inspection* They can also Ije solved by 
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construction! as in the probleiuft from Art. 136 to 139, or by means 
of logarithmic lineSi os explained from Art. 154 to 157. 

009. Problem VII. -Of the course, distance, diflference of 
latitude, and departure, any two being given, to find the 
other two. 

Exampi.K.— A ship from a place in latitude = 56“ 14' N. sails 
SVV. i W. 425 miles ; required the latitude in and the departure. 

The proportions are the same as in the second case of right- 
angled trigonometry, only the nautical terms arc used for the 
angles and sides of the triangle. 

Construction 

Let RC be the meridian, and make angle C = 4^ points = 50* .37', 
and CA=425, and draw AR perpendicular to RC. Then measure 
AB and RC. 

By Calculation 

1. To find the departure AB 


Rttd. : sin C= AC : AR, or 

Radiu.s =10- 

Is to sin course 4J points . . . = 9*888185 

As distance 425 2*628389 

To departure 328*53 - 2*516574 

2. To find the difference of latitude BC 
Ilad.:cosC=AC:RC, or 

Radius =10* 

Is to cos couree = 9*802,359 

As distance 425 = ^*6^389 

To difference of latitude 269*6 . . = 2*430748 

Latitude left = 56“ 14' N. 

Dif. of lat. 269*6 = 4 ,30 S. 

Latitude in = 51 44 N. 


By Ghmter's Logarithmic Lines 

When the course is given in points, use sine rhumbs or tangent 
rhumbs instead of the lines of sines and tangents. ^ 

1. To find the departure 

The distance from radius, or 90“ on the line 8. Bhumb, to 
4 } points will extend on the line of numbers from 425 to 328 , the 
departure. 
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2. To find the difference of latitude 

The distance from 90® to the complement of the course 3J points 
(as sine 3]^ points is=:cosine 4^ points) on the line S. Bhumb will 
extend on the line of numbers from 423 to 270, the tlitVeicnce of 
latitude. 

By Inspection 

Tn the Traverse Table in the paj^e containinp' the coni-se 4J points, 
and opposite to the distance 425, is the departure 328*5 and the 
difFerence of latitude 209*6. 

As the distance in the Table is not greater than 300, take out 
first the difFerence of latitude and departure for 3(K), and then for 
125, and their sum will give the aWe ; or take the difTei*ence of 
latitude and departure corresponding to one-fifth of the ilistance, 
and multiply them by 5. 

When the coui-se is not given, the problem cannot be con- 
veniently solved by inspection. 

Let AC, Bl) be the parallels of the latitude left and reachei], 
BC, DA their meridians, and ACIB their nautical distance, 
which therefore is at every point equally 
inclineil to the nierhlian. Let the dis- 
tance AB be divided into a gi'eat number 
of minute ei|ual parts AG, GH,...and let 
Gy, Il/t,...be portions of parallels of lati- 
tude, and Ay, G A,... portions of meridians 
pa.««ing through the points A, G, H. 

Then, since these parts differ insensibly 
from straight lines, ami the angles GAy, 

HGA,...are equal, therefore the parts AG, 

GH,...are proportional to Ay, GA;...and 
hence AG ; Ay=AG-f GH+ ... ; Ay+G/t-f ... 
or as AB : AD. But AG ; Ay... = ra<l. : cos course ; hence 
AB ; AD = rad. ; cosine course. 

It is similarly shown that AG ;Gy=AG fGH-h... : Gy + HA-f-... 
= distance ; departure ; and hence 

rad. : sin coui-se = distance : departure. 

910, The distance, difFerence of latitude, departure, and course 
are therefoi^ relate<l as the sides and angles of a plane right- 
angled triangle, and their various relations are therefore determin- 
able in the same manner as those of the sides and angles of the 
triangle. 

The following exercises, which illustrate the six coses, are to bo 
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performed hy construe lion, calculation, and logarithmic lines, aiid 
l)y inspection 

Exercisks 

1. A ship from a place in latitude =49'" 57' N. sails SW. h W. 
244 miles ; reciuired the departure and latitude. 

Departure =203 ; latitude =47“ 41*4' N. 

2. * A ship sails SE. h E. from a place in T 45' north latitude, and 

is then found by observation to l)e in 2“ 46' soutii latitude ; required 
the departu re and distance. Departure = 405 *6 ; d istance = 487 ‘8. 

3. A ship sails NE. 5 E. | £. from a port in latitude = 3“ 15' S., 
till her departure is 406 miles ; what is tlie distance sailed and the 
latitude in? .... Distance = 449 ; latitude = 0“ 3' S. 

4. A ship sails between tbe south and east 488 miles from a port 
in latitude = 2“ 52' S., and then by observation she is found to l)e in 
latitude = 7° 23' S. ; what course has she steered, and what departure 
has she matle? 'fhe course = 56^ 16' or SE. h E. ; departure =405*8. 

5. A ship lias sailed between the north and west from the island 

of Eermuda, in latitude =32“ 25' N., till her distance is 488 miles 
and departure 405 miles ; what ha.s been her course, and what is 
the latitude ? . 'fhe course N. =56“ 6' W. ; latitude =36“ 5T N. 

6. A ship sails between the north and west till her difference of 
latitude is 271 miles, and departure 400 miles; what is the course 
and distance sailed ? 

^oui*se N, =56® 17' W. or NW. b W., and distance =488*2. 

TRAVEBSB SAILING 

911. Problem VIII.— Given several successive courses and 
distances sailed by a ship between two places, to find 
the single course and distance by which she would have 
arrived at the same place. 

Find the difference of latitude and departure for each course and 
distance, and then the whole difference of latitude and departure, 
and the course and distance corresponding to these two elements. 

The difference of latitude and departure for each 00111*86 and 
distance are to be found by the last problem, tbe method by the 
'Traverse Tables being the most expeditious; then these are ar- 
rangetl in a table calletl a Traverse Table, the coui-ses being in 
the first column, the distances in the second, the north and south 
differences of latitude, marked N. and S., in the third and fourth, 
and the east and west departure, marked £. and \V., in the fifth 
and sixth columns. 
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The difference between the sums of the colainiiH N. and S., or of 
the northings and southings, will be the whole difference of lati> 
tilde of the Hnine name the greater; and the ilifference between 
the HUiiiH of the colnmns K. and W., or of the eastings and 
westings, will be the whole departure of the same name an the 
greater. 

Exami’LK. — A ship from Cape Clear, latitude ~r>r' 2,V N., sails 
S. d W. 20 miles, SK. 12 miles. S\V. d S. IS miles, WNW. i N. U 
miles, and SSW. 24 miles; required the equivalent conrso and 
distance and the latitude in. 

TKAVEUSE TABLE 





«• of I.:il. 


Conrsos 

OiMtaiiooM 


•S. 



K. 

w. 

S. bW 

20 


19 6 


3*9 

SE. 

12 


HT) 

8*5 


S\V. b S. 

IK 


15* 


10* 

WNW. i N. 

14 1 

: 6*6 



12*3 

SSW. 

24 


22*2 


9-2 


1 

6*6 1 

65-3 

6*6 

587 



8*6 

35*4 

8*5 

26*9 


Latitude left = 5r 25' N. 

Difference of latitude . . . . - 0 .W ? S. 

Latitude in - 50 26 

The whole difference of latitude and departure being now known 
— namely, 687 S. and 26 '9 W. — the corresponding course ami dis- 
tance can be found, as in the sixth example of the last problem. 


1. To find the course 


2. To find the distance 


Dif. of lat. 68 7 . = 1768638 I Sin course 

Is to dep. 26*9 . = 1 *429752 j Is to rmlins 

As radinS • . = 10* i As dep. 26*9 

To tan. course 24® 37'= 9*661 114 To dist. 64*6 
The coarse is therefore S.=24® 37' ^V., 
»64*6 miles. 


and 


9*619662 
, =10* 

= L429762 

= 1 ¥10090 

the distance 
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Tliese t>vo proportions can also be performed by Gnnter’a scale 
as formerly. 

Oonstruction 

The different coiii’scs and distances may also be drawn as in the 
annexed diagram, and the equivalent course and distance measured. 

Describe a circle bed^ and let OL represent the meridian ; draw 
the radii Ort, 06, Oc, Orf, Oe, making angles 
with OL equal to the given courses ; then on 
On lay off the corresponding distance OA=:20 ; 
draw AB parallel to 06, and = 12 ; BC parallel 
to Oc, and =18; CD parallel to Orf, and = 14; 
and DE parallel to Oe, and =24. Draw EL 
perpendicular to OL, then OL is the whole 
difference of latitude, EL the wliole depar- 
ture, and (supposing 0 and £ joined) angle 
£0L is the equivalent course, and OE the 
equivalent distance. 

Exercises 

1. A ship takes her departure from the Lizard W. light in 
latitude =49“ 68' N., which then beai-s NNW., its distance being 
= 16 miles, and sails SE. 34 miles, W. 6 S. 16, WNW. 39, and 
8. 6 E. 40 ; what is the latitude in, and the bearing and distance 
of the Lizard ? 

Latitude in =48“ 53' N. ; bearing of Lizard N. = 12“ 16' E. ; and 
its distance = 66'8, 

2. A ship’s place is in north latitude =60® 36', and she sails during 
24 hours in the following manner SSW. 64 miles, W. 6 S. 39, 
NW. 6 N. 40, NE. 6 E. 69, and NNW. 60; what is tlie latitude in, 
and the equivalent course and distance from the former place? 

Lat in =51® 45'; course N.=33® 57' W. or NW. 6 W. ; and 
distance =83 '8. 

012. If the ship has sailed in a cunent during any time, its 
effect for that time is alloweil for as a separate course and distance. 
For instance, if the ship has been sailing for 10 houra under the 
influence of a current setting NE. at the rate of 2^ miles per hour, 
the effect is the same as if the ship had saileii NE. 25 miles, and 
should be entereil as an additional course. 

GLOBULAR SAIUNG 

913. In globular sailing the methods of calculation are derive<l 
on the supposition that tlie earth is of a spherical form, and they 
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apply with sufficient accuracy for tlie «lcteriuiiiatiou of the ship's 
pi]ice at any time, ami the bearing ami distance of the jmrt bound 
for or of that left. 

Case l.—When the sliip sails between two places on the same 
iiMMidian. 

The difference of latitude is just the distance sailed, and the 
(‘oiii-se is due north or south, and there is no tliflercnce of longitude. 

Cask 2. — When the ship sails on the etpialor. 

The distance sailed is the difference of longitude, the course is 
due east or west, and there is no difference of latitude. 

(IvsE 3.— When the ship sails on the same parallel of latitude. 


014. To find the distance when the latitude is given, and the 
longitudes of the two places. 

Radius is to the cosine of the latitude as the diflereiice of longi- 
tude to the distance. 

Uad. ; cos Int. =dif. long. : distance. 


915. To find the difference of longitude when the latitude and 
distance on the .same parallel are given. 

liadiiis is to the secant of the latitude as the distance to the 
difference of longitmle. 

Kad. : sec hit. = distance : dif. long. 

916. To find the latitude when the distance and difference of 
longitude are given. 

The difference of longitude is to the distance os radius to the 
cosine of the latitude. 


Dif. long. : distance^ radius : cosine lat. 

This case Is sometimes called parallel sailing. 

The proportions in this case can he represented by this con- 
stniction 

ABC is a right-angled triangle, of which B is the /C 

right angle, AB the distance, AC the difference of / 

longitmle, and angle A the latitude. Then, when ^ 

AC is radius,... 

Dif. long. : distance = radius : cos lat. 

And when AB is rmliiis, 

Had. ; sec lat. = distance ; dif. long. 


Example. — The longitudes of two places in the latitude of 56 S. 
are =140* Stf and 148* 45' ; find the distance. 

Dif. of long. =8® 25' =505 miles. 
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To find the distance 

L, radius 

L, cos lut. 56** .... 

L, dif. long. 505 .... 

L, distance 282*4 .... 


= 10 * 

= 9*747662 
= _2 * 703^1 
= 2*456853 


The proportion can be derived from the figure in Art. 909. Let 
0 be the centre of the earth’s equator, and OQ its radius ; P the 
centre of tlie parallel of latitude at B, and PB its radius ; then 
the distance between two meridians, measured on the equator, is 
to their distance on the parallel at B as OQ : PB— that is, dif. 
long. : dist. = radius : cos lat. 


Exercises 

1. A ship in latitude=49® 30' sails due E. till her difference of 

longitude is=3'‘ 30' ; whnt is the distance sailed ? . = 136*4 miles. 

2. A ship sails 1.36*4 miles due W. on the parallel of latitude 
=49'’ 30'; required the difference of longitude made. =210 miles. 

3. A ship sails 136*4 miles due E., and her difference of longitude 
is then =3° 30'; on what parallel of latitude did she sail ? 

Latitude = 49® 30'. 


Case 4. — When the course is compound, to find the difference of 
latitude and longitude. 

917. Method I, —The firat method of solution is by middle 
latitude sailing. 

This method combines plane and parallel sailing ; and in it, it 
is supposed that the departure nmde by a ship is equal to the 
meridional distance on the middle parallel— that is, the meridional 
distance EF (fig. to Art. 909) on the parallel of latitude in the 
middle between the latitudes of A and B, the latitude left and 
that arriveil at, is equal to the sum of the elementary meridian 
distances HA,... which it nearly is. There are two proportions 
used— namely, 

918. The difference of latitude is to the difference of longitude 
as the cosine of the middle latitude to the tangent of the course. 

Diff. lat. : dif. long. =cos mid. lat. : tan coui*se. 

919. The cosine of the middle latitude is to the sine of the 
course as the distance to the difference of longitude. < 

Cos mid. lat. : sin course = distance : dif. long. 

920. These two proportions can be obtained by means of two 
right-angled triangles, ABC, BBC, having theii* right angles at C. 
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In tlic triangle ABC angle A is the coiii-se, AB the distance, 
BC the departure, and AC the din'ercnce of latitude; and in the 
triangle BCD, BC is the departure, angle B tlie 
middle latitude, and BD the difference of longitude. 

ABC is a triangle in plane sailing, and BCD in 
parallel sailing; and from the triangle ABD the 
proportion in Art. 919 is easily derived, while the 
two proportions 

l)if. lat. : dcp. =radius: tan course, 

Dep. : dif. long. =cos mid. lat. : rad., 
being compounded, give Art. 918, 

Dif. lat. : dif. long. =coh mid. lat. : tan course, 
ffil. Method II.— The second method of solution is by Mer* 
cator*8 sailing. 



In this method the surface of the earth is considered to be 
plane, the meridians being parallel lines, and also the parallels 
of latitude, as in plane sailing; and since by this hypothesis the 
distance between the meridians is increased, except at the equator, 
the lengths of the arcs of the meridians arc increase<l in the same 
proiiortion, so that the distafices Ijetween the parallels of latitudf> 
for every successive minute are continually increasing with the 
latitude ; and the relative bearings of places arc thus preserved. 
This method is so accurate that it may be used without sensible 
error for any distance on the earth’s surface. 

The lengths of the meridians from the equator to any latitude 
are thus increase<1, and the increase is greater the higher the 
latitude. For instance, the incimseil distance of the parallel of 
10**, instead of being 600 miles, is found to l>e 60.3 miles ; and that 
of the latitude of SO"*, insteml of 60x60 = 3000 miles, is 4527 miles. 
The increased lengths of the meridians, from the equator to any 
latitude, are called the meridional parts, from the manner in 
which they are computed ; and their numerical values are con* 
tallied in tables. 


922. The difference of the meridional parts for any two lati- 
tudes is called the meridional difference of latitude; and the 
true difference of latitude is sometimes, for distinction, called 
the proper difference of latitude. 

The anaibgies peculiar to this method are 

923. The difference of latitude is to the departure as the 
meridional difference of latitude to the difference of longitude. 

Dif. lat. : dep. smer. dif. lat. : dif. long. 
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924. The meridional difterence of latitude is to the difference of 



longitude as radius to the tangent of the coui'se. 

Mer. dif. lat. : dif. long. = radius ; tan course. 

These proportions can be obtained from two 
right-angled triangles, ABC, ADE, in which 
AB and AD are the proper and the meridional 
dilfereiices of latitude, BC the departure, DK 
the difference of longilude, AC the distance, and 
A the course. 


925. Problem IX.—Oiven the place left and that bound 
for, to find the course and distance. 

1. By Middle Latitude Sailing 
To find the course 

Dif. lat. ; dif. long. =cos mid. lat. : tan coui-se. 

To find the distance 
Itadius : sec coui-se^dif. lat. : distance. 


2. By Mercator's Sailing 
To find the course 

Mt»r. dif. lat. : dif. long. = radius : tan course. 

To find the distance 
Radius : see coui'se=:dif. lat. : distance. 

The second proportion in the two methods is the same. 

Example.— Uequired the bearing and distance of New York 
from Liverpool. 


By Middle Latitude Sailing By Mercator's Sailing 

Liverpool, lat. . - 5.3° 25' N. Mer. parts . . . = 3800 

New York, lat. . = 40 42 N, Mer. parts . . . = 2678 

Dif. lat. . . = 12 43 Mer. dif. lat . . = 1128 

Mid. lat. . . = 47 4 P. dif. lat. = 12“ 43'= 763 miles. 


Liverpool, long. . 
New York, long. 


= 2“59'\Y.\^., , 

= 73 59 AV.i “ 


0'=4260 


Dif. lat. 763 (o.f) 
Dif. long. 4260 
Cos mid. lat. 47° 4' 
Ton eoune 76* 16' 


1. To find the course 

= 7-117475 Mer. dif. lat. 1128 . = 3-062309 
= 3-629410 Dif. long. 4260 . = 3 629410 

= 9-833241 Radius . . . =10^ 

a 10-680126 Tan coune 76° 10' . =10-677101 
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2. To find the distance 

KmliuH . . . =10* Ua«UuM . . . -10* 

S(fc course 7*“)’ 10' . -10-594018 Sec course 75’ 10' . - 10-591740 

Dif. lat. 763 . . = ‘2-88‘r>25 Dif. lat. 703 . . 2 882525 

Distance 3000. . = 3-477143 Distance 2980 . = 3-474271 

Exercises 

1. What is the heaiin#' ami distance of a place in latitude 
= 71" 10' N., lonj,dtude=20' 3' E., from another place in latitude 
= 60® 9' N., and longitufle=0’ 58' W. ? 

Course N. =45® 18' E., distance = 910 miles, by mid. lat. 
sailing. 

Course N = 44" 49' E,, distance = 931 8 miles, hy Mercator’s 
.sailing. 

2. A ship having arrived at a place in latitude 49® 57' N., 
longitude = 5® 14' W., is houml for another place in latitude 
= 37 ’ N., longitude = 25® 0' W. ; required the l)earing ami distance 
of the latter place from the former. 

Course S. =48® 4' W., distance = 1162-7 miles, hy mid. lat. 
sailing. 

Course S. =47® 54' W., distance = 1159 miles, hy Mercator’s 
.sailing. 

926. Problem X.— Given the place sailed from, the course 
and distance, to find the place arrived at. 

1. By Middh Lndhuie S<n’lhu/ 

To find the difference of latitude 
Ka<lius ; cos course = distance : dif. lat. 

To find the difference of longfltude 
Cos mid. lat.: sin con rse = distance ; dif. long. 

2. By Merndor^H Sniltny 

To find the difference of latitude 
The analog)- is the same as in the prece<ling method. 

Or, Radius : cos course = distance ; dif. lat. 

To find the difference of lonsrltude 
Radius ; tan course =mer. dif. lat.: dif. long. 

By the first proportion in these two methods the difference of 
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latitude is found, and by the second the dilference of longitude ; 
and hence the latitude and longitude of the place in are known. 

Example.— A ship from a place in latitude =25 40' S. and 
longitude = 35 ' 12' W. sails SW. h S. 246 miles; required the 
latitude and longitude in. 


To find the difference of latitude by both methods. 


Radius 

Cos course 3 points 
Distance 246 
Dif. lat 204-0 . 


Lat. left . 
Dif. lat. . 
Lat. in 
Mid. lat. . 


= 25“ 40' S. 
= 3 25 S. 
= 29 5 S. 
= 27 22 


. = 10 - 
. = 9-919846 

. . . = 2-.39093 5 

. = 2-310781 

Mer. parts . . = 1594-3 

Mcr. parts . . = 1825^2 

Mer. dif. lat. . = 230-9 


By Middle Latitude Sailiug 
To find the dif. long. 

Cos mid. lat. (o.c) . =0 051547 
Sin course 3 points . =9 744739 
Distance 246 . . =2 -3909 35 

Dif. long, 153-9. . =2 187221 

Longitude left . 
Different longitude 
Longitude in 


By Mercatov's Sailing 
To find the dif. long. 
Radius . . . = 10- 

Tan course 3 points = 9-824893 
Mer. dif. lat. 231 . = 2-36.3612 

Dif. long. 154*4 . = 2 188505 

. = 35“ 12' W. 

. = 2 34 W. 

. = 37 46 W. 


The two methoils give the differences of longitude to within less 
than a mile of each other. The place arrived at is in latitude 
=29“ 6' S., and longitude =37“ 46' W. 


Exercises 

1. A ship from a place in latitude =50* 30' N. and longitude 
= 14.5“ 20' AV. sails 450 miles SSW. ; find the latitude and 
longitude in. 

Latitude=43“ ,34' N., longitude =149“ 33' W., both by mid. lat. 
and Mercator's sailing. 

2. A ship from latitude =51“ 16' N. and longitude^ 9“ 60' W. 
sails S\V.6 S. till the distance run is 1022 miles; what are the 
latitude and longitude in ? 

Latitude =37“ 6' N., longitude =23* 2' W., by mid. lat. sailing* 
and =23“ 8' W. by Mercator’s sailing. 
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027. Problem XI. -Given the latitude left, the differ- 
ence of latitude and departure, to find the difference of 
longitude. 

h]! Middle Latitudr Sniliuy 
Cos mill, hit.: i'a<lius=ile]). : <lif. long, 

Ihj Mcrmtor*H ^ailimj 
l)if. lat. : dep. - mer. ilif. lat. : dif. Ion*,'. 

Examplk.— A ship on a course between the .south and west from 
latitude^ W 24' N. and lon;'itudo = .%’ 45' W. has made 34rt miles 
of ditrerence of latitude and 243 milc.s of departure ; what is the 
latitude and longitude in ? 

Lat. left . . cz 54" 24' N. Mer. parts . . ~ 3005 7 

Dif. hit. 346 . = 5 46 S. Mer. part. s . . ^.33-487 

Lat. in . . = 48 N. Mer. dif. lat. . - 557 

Mid. lat. . . = 51 31 


To find the difference of longrltude 


By Middle Latitude Sailing 


Cos mid. lat. 5r 31' 
Radius . 

Dop. 243 
Dif. long. 390'5 
Long, left 
Dif. long. 300*5 
Long, in 


= 9*793091 
^ 10 * 

= 2-385606 
^ 2-591615 
=:,36"45' W. 
= 6 31 W. 
=43 16 W. 


By Mercator's Sailing 
Dif. lat. 340 (r<.r). = 7*460924 
Dcp. 243 . . = 2*38.5606 

Mer. dif. lat. 557 . = 2*7458.55 

Dif. long. 391*2 . = 2*592385 

Long, left . . =.36" 4,5' W. 

Dif. long. 391*2 . = 6 31 W. 

Long, in . . =43 16 \V. 


The place arriveil at is therefore in latitude =48" 38' N. and 
longitude = 43" 16' W. 


Exerci.sb 


A ship from latitude = 37" N., longitude = 48" 20' W., sails 
between the north and east till her difference of latitude and 
departure are 855 and 564 miles; required the latitude and 
longitude in. 

Latitude =51" 1.5' N., longitude in 35’ 14' W., by mid. lat. 
sailing, and 36" 8' W. by Mercator's. 


Problem XIL—To perform a traverse or compound 
course by middle latitude and Mercator's sailing. 

Rule. — F orm a Traverse Table, and find by it the whole differ- 
ence of latitnde and the departure ; then find the latitude in and 
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tlie course made good, as in Art. 911. Find then the middle lati- 
tude ])ctwcen that left and that arrived at, or find the meridional 
diilerence of latitude for these two latitudes ; then, to find the 
diflerenco of longitude, 

Cos mid. lat.: radius =dep. :dif. long, by mid. lat. sailing. 

Or, rad.: tan course = Mer. dif. lat. :dif. long, by Mer. sailing. 

Example.— F ind the longitude and latitude of the place of the 
ship arrived at, after sailing the various courses and distances given 
in the example of a traverse in plane sailing in Art. 911, supposing 
the longitude left to hc=2.T 40' W. 

Construct the traverse as in that example, and it will be found 
that the <lifrercnce of latitude is =587 S., and the departure 
= 26*9 \V. Hence— 

Lat. left . . = 51*25' N. Mer. parts . . =: 36087 

Dif. lat. . . = () 59 S. Mer. parts . . := 35157 

Lat. in . . = 50 26 Mer. dif. lat. . = 93 ’6 

Mid. lat. , . = 50 55 

Then dif. lat. : dep. = radius ; tan course, and, as found in that 
example, the course is S. 24'" 37' W. 

To find the difference of longritude 

By Middle Latitude Sailing By Mercator's Sailing 

Cos mid. lat. 50® 55' = 9799651 Radius . . . =10' 

Radius. . . =10* Tan course 24® 37' . = 9-661043 

Dep. 26 9 . . =17^752 Mer. dif. lat. 93*6 . = 1-97127 6 

Dif. long. 427 . = 1-630101 Dif. long. 42 9 . = 1632319 

Long, left . . =23® 40' W. Long, left . . =23® 40' W. 

Dif. long. . . = 0 43 W. Dif. long. . . = 0 43 W. 

Long, in . . =24 23 W. Long, in . . =24 23 W. 

929. Since the difference of latitude, distance, and course are 
the same parts of a right-angled triangle in plane sailing that 
the departure, difference of longitude, and middle latitude are in 
middle latitude sailing ; and the difference of latitude, departure, 
and course are the same parts of the triangle in jflane sailing 
that meridional difference of latitude, difference of longitude, and 
course are in Mercatoi-^s sailing ; therefore the difference of longi- 
tude, for the last two proportions can be found, by inspectiorit in 
the Table of the difference of latitude and departure. 
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In Plane Sailing In Mid. Lat. Sailing 

Course oorrcsponds to .... Mid. lat. 

Dif. lat. I. .. . . . . ncpartuie. 

Distance •• Dif. lonj;. 

In Plane Sailing In Mnrators Sailing 

('our.se corresponds to . . (,'our.si*. 

Dif. lat. n .. . . . . Mer. dif. lat. 

Departure •• ...... Dif. lonj;. 

TI 1 U.S, for the proportion above by middle latitude sailings in the 
Table of ditrercnce of latitude and departure in the pa^^e for eourse 
=5r, an<l departure 20*0 in the diHerenee of latitude eoluinn, 
there is 42 in the <listance column for tlic dincrcncc of lon«»itude, 
as above ; and for the proportion by Mercator’s sailing, in the same 
Table for course = 2.1 (for 24’ .37'), and meridional dillerence of 
latitmle 93*0 in the dillerence of latitude column, there is 44 for 
the difrerence of lonj^itude in the departure column. 

9.30. M'hen f'leat accuracy is required, or when sailln^( in high 
latitudes, it i.s ncce.s.sary to c<alculate the dillerence of longitude for 
each course an<l tli.stance, suppo.sing the distances not to exceetl a 
few inile.s, instead of merely iin<ling the dilTerence of longitude on 
a whole day’s sailing. This method is ca]lc<l a glolmlar traverse. 

Exekci.se.s 

1. A ship from a place in latitude .50” 6' N. and longitude 
=5’ fliV W. is bound to n port in the islaml of St Mary’s in 
latitude = 36” 58' N., and longitude = 25’ 12' W., and steers the 
following courses: S. h W. 24 miles, WSW. .32, NW. ^ W. 41, 
SSE. k E. 49, ENE. f E. 19, W. 21, NE. i E. .36, S. 41, SSW. 92. 
and N. 36 ; what i.s the latitude and longitinlc in, and also the 
direct coui*se and distance to the intended port ? 

Latitude in =48° 9', and longitude in = 7’ 19', by mid. lat. and 
by Mercator’s sailing. 

Course =42° 26', and dist. =990*4, by mid. lat. sailing. 

Or, „ =42° 19', f. =988*6, .. Mer. sailing. 

In the following exercise the difference of longitude is found on 
each coarse, as explained in Art. 9.30— that is, by the globular 
traverse : — 

2. A ship from latitade=68° .38' N. and longitude = 8’ 40' E. is 
bound for the North Cape in latitude = 71° 10' N., and longitude 
=26° 3' B., and sails the coiirs.*'- .niid distances in the subjoined 
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Table ; what i« the latitude and longitude in, and the direct course 
and distance of the Cape ? 


CourNOs 

Diti. 

Latitudo 

Departure 

Lat. in 

Dif. Long. 1 

lance 

N. 

a 

E. 

W. 

E. 

W. 

NE. b N. 

63 

52*4 


35 0 


68“ 38' 
69 30 

97*2 


NE. 

38 

26*9 


26*9 


69 57 

77*6 


NNE. 

56 

51*7 


21*4 


70 49 

64-2 


N. 

30 

30*0 




71 19 



NW. 6N. 

25 

20*8 



13-9 

71 40 

... 

43*8 

NNW. b W. 

30 

31*8 



17*0 

72 12 


55-2 

N. b E. 

40 

39*2 


7*8 


72 51 1 

25*8 


NE. 6 E. i E. 

72 

33*9 


63*5 


73 25 

219*1 

... 

SE. 

50 

.i. 

35*4 

35*4 


72 50 

120-5 


ENE. 

65 

24*9 


60*1 

... 

73 15 

200*9 




311*6 

35*4 

276*2 

35*4 

250*1 

.30*9 

219-2 

30*9 


811 3 
99 0 

712*2 

99-0 


latitude in = 7.T 14', loiigitu<le in =20'' 32' E. 

The course required is S.=38® 1' E., distance = 157*4, by mid. 
lat. sailing. 

Or, The couree is S.=37® 69' E., distance = 157*3, by Mercator’s 
sailing. 

3. A ship in latitude = 67* 30' N., longitude =8* 46' W., sails NE. 
64 mile.s, NNE. 60, NW. b N. 68, WNW. 72, W. 48, SSW. 38, S. b 
E. 46, and ESE. 40 ; what is the latitude and longitude in ? 

By the plane traverse, the lat. in is =68“ 43' N., and longitude 
= 1 r 3' W. ; and by the globular traverse, the long, in is 
= ir ST W. by mid. lat., and = 11“ 42' by Mercator’s sailing. 

Departure of a Ship 

The place of departure of a ship-^tbat is, the place from which 
the beginning of a voyage is reckoned— is generally some promon- 
tory or other convenient object whose latitude and longitude are 
known ; and as the vessel is usually some miles distant from it, 
observations must be taken to determine this distance. 
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031. Problem Xin. Given the bearing of a headland 
from a ship at two places, and the distance and direction 
sailed between them, to find the distance of the promon- 
tory from the ship. 


Let P be the i»romontory, S ainl H the two placcH of tlie Hhi|), 
mn Jind nb parts of the iiieridiaii.s thi'oii;;ii li 
and S; then angle «<SP, the bearing of P from \ « 

S, is given ; and angle or /dlS, the nliipH , 
course ; and also angle PH/», the bearing of P 
from H. 

Therefore, in the triangle IMIS, the angle 
at S -w/SP + wiSlI is known, and that at II 
= Pir/i»-iHS is also known, and the side HS ; 
therefore the distances PH and PS can be 
found (Art. 186). 


\r / 
.i:r 


Exercises 

1. A headland wa.s olworved from a ship to bear NK. h N., and 

after .sailing 7 ‘5 miles on a NNW. course, the headland then boro 
ESE. ; requiretl the distance of the lieadluml from l>otli places of 
tiic ship. ....... =.5*4 and 6*36 miles, 

2. A lighthou.so was observed to bear from a ship NNE., and 
after sailing 1.5 miles on a WNW. course its liearing wfis found to 
be NE. b E. ; required its distance from the last place of the ship. 

= 27 miles. 

.3. A cape was observed to bear E. h S. from a ship, and after 
sailing NE. 18 miles, its bearing was SE. b E. ; what wris the dis- 
tance of the cape from the second place of the ship? =39*1 miles. 


9,32. After taking the departure, the next important problein is 
to find the bearing and distance of the port l)Ound for, which 
is solved by Art. 925. After |)erforming a day’s sailing, as nearly 
as possible in the proper direction, the place of the ship is then 
to be determined by Art. 928 ; and then again, if necessary, the 
l>earing and distance of the intended port ; and these problems are 
to be successively repeated during the voyage. The latitiulc and 
longitude of the ship, determined in this manner, are said to be 
the latitifde and longitude hy accoiint. -As the place of a ship 
determined in this manner cannot be depended n\}on on a long 
voyage, on account of the en’ors occasionetl by unknown currents, 
storms, and the unavoidably imperfect means of measuring the 
courses and distances, it becomes necessary to employ the prin- 
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ciplcH of practical astronomy to clctenuine the latitmle and lon- 
gitude with greater accuracy. This method of <1etermining the 
various elements in navigation is called nautical astronomy. 

MISCELLANEOUS EXERCISES ON NAVIGATION 

1. A gunboat of a blockading squadron lies 4 miles to the soutli 

of a harbour, and observes that a ship leaves the harbour in a 
direction E. 30“ S. If the blockading sliip sails 12 miles an hour, 
lind in what direction she must go so as to cross the course of the 
other ship in three-quarters of an hour. . . =E. 7“ 21' 45". 

2. From a given point the position of two gunboats is found to 

be 29“ east and 56“ west. Supposing them to occupy a position in 
lino distant from the given point 80 yards, and that their line is 
at right angles to one produced fro)n the given point, find the 
distance between them =163 yards nearly. 

3. A yacht whicli is known to be sailing due east at the rate of 

12 miles an hour was observed at noon to be 150“ to the east of 
south at 1 Ii. 30 in. after noon. She was seen in the south-east. 
Determine the distance of the ship at noon. . . =25*45 miles. 

4. From a ship a rock and a headland are observed to bear 18“ E. 

of N. The ship sails 6 miles NW., and then the rock is due east, 
and the headland NE. What is the distance between the rock and 
the headland? =8*755 miles. 

5. A ship sailing out of harbour is watched by an observer from 

the shore, and at the instant she disappeai's below the horizon he 
ascends to- a height of 20 feet, and thus retains her in sight 40 
minutes longer. Find the rate at which the ship is sailing, 
assuming the earth to be a sphere of 4000 miles radius and 
neglecting the height of the observer. . =8*257 miles per hour. 

6. An observer from the deck of a ship 20 feet above the level of 

the sea can just see the top of a distant lighthouse, and on ascend- 
ing to the masthead, which is 60 feet above the deck, he sees the 
door, which he knows to be one-fourth of the height of the light- 
house above the level of the sea. Find his distance from the light- 
house, and its height, assuming the earth to be a sphere of 4000 
miles radius. . . . = Height, 80 ft. ; distance, 87196*32 ft. 

7. Two ships sail at the same time from the same port, and sail 

for 5 hours at the respective rates of 8 and 10 knote an hour in 
straight lines inclined to each other at an angle of 60“. They then 
sail directly towards each other. Find the inclination of their new* 
course to their original courses. . . . 70“ 55' 36" ; 49“ 6' 24". 

8. A buoy is moored 9 miles north of a port from which a yacht 
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hails ill a tiirectioii £NE. She tacks and sails towards the hiioy 
until the port is SW. of her, when hIic tacks and sails into iMirt. 
Prove that the length of the course is about 16 miles. 

NAUTICAL ASTRONOMY 

9:k'l. By the principles of nautical astronoiny the time at the 
ship’s place, the variation of the coni]>nss, the latitmle and longi- 
tude, and various other elements used in navigation can bo 
determined. As the complete solutions of these problems have 
already been given in the problems in practical astronomy, oxcejit- 
ing the circumstances peculiar to navigation, by which the solutions 
are in some cases modified, it will be necessary here merely to a<ld 
the methods of calculating the elVect of these circumstances. 

034. Problem XIV.— To find the variation of the compass. 

— Find the azimuth or amplitude of some celestial object 
by the methods formerly given in Art. 873 and 880; and find 
also its bearing per comt)as.s, and the ditreience between the 
azimuth and bearing will give the variation of the compass. 

EXEHCI.SE.S 

1. The azimuth of the sun wfis found to be S. =48' 54' E. when 

its true bearing was 8. =77" 1' E. ; what was the variation of the 
compass? =28® 7, or 2i points E. 

2. The amplitude of a .star was found to be E. = 10' 15' N. when 

its true bearing was S. =84® 12' E. ; what was the declination of 
the needle? = 16' 3' W. 

3. The azimuth of a star was found to be N. =68' 10' K. when 

its true Ijcaring was NE. b E. ; what was the variation of the 
compass? =ir55'F). 

935. Problem XV. — Having given two altitudes of a 
celestial body, the ship having sailed for several hours 
during the interval, to reduce the first altitude to the 
place at which the second was taken. 

Hulk. — Find the angle of inclination between the ship’s coiii^ 
and the bearing of the body at the first place of observation, or its 
supplement when greater than a right angle ; then 

The radius is to the cosine of this angle as the distance mn to 
the correction in minutes ; which is to l)e applietl by addition or 
snbtiuction to the first altitude, according as the inclination is less 
or greater than a right angle. 
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If d~i\iQ distance, t = tlie inclination, c=the correction, a'=the 
first altitude, and a=:tl)e first altitude reduced to the second place, 
then lifid. : cos i = : c, and a=a'±c. 

It is evident that c can be found by inspection of the Table of 
difference of latitude and departure, by considering i as the coui*se, 
and (I the distance ; then c will be found in the latitude column. 

Exercises 

1. The altitude of a star when east of the meridian was observed 
to bo =20“ 40', and its bearing at the time was SE. b S. ; and after 
sailing 40 miles W. b S. its altitude wtis again observed when it 
was west of the meridian ; what would have been its altitude at 
the time of the first observation if it had been taken at the place 
of the secoml observation ? 

Here i = 3 + 7 = 10 pts. = 112“ 30', rf = 40, c=16-3', and a=20“ 
24-7'. 

2. The sun’s altitude was observed to be =30“ 41*5', and its 
bearing was SE. b E. ; and after sailing 48 miles E. b S. its 
altitude was again taken ; required the sun’s altitude at the latter 
place of the ship at the time of the fii’st observation. 

Here t=2 pts. =22“ 30', of=48, c=44-3', and a=3r 25*8'. 

The principle of the rule may be proved thus ; — Let S be the 
zenith of the place of the firat observation, and S' that of the 
second, B and B' the positions of the body at these two instants 
of time, 8S' the intermediate dis- 
tance sailed by the ship in minutes 
of s|)ace, HRn' and H'Rw the hori- 
zons of S and S' ; then BH and B'H' 
are the two altitudes. Now, to find 
the altitude BA of the body when at 
B, supposing the altitude to be taken 
then at S', produce BS to and 
from S' draw the perpendicular wiS' 
from S' on Sm ; then, since SS', and consequently wiS, is a small 
distance, mn may be considered as differing insensibly from S'A, at 
least for ordinary nautical purposes ; but S'A is a quadiunt, as also 
SH ; hence mn = SH nearly, therefore mS = nH nearly. Consequently 
B/i, the altitude of B, when taken at S', which is nearly = Bn, is 
less than BH by niS. Now, angle BSS' is evidently =t, SS'=<f. 
inS=c, and radius j cos f=rf ; c, which is the rule. If the ship had 
sailed from S to S" instead of S', it could in the same manner be 
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Bhown, by drawing S'W perpendicularly to SH, that Sm' woM 
re<iuirc to l>c added to the altitude of B, taken at S, in order to 
obtain ite altitude at the same time if it >verc taken at S". 


CONSTBUCTION OF MAPS AND CHARTS 

936. Maps and charts are representations of portions or of 
the wliolo of the surface of the earth, with meridians ami 
parallels of latitude at some convenient distance from ciich 
other, as at 5 or 10 degrees. The principal kinds of con- 
struction arc tlie plane construction, the method of conical 
projection, the stereographic projection, and Mercator's 
projection. 

PLANE CONSTRUCTION 

9.37. In the first method of plane construction the ineridianH 
are parallel straight linen, as are also the parallels of latitude. It 
is used for a very small portion of the earth’s surface, extending 
only a few degrees in length and breadth, as for a portion of a 
kingdom. 

The breadth from north to south, AC, is the 
number of degrees of latitude, each of which 
is equal to 60 geographical or 69*02 imperial 
miles; and the length from east to west, AB, is 
just the length of the number of degrees of 
longitude containe<l in it, estimated on the 
parallel EK of middle latitude by the proi>ortion 
in Art. 914. 

I-iet It', L=:the lengths of a degree of longitmle at the erjuator 
and at the middle latitude, 

/=rthe middle latitude; 

then rail, reos /=L' : L, and L = L' cos f, if R = 1 ; 
and since L'=60 geographic miles, L=60 cos 1. 

If then L=:60x *15692 =33 *652 miles. 

938. In die second method of plane construction the parallels 
of latitude are parallel straight lines, and the nieriilians are con- 
verging straight lines. This method is used for projecting larger 
portions of the earth's surface, as for a kingdom. 
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The breadth of the map in this case is AB, which is equal to 
the length of the degrees in the latitude con- 
tained in the map, as in the preceding method. 
Tlie parallels of latitude are perpendicular to AB, 
which is the middle meridian. The lengths of 
the degrees of longitude in the parallel CD are 
the lengths for the latitude of B found as those in 
EF in the preceding method ; and the lengths for 
" * " the parallel EF are also those corresponding to 

the latitude of A, and the corresponding divisions of EF and CD 
are joined by straight lines, which are the meridians. 




CONICAL PROJECTION 

939. The method of conical projection is used for still larger 
portions of the earth’s surface, as for a continent. This method is 
thus derived : — A conic surface is supposed to touch the earth’s 
surface along the parallel of the middle latitude, and the former 
surface is supposed to coincide with that of the earth 
for a few degrees of latitude on both sides of the 
middle parallel. 

Let APB be the earth, C the middle latitude, 
and CE a tangent, meeting the axis DP produced ; 
then E is the vertex of the cone, CE its slant side, 
and El) its axis. When this conic surface is de- 
veloped on a plane it will be represented by E'MN, 
in which the points E', C' correspond to E and C in 
the above figure. The breadth of the map MQ, therefore, is just 
the length of the number of degrees of latitude contained in the 
map, as in those of the last two articles ; and the 
length of the middle parallel CT is just the same 
length as on the earth, which is computed exactly 
in the same manner as the length of the middle 
parallel EF in Art. 938 ; and the meridians E'S, E'T, 
&c. are drawn through points of division on C'P 
from the vertex E', which is the centre of the 
parallels of latitude. 

The length of the radius E'C' or EC is just the 
cotangent of the latitude, if the radius CG=1; for in triangle 
ECG, angle G is the complement of AGC, which is the latitude 
of the middle parallel CT, and 

GC i CE=rad. : tan G, or a : r=l :cot / ; r=a. cot /, 
where asCG, rsCE, and middle latitude. 
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Since the length of C'P ia just tlie length of the inuUlle parallel 
on the sphere A PHD, whose radius CP is^oos /, or »•';=« cos /, if 
CF=:»*'; and ilie radius EC is r~a cot /; thc»refore the nuiii]>er of 
degrees in the angle MPVN will to the numher of degrees of 
longitude in the map inversely os the rmlii /• ami r\ Or, if c, v' 
denote the number of degrees in angle ME'N, and in the longitude, 
then r : r' = v' : c, or a cot I : a cos / = c' : c ; 

and hence sin 1. 

cot I 

Thus, if and ?y = 15^ 12', ami rt = 246, 

r-rt cot / = 24Gx 0745^ 1 Go 927, 
and w=i;' sin /=15-2 x •829^12-6"=12" 3G'. 


STERBOORAPHIC PROJECTION 

940. 'Fliis ]>rojection is used for large portions of the earth’s 
surface, as for a hemisphere. The meridians ami i»arnllelH of 
latitude are projecte<l according to the methods e.xplaincd in the 
problems of this projection, beginning with Art. 71G. 

L When the projection is made on the plane of a 
meridian. 

The meridians are described in the same manner as AC(/’ in 
( •ase 1, Art. 722. If, for instance, 12 meridians are to Ikj descrihed 
in the hemisphere AlICD— that is, at the distance of every l.V— for 
the meridian next to ADC, the angle P'AE will ]>o 15’; for the next 
it will be 30’; for the next, 45’; for the next, 60’; and so on. Or 
the meridians may Ije described thus Let the projection of a 
meridian, inclined to the primitive ACHD (fig. to Art. 718), by nn 
angle measui’ed by the arc AP, be required. Join DP, and through 
C, G, D describe the circle CGD, for the meridian required. Wiieu 
the meridian is to Ije inclined 15’ to CAD, make AP~15’; when 
the inclination is to 1)e 30’, make an<l so on. 

The parallels of latitude are descril>cd thus Let CE or CM 
(first fig. to Art. 719) be the distance of one of the parallels of 
latitude from the pole ; then draw the tangent P^L to meet the 
polar diameter CD produced, ami EL is the mdiits, and L the 
centre of the projected parallel ^MNE. Or, join AE by a straight 
line, and it will cut CP in N ; then if a circle is descrilMjd through 
MNE, it la the projection required. If the circle is 30’ from the 
pole C — that is, if it is the parallel of latitude of 60’— make CE 
and CM each =30’; for the latitude of 60% make CE and CM each 
»4<P; and so on. 


2k 
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II. When the projection is to be made on some circle, 
as the horizon of a place, which cuts the meridian in the 
east and west points. 

Let ACBD (fimt Hg. to Ait. 719) be the horizon of the place, AB 
the meiidian of the place, C, D the cast and west points, and AF 
= the latitude. Join FD, and G will be the projected pole, for AG 
is the projection of the latitude (Art. 720). The projection of any 
meridian, inclined to the meridian AGB of the place, is described 
in the same manner as the circle IFK (second lig. to Art. 722), F 
being the pole, and BFD the meridian of the place. When the 
meridian is inclined 50° to BFD, make angle LFH=50°; and 
similarly for any other meridian. 

Tlie parallels of latitude are in this case described as in Case 3, 
Art. 719.. If P is the pole, AB the meridian of the place, B the 
north point, and D, C the west and east points ; then, to describe 
the parallel of latitmlo 30°, draw CP, and produce it to E ; make 
EG and EF each =60°, tlie complement of the latitude; draw CG 
and CF, cutting AB in I and H, and on IH describe the circle 
IKH for the required projection ; and in a similar manner describe 
the projections of the other parallels of latitude. 

941. There is a method of construction called tlie globular, 
which is not properly a projection, but it is useful, as it represents 
the magnitudes of dilferent portions of the earth very nearly in 
their proper proportions. In this method the radii of tlie polar and 
equatorial diameters AB, CD (first fig. to Art. 717) are divided into 
the same number of equal parts—into nine, for instance— when the 
meridians and parallels are respectively 10° distant, and the meri- 
dians pass through the poles A, B, and the divisions of CD ; also 
the four quadrants AC, CB, BD, DA being divided into the same 
number of equal parts as the itulii, the parallels for the northern 
hemisphere, for instance, pass through the corresponding divisions 
of the quadrants AC, AD, and radius AE ; and similarly for the 
southern hemisphere. 

If a point is taken for the projecting point in that equatorial 
diameter produced, which is periiendicular to CD, at three-fourths 
of the radius above the sphere, the projections of the meridians 
and parallels of latitude on the meridian ACBD would very nearly 
coincide with those of the globular construction. ^ 

942. In the orthographic projection the half - meridians, 
APB, are semi-ellipses, and the parallels of latitude are straight 
lines parallel to the equator CD, and passing through the equal 
divisions of the quadrants AC, AD. 
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MERCATOR’S CONSTRUCTION 

943. Ill Mcreator'H consiruetioii the iiierhUaiis and parallclH of 
lalitndo are parallel straight lines, the former being ciiuidistant 
for eijual ditlerences of longitude, hut the distance between the 
latter, for equal dinerences of latitude, increases with the latitude. 
When these ilistances are very small, as T, they are increased in 
the ratio of the cosine of latitude to radius, or of radius to the 
secant of latitude. (See Art. 921.) 

Let e -an elementary part of a terrestrial lueridian -that is, a 
minute portion of latitude, as r, 
r - the enlargement of e on the projection, 

I - II latitude, and U - the radius, 
then U : sec /=t’ : c\ or v* --e sec /, when R--1 ; 

and if c-T, then c' in minutc‘H--Kec L 

Hence, if (T), (2'), (3'),. ..denote the enlargement of T in the 
latitude.s of T, 2', 3',.,. respectively, and if nij, <Jenoie the 

meridional part.s for these latitudes respectively, then Is 
-(!'), //i.,-(r)-t-(2'), m3=:(l')-M2')‘l (3'), iSce, 

( ) r, mj = ( r ), f/Kj + (2’), = nf.j t (3' ), See. 

At the latitude of 40' 1', for example, if /a' -the meridional parts 
for 40^ and wi=the same f<»r 40" T or 241', then is 
m = m' -i- (241'). 

This ineth(Ml is not rigorously correct, for the enlargement of I' 
is inaile uniform at any particular latitude, whereas the miniito 
IKirtions of a minute that are farthest from the equator ought to 
lie increased in a higher ratio than the other portions of it ,* but 
the difference is trifling, for in the latitude of 45’’ the error is only 
aliout 0*2' ; the meridional parts by the above, or Wright’s ineth<Kl, 
l>eing 3030' 127, ami its true value being 3029 '939. If I" w’cre 
taken for the elementary part of the latitude the error would lie 
less, but the lalsiur of calculation of the meridional parts would Ikj 
tnucli incrca.sed. 

To construct a map by this projection. 

L When the map contains the equator. 

Draw a straight line to rejirespnt the equator, and lay off on it 
from a coiivciiieiit scale the numlicr of degrees of longitude in the 
map. Through every 10th degree on this line draw fieriiendiculais 
to it for the nieriilians. Find the meridional parts corresjionding 
to the extreme latitude on the north, for instance; ami as it Is 
given in geographical miles, divide it by 60, and lay off the 
quotient from the same scale as the degrees of longitude on one 
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of the meridiaue, and tlnough its extremity draw a parallel to the 
equator fur the extreme parallel of latitude. Find the meridional 
parts for the latitudes 10®, 20®, 30®,... lay them off in the same 
manner, and draw the corresponding parallels. 

2. When the map is limited by two parallels of latitude 
of the same name. 

Draw a line to represent the lower parallel of latitude in the 
same manner as the line representing the equator in the preceding 
case, and draw also the meiidians in the same way ; then find the 
meridional difference of latitude for the two extreme latitudes ; 
divide it by 60, and lay off the quotient on a meridian as in the 
))receding case, and draw the extreme parallel os before. Find 
then the meridional difference of latitude corresponding to the 
lower latitude, and the latitmle 10® higher; and, dividing it by 60, 
lay off- the quotient from the lower parallel on a meridian, and 
it will reach the point through which the corresponding parallel 
passes; procee<l in the same way for the parallels of 20, 30, 40,... 
degrees, and the map will be constructed. (See Art. 922). 


GEODETIC SURVEYING 

944. The method of geodetical surveying is employed 

when a large portion of the earth^s surface, extending several 
degrees, is to ho accurately measured. The method consists 
in forming a series of largo primary triangles, connecting the 
summits of high edifices and mountains, so that the sides of 
any one triangle serve as bases for three contiguous triangles. 
All the angles of these triangles being measured, and one 
side, the other sides are calculated by the principles of 
spherical trigonometry, or more simply by means of methods 
deduced from these principles. The object of the survey 
may bo either the construction of an accurate map or the 
determination of the elements of the figure of the earth (see 
Art. 950 and 994). « 

945. When the angles at the stations, subtended by any 
other two stotions, are taken by means of a sextant, a repeat- 
ing circle, or any other instrument by wliich the incliimd 
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angles in the planes of the objects are moasiiivd, the angles 
at tlie dillerent stations must, by computation, Ik? reduced to 
the corresponding horizontal angh^s, Avliich are just the angles 
of the spherical triangles j but when a theodolite is used in 
thp survey this reduction is uimecos.sjiry, as by mcjins of it 
the horizontal angle is directly mejisured. 

9 16. The method of a system of triangulation composed of 
plane triangles may bo adopted in a common survey nf a 
large esUite, or any small district, over the extent of which 
the surface of the earth may be conceived to bo i)lano, with- 
out any material error ; but the triangles of a geodetic 8urv(?y 
ought to bo spheroidal triangles formed on the 8ph(3roidal 
surface of the earth. On account of the complexity of the 
<liiect computation of the parts of such triangles, tho.so of 
the survey are conceived to be spherical triangles formed on 
the surface of an imaginary s[)here nearly concentric with the 
(iartli ; and the rather tedious methods of spherical trigono- 
metry are avoided by using more simple ami expeditious 
methods of approximation, founded on tlie fact that the sides 
of the triangles are exceedingly simdl compared with tlie 
radius of the earth ; and the errors of these methods, lieing 
much less than those of observation, are practically insensible. 
These methods would be inapplicable to comparatively largo 
triangles ; but the lengths of the sides of the triangles in a 
geodetic survey are generally considerably lcs.s than 100 miles, 
or even less than part of the earth’s diameter. The 
lengths of the sides of the spherical triangles lieing found, 
those of the corresponding spheroidal triangles can Ije more 
reailily computed. 

The imaginary sphere on which the triangles are conceived 
to be formed is one whose centre is the centre of curvature 
of the elRptical meridian at the place, its surface being on a 
level with the sea ; so that the sides of the triangles represent 
the distances of the stations referred to this sphere. It is 
evident, however, that when two consecutive stations are 
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considerably elevated above the surface of this sphere, their 
distance will be greater tliaii the corresponding side of the 
sidicrical triangle ; and when the former is known, the latter 
is to be computed from it as in Art. 955. 


947. Problem I.— Given the zenith distances of two 
stations observed at a third station, and the inclined 
angle at the latter, subtended by the distance between 
the former, to find the corresponding horizontal angle. 


Rule. — Coiisi<lcr the two zenith distances and the inclined angle 
to he the three sides of a spherical triangle ; and 
find the spherical angle contained by the two 
former, and it will be the retpiired horizontal angle. 
Let OAH be the three stations, OC, 01) hori- 



zontal lines at the station O, and OZ a vertical 
line; also, lot MNP be a spherical triangle, whose 
'centre is 0. Lot MN^s-the zenith distance of 
A, MP= 2 ;' = the zenith distance of P, ]’ON = o, the 
inclined angle at O, C0D = 0, the horizontal angle at O; then, 
if 5= half the sum of the sides by Art. 769, 

_ s in {s - z ) . s i n ( .9 - z') . . 

sin z . sin z' ‘ ' * J* 


Sin2iO = 


Or, 


sin z . sm z 


. [ 2 ]. 


948. When the zenitli distances differ by only 2 or 3 degrees in 
excess or defect from 90 degrees— that is, when two objects are 
elevated or tlepressed by only 2 or 3 degrees — the following for- 
inuln 3 may be employed;— If e, c'=the elevations or depressions 
of A and B, andcf=0-o; then c = 90-2r, e' = 90-z\ and 0 = o+d; 
also, if rf, f, e' are expressed in parts of the radius, 

c/ = J(<j + tan Jo - i{c - e' I’* cot Jo , . . [3]. 

949. But if d, e, € denote the nunil>er of minutes in these arcs, 

then =T 5 ftT{(« + tan Jo - (e - c'p cot Jo} . . [4]. 

Or, denoting the terms within the parentheses respectively by in 
and n, rf = ” w), or Lrf = L(«i - n) - 4 *1.3833. 

In formulie [3] and [4], when logarithms are used, theytrequire to 
be carried only to 5 decimal places. 

When e is expressed in minutes, then, since P =^000290888 when 
radius si, therefore the reciprocal of P=. 3437 *75; and hence, if in 
the former expression [3j «f, e, e' are divided by this number, the 
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formula will lic chan^e<1 into the latter expression, for 4x3437-75 
= 13751, 08 in [4J. 

In the formula, e and c' are consulercil to ho elevations ; when 
either of them is an angle of depression its sign must he changed. 

The s<»lutions for the formuhe [1] and [2] are exactly tlie same 
as in Art. 769; it will therefore l)e necessary only to give an 
example of the application of the last formula. 

Example.— (iiven e an angle of elevation =1® 0' 1(>’92", c* an 
angle of depression = ~T 49-54", and o = 6l ' 33' 20-59", to find (). 


Here c-60-182', c'= -7*820', CH-c' = 52-350, c-c' = OS-008, and 
hy [4], 

2L(^ fe'). . . 3-43793 2L(c-c') . . 3-60512 

L, tan \o. . . 9-77495 L, cot \o . . 10 22r>05 

L, /a 1032-0 . :r 3-21288 L, w 7765*5 . . -- 3*89017 

Idm-«)6132-9 .... - 3-78760 

Constant, L - ~ 4*138.33 

L. 0-4460 I 01933 


Hence -0-440'- -26*76", which is negative, hecanse m<.n\ 
and O^o - 33' 20*59 ' - 26-76 " ^61 ' 32' 53*83 ". 

The same example may he .solved in the following manner as an 
illustration of formula [3] 

The length of 1° "*01745 when radiufl = l ; and hence the lengths 
of e and e' can be found hy means of the preceding or hy Art. 279 ; 
or, more readily, hy means of a Table of the lengths of circular arcs. 
It is thus found that 

c= -01750, = - -00228, c + -01.522, c c' -. 01978. 

2C(c•^c'). . . 4 ,36482 2L{c-e') . . - 4*59240 

C, tan Jo . . - 9^^95 L, cot ho . . = 

L, ,Ji -OK)13797 . = 4*1.3977 L, n •0(X)6.>09I . == 4*81751 

Ami = - 00012973= -26*75". 

950. The horizontal angle found hy this problem is just the 
spherical angle at the station at which the angle is formed, con- 
tained hy arcs of two great circles of tlie earth, considered as a 
sphere, passing through that point. 

• Exercises 

1. Given * = 88" 12', *' = 88" SO', and o = 63®, to find 0 by [1]. 

' 0---63" l'.30‘4". 

2 . Given c=25' 47 2", c'= -1", and o = 60 30' 38-9 ', to find O 

by [4]. 0-66" 30' 36*37". 



672 


GEODETIC SURVEYING 


3. Given e= T 30', e'= - T 6', and o=97“ 36', to find 0 by [2] or [4J. 

0=97" 34' 29*94". 

4. Given e= - 41' 50 68", e'= -57' 31*91", and o=56" 38' 33*34", to 

find 0 0=56" 38' 54*68". 

5. Given c=25' 11*9", e' = r 15' 42*97", and 0=61" 48' 10*61", to 

findO 0=61" 48' 18*6". 


951. Problem II.— To reduce angles taken out of the 
centre of a station to their corresponding angles at the 
centre. 

Let ABC be three stations, the centre of an object at C bein" 

a cliosen for the centre of that station, at whicli it 
is impossible to place an angular instrument for 
determining the angle ACB; and let an angle 
AOB be taken at a point near to this station. 

The angle ACB is called the central angle, 
AOB the observed angle, AOC tlie angle of 
direction, OC the central distance, and BC, AC 
° the right and left distances, and AB the base. 
Let ACB=C, A0B=0, AOC = f/, OC=c, BC=r, and AC=/; 

n ^ ^ /sin(0 + rf) sinrf\ 

then J-) . . [1], 

in which the correction C - O is expressed in minutes. 

When the sum of the angles AOB, AOC is less than 180" the 
sign + must be used, and when they are together greater than 180" 
the sign - must be taken. 

952. If the angle of the triangle ABC at the right station B be 
denoted by K, a more concise expression can be found— namely. 

Bin 1' r sm K 

where C-O is again expressed in minutes. But this formula, 
which is only approximative, requires that the correction of the 
angle C should be small, or that PB should be nearly =BC, 
supposing a circle ABPC to be described through A, B, and C. 

When 0 falls within the circle, but not within the triangle ABC, 
then rf>R, and sin (R-d) becomes negative. When 0 lies to the 
left of C, take BOC=(f, CAB=R, and CA=r, supposing the letters 
A, B to remain unaltered. 

The value to be substituted for ——7 is 3437*75, the logarithm of 
sin 1 

which is 3*5362743. The values of r and / must be known, but 
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approximate values are sufficient ; os, for example, such as wouM 
Jbe obtained by solving a spherical triangle AHC of the inagnitudo 
common in geoiletical operations, as a plane triangle. 

9r)3. When 0 lies to the left of C the Icttei-s A and H may bn 
interchanged, and then the fornuihe [1] and [2] apply >vithout 
alteration. 

Example. -G iven c=:12, l-im% r^.WOO, ()r=74" 32', and 
d = 139'’ 39', to find C, 0 being to the left of C. 

Here, though the sum of the olwerved angles i.s greater than 180'*, 
since the second includes the first, the second side is plus; 

, ^ f' /sin (O /f) Hu\(l\ 

hence C - O = f- -- ,( - ' H- , ) 

.sin 1 \ r I J 

12/81116,')'*^' sin 1.39". 39\ 

“sill n 5tJ00 4r>81'8 /• 

L, Bin 65’ 7' . . = 9-95760 L, cos 49’ 39' . . -O-Hll'il 

L, 5009 . . . = 3-69897 L, 4581 8 . - 3-0(il04 

L, m -00018143, . = 4 -a587'2 L, » 00014131, . = 4 -15017 

L, (hi- h) -00004012 . . . -• 5-60336 

L, 12 = 1 -07918 

Coiixtaiit L = 3-53627 

L, 1-655' 0-2l88i 

Or, 0 - 0 = - r 39-3", nml 0=74’ 30' 29-7". 

To calculate C-0 by the second inetho<], there must be given 
angle K — that is, ABC (supposing A and B interchanged, as () is 
to the left of C), and also angle d and r. By observation, let 
K=66® r 45", then here r=468r8 (the I alxive), and 0--=74 32' 
as above ; but the value of d is the excess of the d given above 
over O, or r/=65" T. 

(B-<0 ^in 0 

“ r sin 1'. sin K 
12 sin 8" 59' 15". sin 74" .32' 

”4^r8 ’ sin 1'. sin 56" T 4.5 " 

L, 12 . . = 1-07918 L, r . = 3 -66104 

L,«iD(R-«() . = 9-19373-10 L, R . . = 9-91923-10 

I.,sinO . . = 9-98398-10 3-58027 

Con*tant^log. . = 3-53627 3-79316 

3-79316 |„ I -6327 . . - 

Or, C-0=r 37-96"; that U, 1-33" less than the value fouiiil hy 
the former method, which is tlie more correct, ami requires only 
three more logarithms than the latter. 
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The first formula is easily proved by means of two analogies 
obtained from the triangles BCO, ACO— namely, 

r : c=sin (0 + ( 3 ?) : sin CBO, and sin CBO=^ sin (O + t/) 

^ : c=sin cf : sin CAO, and sin CAO = ^ sin d. 

But CBO, CAO are small angles, and are therefore nearly propor- 
tional to their sines; and thus the number of minutes in ('BO 

and CAO resj>ectively will l>e very nearly and 

^ J J jyjjj y gj,j y 

Also, angle CAO + C = A(J B = CBO + O, and C - 0 = CBO - CAO 
_ e /sin (O + of) sin^y 
"sin r I ) 


Were the central distance c considerable, it would be neces- 
sary to find the angles CBO, CAO by means of the analogies in 
the preceding paragraplt, and then their dillerence would give 
C-0. 

By describing a circle about A, B, C, cutting AO in P, the 
second formula can be proved by means of tlie triangles (TO, 
PBO, provided PB be very nearly equal to B(' or r; wliich it 
must be when c is very small in relation to r. In the triangle 
CPO, the angle PCO = (R-rf), and POC = fi?; also, in the triangle 
BPO, the exterior angle APB=C ; therefore the angle PBO=C - O. 
Now, from the triangle CPO wo have 

silt U : sin (K - rf) =c : PO ; . • . PO = - ; 

Sin R 

and from the triangle BPO we have 

r : PO = sin 0 ; sin PBO = sin (C - 0) ; 


hence 


sin (C-0) 

C-0 = 


PO . 1 ^ O _ c sin JR - d) sm 0 
r ” 


r sin R 
c . sin (R - d ) sin O 
r.sinP. sinR 


Exercises 

1. The place of observation being to the right of the centre of 

the station, and 0=60% rf=58® 4P 0-6", f= 19000, r =20000, and 
c = 10, to find C C=69*.59' 67*7". 

2. The data being as in the preceding exercise, except that I and 

r are ten times less, what is C ? . . . . 0=59'’ 69' 37*33". 

3. In this example the angles are expressed according to the 
centesimal or the new division of the circle— namely, 0*44' 
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25'92r, rf=38“ 14' 81-5", ami r=:4596-27. /=404l*89, ami r = 4!tK) 
metres; find C, supposing O to l)c situated on the right of tliu 
station C C - 44 ’ 44' 44 ‘4", 

4. (liven (), rf, e, an<l r, ns in the preceding (example, and U 

66' 66*7"; find C hy the formula [2]. . . . (’=44’ 44' 42*0 ", 

The answer to the third example is the correct one, and it tlu*re- 
fore appears tliat with a distance c equal to ahoiit /o of r or /, the 
error of the second method is 18", or 0*648" of tlie sexagesimal 
division. 

5. ( liven O = 45" 42', f/=50" 18', r =32656, f = 31052, and r ~40 feet ; 
find C, tlio position of 0 being still to the right of ij. 

, (’ 15 42' 53 85". 

954. Ileforo proceeding with the computations of gcodetieal 
measurements, it is nece.ssary that the mean diameter of the 
earth should he known with coiisi<lerahlc acmtracy. A mean 
value, however, is sulficient for most <if these purj>oses. If n 
base -for instance, AB (next fig.)“~is measured at a level above 
that of the sen, and is to be reduced to its length o/;, if measured 
at the mean level of the sea; then, suppo.‘'ing tliis base to be 
measured at a height of 3000 feet, and to be 40 miles long, the 
error on the correction of the base, arising from taking the 
mean diameter, cannot excee<l at its greatest of a foot, and 
will lie mitcli less if the place be situated in a medium latitude 
(see Art. 996). 

955. Problem III. —Given the length of a base, and its 
height above the sea, to reduce it to the level of the 
sea. 

Bulk. — M ultiply together the base and height, and divhle the 
prmluct by the ladins of the earth, ami the qiiotient will Ikj (he 
correction to be deducted from the base. ^ ^ 

Let B, 6= the measured and reduced bases in feet; 

r, A = the earth’s radius and the given height ® \ 7 

in feet, \ / 

and c=B-6; \ / 

tliAn .. 1 \/ 

Mien — very nearly, V 

and 5=B-e. 

Or, taking r =20899318 feet, its logarithiii is = 7*3201319, and its 
arithmetical complement =8*6798681, which may lie mide<l for the 
term - Lr, then L(B 6) = LB + U f 8*6798455. 
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Example. — Let B= 62546 feet, and to find h. 

L(B - h) = 4-7961995 + 2-7951846 + 8*6798681 +0-2712522. 

Ilenco B - 5= 1 -8675, and 6=62544 1225. 

Jf «, 6 denote the polar and equatorial dianietcr.s of the earth, 
/- tlie radius of a sphere -of equal volume, and the equidifferent 
mean between {a and ^6, then 

a=41706000 feet=7898-87 miles ; 

6 = 41845000 M =7925-19 „ 

2/-=41798636 .. =7916405 i. 
and 2r'=41775500 „ =791203 „ 

Tlie value of r is obtained thus :~Let v, v' be the volumes of the 
earth and of the equivalent sphere, • 

then -5236 *5236 {2r^) ; 

hence • (2/-)“ = ab\ and 3L2r = ha + 2L6 ; 

and as a and 6 are supposed to be known, r can be found. 

Exercises 

1. A base measured at the height of 1245 feet was =25086 feet 

long; required the reduced base =25084*5056. 

2. Find the reduced base corresponding to a base of 12543 feet 

measured on a plane elevated =996 feet. . . . =12542*402. 

956, When the three angles of any of the spherical triangles of a 
system of triaiigulation have been observed, they can be verified 
by moans of the spherical ezcess— that is, the excess of the three 
angles of a spherical triangle above two right angles. This excess 
can be calculated when the area of the triangle is known, and 
it can be found when any three parts of the triangle are given. 
Convei-sely, the area of a spherical triangle is easily and accurately 
found when the spherical excess is known. 

957. Problem IV.— Given the spherical excess, to find the 
area of the spherical triangle. 

Rule.— A s 180 is to the spherical excess in degrees, so is J of the 
surface of the sphei-e to the area of the triangle. 

Let E=the spherical excess, 

S, T= II surfaces of the sphere and of the triangle ; 
then 180 : E=iS : T, or T=i . xivE S. 

Example.— The three angles of a spherical triangle are =60®, 65®, 
and 85® on a sphere whose diameter is=20 ; required the area of the 
triangle. 

E=60 + 65 f 86- 180=30, iS = nr® = 314*16 ; 
and T=a,E. *8=^x314 16 =5236 feet. 
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Exercises 

1. Find the area of a splicrical triangle ilcHcribed on a sphere 

of 15 feet railiuH, its angles being - 75^ 50"', and 85". - 117 81 feet. 

2. The tlianieter of a sphere 18=50, and the angles of a splierieal 

triangle described on it are = 75° 15', 82° 12', and 35" 3'; liiid the 
area of the triangle = 130*354. 


958. When the accurate values of the angles arc unknown, the 
area of a spherical triangle, by nieans of which the .spherical excess 
is found, cannot be accurately calculated unless by inethodH that 
are te<lious ; but as the spherical excess of triangles whose sides 
are very small comjiared with the radius of the sphere, such os 
those formed in a geodctical survey, amounts only to a few 
seconds— from 2 to 10 generally, and at most to als)nt 30"— this 
excess will be determined with suflicieiit accuracy by considering 
tin* spherical triangle as a plane triangle, whose given parts— one 
of which at least must be a side— are equal to those of the spherical 
triangle. An error of 1" on an angle would protlma* an error of 
little more than 1 foot on the opposite side of a triangle whose 
sides are 20 miles long. 

Wiieii the two sides «, b and the contained angle (' are given, 
the area will be obtained nearly by the formula, 

T = yib sin C. 

Wlien the side c and the angles A and H are given, 


. sin A , sin B 

sin C/=8in (A + B), a=c . - , . b = c -" -rr" 7 "o. » 

' Hm(A + B)’ sin (A + B)' 


and iiciice 


T -1 .‘/*i** A . sin JB 
sin (A + B) 


959. Problem V.— Oiven three parts of a spherical tri- 
angle, one of which is a side, to find the spherical excess. 

Hulk. — From the logarithm of the area of the triangle in feet 
subtract the number 9*3207737, and the remainder will Ije the 
logarithm of the spherical exce.s8 in seconds. 

L.E = L.T-9-3207737. 

Example. — In a spherical triangle LIIS, tlie stations of which 
are l.icith lliil, Hanger Hill, and Sevemdroog Castle, the observed 
angle at L is =35° 23' 14 ", ami the containing sides LS and LH are 
144760 and 127660. 

Eet the sides opposite to the angles L, H, S be denoted by /, A, # ; 
^*»«n T=4^8inL. 
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L, \h 72380 . . = 4-85962 L, T . . = 9-72842 

L, s 127660 . . = 6*10605 = <Ki2677 

L, 8in h 35“ 23' 14" = 9-76275- 10 L, K . . = *40165 

Hence E= 2*522 = 2*62". 

960. In calculating the epherical excess, it is generally sufhcicnt 
to carry the logarithms to the Hfth decimal place inclusive, and 
tlierefore an error of a few seconds in the given angles, or of 
several feet in the aides, if they do not much exceed the usual 
limits, will not produce an error on the spherical excess amounting 
to 1 iff of 1". 

Kxeucises 

1. In a spherical triangle WSL, the sides LW, SW are = 158840 
and 75014, and angle W=65' 26' 48"; what is the spherical excess? 

= 2*55". 

2. In a triangle CSW, CS = 63489, CW = 133640, and angle V 

= 16’ 35' 2"; what is the spherical excess? . . . =0*57". 

3. In a triangle HLW, the side HL = 127660, angle H= 84“ 69' 67", 
and angle L= 17“ 42' 37"; what is the spherical excess ? . =1*19". 

Use the formula (Art. 958), T = 4c* 

^ 8m(A + B) 

961. The excess of the observed angles of a triangle above 180 
may be callc<l the observed spherical excess. 

962. Problem VI. - Having given the three observed 
angles and the spherical excess, to find the true values 
of the angles. 

UuLE.--Subtract the observed from the true spherical exco^>, 
and odd one-third of the remainder to each of the observed angle'll 
and the sums will be the true spherical angles. 

When the observed exceeds the true spherical excess tin 
remainder is negative that is, the third of the difference is t( 
be subtracted from each observed angle. When the observe' 
spherical excess is negative — that is, when the sum of the oh 
served angle is less than 180 — the remainder will be the sum o 
the two spherical excesses. 

The rule applies only to the case in which the three angles hav< 
been observed under equally favourable circumstancea; when on< 
of the angles is considered to be perfectly correct, the correctioi 
must be distributed equally between the other two; and if tw< 
angles are quite correct, the whole correction niust be appliefi t< 
the third. When the angles, or any two of them, have not beei 
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observed tnuler equally favourable circumstances the correction 
must be distributed among them, according to tlio degrees of 
]irobabiii(y of accuracy, or what is called the weight of each 
observation, as determined by the piinciples of probability, which 
will l>e afterwards explained. 

Let E and E' denote the true ami observed spherical excess, and 
E, the error or whole correction ; 
then El--K-E^ 

Let Aj, Bj, C| Ije the observed angles, and a, ft, y their con ed ions 
respectively, and A, B, C the (me angles; then a t/ii 1-7 - Ej ; and 
when the corrections are to be equally distributed a - ;\E,, ft - ^E,, 

7 ^^Ej. 

Ami A—Ai + jEj, B= Bj + iE|, C = C| + iEj. 

Or generally, A ~ Aj + a, B - B, 4 ft, C - Ci i y. 

In the exercises the correction is iindei’stood to be equally 
distributed, unless otherwise expressed. 

E.XAMl'hK.— The observed angles Ai, B„ C, are -65'’ 40' 10’82", 
4<r 30' 4r)-94 ", and 7.T 40' o OO"; lind the true angles, the true 
spherical excess b<*ing-0'4*2". 

Hero A I ^ Oo 40' lO H-2" 

B,:^ 40 30 45 04 
= 73 40 5*09 
180 0 2*45 

Hence Ej = E - E' - 6*42" ‘2-45" - 3 07". 

And ^E,^l-32''. 

Therefore, A~A, i 65 40' !‘2 I4" 

Bi4 /i= 40 30 47 ‘20 
C = Ci + 7= 73 40 7% 

180 0 6*41 

EXERCISE.8 

1. The three observed angles of a triangle are = 28^ 40' 32’26", 
54 28' 17-35", and 96® 51' 12-95"; requiretl the true angles, the 
spherical excess being =4*3". 

= 28® 40' 32-84'', .54® 28' 17-93", and 96 51' I3'53 ". 
In the tw’o follo>ving examples Aj, Bj, C,, arid K are given to 
find A, Bfand C ; angle A, in the last lieing correct:— 

2. A, = 50® 42' 36-8", E=2-13", A = 50® 42' .38-4.3". 

Bi = 79 49 32-2.5, B = 79 49 .3.3-88. 

Ci = 49 27 48-19, C=49 27 49'82. 
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3. Ai = 39‘’40M7-24", E=104^ A = 39" 40' 17*24". 

Bi = 68 14 32- 12, B=68 14 31 10. 

Cl = 72 6 13*72, C = 72 5 12*70. 

963. When tliree parts of a spherical triangle in a geodetic 
survey are given, the other parts can Ihj calculated by means of 
the rules of spherical trigonometry ; but the method of Legendre, 
by an equal-sided plane triangle, and that of Delambre, by 
means of tiie triangle of the chords or the chordal triangle, arc 
more expeditious. Of these the following by Legendre’s method 
is the most simple. 

If from each of the angles of a spherical triangle one- third of 
the spherical excess is deducted, the remaindei*s are the angles 
of a i>lano triangle, the lengths of whose sides are equal to those 
of the spherical triangle. This is Legendre’s theorem, on which 
he founds his method, which is adopted in the following problems. 

964. Problem VII.— Given the three angles* of a spherical 
triangle, to find the angles of the equal-sided plane triangle. 

Rule.— F rom each of the angles of the spherical triangle deduct 
one-third of the spherical excess, and the remainders are the 
required angles. 

JiCb A, R, C be the angles of the spherical triangle ; A', B', C' 
those of the plane triangle; and £ the spherical excess; then 
A'=A-iE, B' = B-iE, andC'=C-iE. 

Example.— The three angles of a spherical triangle are =48' 
12' :I0 02", 55" 17' 36*31", and 76" 29' 55*8"; find the angles of 
the equal-sided plane triangle. 

A= 48" 12' 30 *02" 

B= 55 17 .36 31 
C= 76 29 .55*8 
180 0 2*13 

Hence E =2*13", and ^£=0*71". 

Therefore, A'=A-iE= 48" 12' 29*31" 

B' = B-iiE= 55 17 35*6 
C'=C-iiE= 76 29 25*09 
180 0 0 

Exercises ^ 

In the following exercises the angles A, B, C of the spherical 
triangle are given to find the angles A', B', C' of the equal-sided 
plane triangle 



GEODETIC SURVEYING 


581 


Given 

1. A = 7«M:V 4-32" 
1J=48 15 13*8 
C=55 31 45 04 

2. A =49** 12' 13 02" 
11 = 72 0 14 83 
C=58 47 34-58 

3. A = 65° 14' 10-3" 
15 = 70 10 19-08 
C = 44 35 35-G6 


Answers 
A' = 70* 13' 3-27" 
Ii'^48 15 12-75 
(r = r)5 31 43-99 

A' - 49' 12' 12-21" 
15' -72 0 14-02 
C' = 58 47 33-77 

A' = 05“ 14' 8-02" 
15' = 70 10 17-4 
C' = 44 35 33-98 


905. AVlien all the angles of a spherical triangle have been 
observed with equal accuracy, the angles of the ecpial sided plane 
triangle can bo obtained by deducting one-tliird of the observetl 
spherical excess from the ob.servc<l angles. The exercises given 
al>ove will exemplify this rule, if the angles A, Ji, C be considered 
to l>e observed angles. 

Since the angles of the equal-sided plane triangle can be thus 
obtained from the observed angles, if one side of the sphcricjil 
triangle is accurately known, the other two sides, btdng equal to 
those of the plane triangle (Art. 903), can be easily computed. 'I'lie 
computation of the spherical excess is therefore of little [)ractical 
utility, except as a means of testing the accuracy of the observed 
angles ; and when they are thus verified, the surveyor is confident 
of the accuracy of his operations. 


966. Problem VIII. — Given three parts of a spherical 
triangle, one of them being the correct value of a side, 
but the given angles being only observed angles, to find 
accurately the parts of the triangle. 

Kule. — By means of the parts given, compute the spherical 
excess; find the true values of the angles, and tlicn the angles of 
the equal sido<l plane triangle ; and in the latter triangle, by means 
of its angles and the given side, find its other sides, and they will 
also be the required sides of the.spherical triangle. 

EXAAj^LE. — Given the three observed angles of a spherical 
triangle — namely, A, = 35“ 23' 13'87", Bi = 83* 26' 2.3-6", and 
C,=6r lO" 24-18", and the side « = 84383*12 feet-to find the 
true angles and the other two sides of the triangle. 

There is only one side given ; hence, supposing the triangle 

ftme, Miith. 2 L 
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piano (Alt. 965), use tlie formula (Art. 958) T = 
which here becomes T = v ‘ , v * 

* sin(Bi + Ci) 


To find the area of the triangle | To find E 


21j, a 

= 9-85251 

L, 2T 

. =10*02947 

L, sin lb . 

= 9*99715-10 


. = 0-,3010;i 

L, sin Cl . 

= 9-94255-10 

L, T . . 

. = 9-72844 


19-79221 


9.32677 

L, sin (Bi + Ci) 

= 9-70274-10 

L, E . . 

. = *40167 

L, 2T 

^10-0-2947 



Therefore, 1 

C-2-522or2-52' 

', .ami 4E=0-84". 


And 

, = J( E - E') = J(2-52 - 1 -65) = 0-29". 


A,^ 35“ 23' 13-87" Ami (Art. 962) A= 35“ 23' 1416" 

B,= 83 26 23-6 

B= 83 

26 23-89 

Ci= 61 10 24-18 

C= 61 

10 24*47 

180 0 

1-65 

180 

0 2-52 

Also (Art. 964) 

A'= 35" 

23' 13.32" 



B'= 83 

26 23*05 



C'= 61 

10 23*63 



180 

0 0 


To calculate the sides 5, c of the plane triangle A^ B', O 

L, sin A' 

= 9-7627510 

L, sin A' 

= 9-7627510 

L, sill IV 

= 9-9971470 

L, sin C' 

= 9-9425445 

L, a . 

1 

II 

Lf a . 

= 4-9262556 


14-9234026 


14-8688001 

L, 6 . 

= 6-1606516 

L, c . 

= 5-1060491 

Hence 5 = 144761. 


And c = 127658 -32. 


The sides 5, c are also sides of the spherical triangle, so that its 

angles and sides are now all accurately known. 


967. Since the 

observed angles are s'upposed 

to be equally 


accurate, the angles A', B', C' of the plane triangle could have 
been obtained from them by deducting from each of these angles 
iE'=Jx 1*65'' =0-55". 

Exercises 

In the following exercises one side of the triangle is given ; and 
all the angles by observation, except in the third and fourth, in 
which only two angles are given. In the third, two angles of the 
plane triangle are found by deducting one-third of the spherical 
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excess from the two given angles, and its third angle is then easily 
found ; ami in the same manner tlie fourth exercise is calculated. 
The elements required are : the spherical excess, tl»e true angles 
of the spherical triangle, the angles of the plane triangle— that is, 
the angles for calculation— and the other two sides of the spherical 
triangle, which are just those of the plane triangle. The spherical 
excess for the thinl exercise has been already calculated in the 
exercises in Art. 959. In the first line of each exercise the accu- 
rate value of one side is given, and in the second column are th(> 
observed angles ; these are the data in each exercise ; the re(iuire<l 
parts are; the spherical excess given in the third column, the 
angles of the equal-sided plane triangle given in the fourth 
column, and the other two sides given in the last column and 
placed opposite to the angles to which they are opposite in the 
triangles 


1. Severndrooff Castle, ft'om Leith Hill Station, 144760*96 feet 


XaincH of 
Stutiuiis 

Observed 

Anglee 

Spherical 

Excess 

Angles for 
Calculation 

Distances 
in Feet 

Wrotham . 

05" 26' 47-68" 


65" 26' 46-85" 


Severndroog 

Castle 

86 25 58-40 


80 25 67-57 

168844-33 

Leith Hill . 

28 7 16-42 

... 

28 7 15-58 

75014-27 



2-56" 

180 0 0 



2. Wrotham Station, ft'om Sevemdroog Castle, 76014*27 feet 


Names of 
Stations 

Observed 

Angles 

Spherical 

Excess 

Angles for 
Calculation 

Distances 
in Feet 

Chingford . 

16" 36' 1-77" 


16" 35' 2-00" 


Severndroog 

Castle 

149 26 13-36 



133640-58 

Wrotham* . 

13 58 44-20 


13 58 44 -42 

63488-87 


179 59 59-33 

0-57" 
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3. Hanger Hill, from Leith Hill Station, 127668*32 feet 


NaniftH of 
Stations 

Olwervotl 

Angles 

Spherical 

Excess 

Angles for 
Calculation 

Distances 
in Feet 

Westminster 

Abbey 

Hanger Hill . 
Leitli Hill . 

84'’ 59' 56*81" 
17 42 36*62 


77° 17' 27*37" 
84 59 56*41 

17 42 36*22 

130366*3;i 

39809*03 



1*2" 

180 0 0 



4. Westminster Abbey, from Leith Hill, 130366*33 feet 


Names of 
Stations 

Observeil 

Angles 

spherical 

Excess 

Angles for 
Calculation 

Distanci“« 
in Feet 

Severndroog 

Castle 

62° 33' 57 *67" 


62° 33' 57 *22 ' 


Westminster 

Abl)cy 



99 45 26*38 

144760-0:) 

Leith liill . 

17 40 36*85 


17 40 36*40 

4460111) 



1*35" 

180 0 0 



6. Leith HUl, ITom Wrotham, 168844*33 feet 


Names of 
Stations 

Observed 

Angles 

Spherical 

Excess 

Angles for 
Calculation 

Distancex 
in Feet 

Crowborongh 
Leith Hill . 
Wrotham 

87“ 5' 15*01" 
38 56 55*95 
53 57 51*13 


87“ 5' 14*32" 
38 56 55*25,, 
53 67 50*43 

99982:)fi 

12861527 


180 0 2-09 

3*03" 

1 180 0 0 

1 
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6. Wrotham, ftx>m Crowboroufirh, 90082 55 feet 


Nairn's of 

Observe*! 

Spln'rieal 

Angles for 

Distanros 

Stations 

Angles 

Excess 

Calcnl.ilion 

in FoeL 

Sic<I<! Hill . 

44" 44' 5*2*83" 


44" 44' 51 -73" 


; C’rowborough 

41 58 20*94 


41 58 19 -84 

94980-97 

Wrotham 

93 1(5 49*54 


93 10 48-43 

141790 -fio 


180 0 3*31 

2-23" 

180 0 0 



Tlie tnani»les for tlie first, fifth, ami sixth exercises arc {;iveii 
in the a<ljoiiiing figure ; ilic letters at tlie angular points are the 
initials of the iianies of the stations, except S', which is Stedo 
Hill. The hearing of Leith Hill 
from Severiulroog (’astle that is, 
angle LSN— being 4JV' 5' 51" S\V., 

MSll will he the direction of the 
nieiiiliaii. 'IMie computation of the 
system of triangles is continue<l 
in tlie same manner to any extent. 

Sometimes the distance of some 
two of the stations is calculated 
hy means of several triangles of 
which it is a common side, and 
the results serve as a means of 
verifying each other. Thus, for instance, the distance lictween 
Chingford Station and Severn<lroog Castle was calculated hy 
means of five triangles of which it was a sMe, and the extremes of 
the computed distances differ hy only 1*04 feet; and the greatest 
difference between any of them and the mean, which is (53489*3*2 
feet, or about 12 miles, is only 0*49 of a foot. It may l>c observed 
liere, as a proof of the extraordinary precision with which the 
original base of a geodetic survey is rnciisured, that the base of 
the survey in Ireland, which is on a level plane near Londonderry, 
more thjn 7 miles long, and that the greatest possible erior on 
its length is considered to lie within 2 inches. 

W8. When the object of the survey is merely to determine the 
length of a degree of the meridian, the system of trinngulation is 
extraded as nearly as possible in the direction of the meridian. 
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Tlio method of computing this length is explained in the next 
problem. The triangles composing a system of triangulation an* 
called primary triangles ; and otlier triangles formed within the 
system for determining the positions of objects for other purposes 
are called secondary triangles. 


960. Problem IX. —Having determined the sides and 
angles of the primary triangles of a system of triangula- 
tion lying nearly in the direction of the meridian, to 
determine the length of that portion of the meridian over 
which it extends. 

Let ABCDEGFDH be a .system of primary triangles, who.se 
angles and sides are known as in the preceding 
problem ; iiiid the azimuth a of the station ( ' 
when observed from A, then angle /3=180 
~ (a + 7 ) nearly, y denoting angle ACD. There- 
fore the spherical cxce.ss of the triangle AC.M 
can be found (Art. 959) ; and hence its tnn* 
angles can bo found, and also its sides AM, 
MG (Art. 966). 

But CD is known; hence in triangle DMK 
the side DM = CD - CM is knoAvn, ainl 
angle D=CDE-f EDG + GDF, and also angle 
M = AMC. Therefore, angle R is approximately 
known ; consequently the spherical excess for 
this triangle can be found, and its true angles 
and sides computed ; and hence MU can be 
found. 

Proceeding in this manner, the lengths of the successive portion^ 
AM, MR,.., of the meridian can be computed; and hence their 
sum, or the length of the portion of the meridian comprehended 
between the extreme stations, can be determined. 

The latitudes of the extreme stations can be determined by 
the method in Art. 883, and then the difference of latitude i:^ 
known, which is just the number of degrees in the arc of the 
meridian ; and the length of one degree can then be found by a 
simple proportion. • 

It may 1^ observed here that though the angles at M are equal 
in the two triangles ACM, DMR, yet the corresponding angles of 
their equal-sided plane triangles are not equal, for the spherical 
• excesses of these triangles are not equal unless their areas are so. 
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Example. — Let the azimuth a-W 40' 27 SO", ACM=7= 
143^ 13' 41*32", ami the ehle AC^274r»8*6 metres; also angle 
Ml)U-=134' 11' 14*78", ami 00 = 33104*08 metres, to liml the 
portions AM, MR of the meridian. 

The spherical excess for triangle AMC is found to be = 0*90"; 
hence M=/J=180" 0' 0 *90" - (a + 7) = 19" 59' 51*85". 

Hence tlie angles of the equal-sided plane triangle, found by 
taking 0*32" from the angles a, 7, are a' = 10" 40' 27*27", 
tf'=19' 59' 51*53", 7' = 143" 13' 41*2". 

'The other two sides found by means of this plane triangle 
(Art. 900) are AM = 48065*e4, CM=23172*57 metres. 

Hence, in triangle MDK, DM = CD - CM = 351 04 *08 - 23172*57 
= 11991*51 metres, M = /l = 19"59' 51*85", 1)=13C 11' 14*78"; and 
computing the .spherical excess for this triangle, and then finding 
the angles of the equal sided plane triangle, and computing its 
sides, it is found that MR = 19745*99. 

Hence AR= AM MR =0781 1 *63 metres. 

'riio student is requested to perform the computations in this 
example that are not given alM)ve. 

Ry the method explained in this example, the length of the 
meridian, traversing France from Dunkirk to the parallel of 
.Montjouy, near Barcelona, was computc<l. The arc was =9'' 
40' 24*24", and its length was = 1075059 metres. 

In the preceding figure the station A is at Dunkirk, B at 
Watteii, C at Cassel, D at Fiefs, E at Bethunc, (» at Mesni), 
F at 8auti, and H at Bennieies. 

i>70. Problem X.— Given the length of an arc of the 
meridian, and the latitude of its extremities, or the 
number of degrees in the arc, to find the length of one 
degree at the middle latitude. 

Rule. — A s the number of degrees {d) in the given arc is to one 
degree, so is the length of the given arc {z) to the lengtli of an arc 
of one degree (z'). 

Or, d:l=:z: J ’» hence L::'=Lj - lifL 

Exercise 

The length of an arc of the meridian between Diinnose and 
Clifton was found, in the trigonometrical survey of England, to be 
« 1036337 feet, and the amplitude of the arc wtis=2* 50' 23*5"; 
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requiieil the length of a degree at the middle latitude, which in 
= 6T 2' 20" = 364925 *2 feet. 

Ill thi8 manner the length of a degree of the meridian at any 
latitude i^ found. Tlie length of a degree at the middle latitude 
between Dunnose and Ardbury Hill was found to be 60864 
fathoms, wdiich is about 54 fathoms more than it ought to bo, 
according to the usual elements of the figure of the earth. This 
and many other anomalous re.sults are commonly referred to local 
attraction deflecting the plumb-line of the sector employed for 
measuring the angles. 

971. The following Table presents the results of various surveys 
for determining the length of a degree in diflerent latitudes 


CoiUitry 


nr:. 1 . 11 .. 

Degrees 

Length 


Latilttdo 


in Arc 

in Feet of 

Observers 


nieasurod 

Degree 


Peru 

r 

31' 

0" 

3^ 

r 

3" 

362808 

Coiidamine. 

India 

16 

8 

22 

15 

57 

40 

363044 

( Lambton, 

1 Everest. 

Cape of Good\ 
Hope / 

33 

18 

30 

1 

13 

17i 

364713 

Lncaille. 

United States 

39 

12 

0 

1 

28 

45 

! 363786 

r Mason, 

\ Dixon. 

Home . 

42 

59 

0 

2 

9 

47 

364262 

Boscovich. 

France . 

44 

51 

2 

12 

22 

13 

364535 

/Delambre, 

iMcchain. 

England 

52 

35 

45 

3 

57 

13 

364971 

Roy, Kater. 

Hussia . 

58 

17 

37 

3 

35 

5 

365368 

Struve. 

Sw'eden . 

66 

20 

10 1 

1 

1 

37 


365782 

Svanberg. 


972. The computations of the angles and distances in a geodetic 
survey can also be performed by means of the chordal triangles— 
that is, the tiiangles formed by the chords of the sides of the 
spherical triangles. The same data are required in this method 
as in the former, or there must be previously known all the 
angles of the spherical triangles by observation, and at least one 
side must be accurately determined. This method was* adopted 
in the survey of England. 

Let A, B, C, and a, 6, c, be respectively the correct angles and 
sides of one of the spherical tiiangles ; Aj, Cj, and a], 5], 
the corresponding observed angles and the approximate sides of 
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the RRiiie triangle ; and let A\ B', C', and n\ h\ r', be the 
corresponding angles and sides of the triangle formed by its 
chords. 

If c is the side whose length is accurately known, then is 
c'=2 sin ic. 

Find also the sides n, h approximately— that is, and l)y 
]>lane trigonometry from the angles Aj, B^, Cj, and tlie side c ; 

thus— sin Ai . i • i 

Sin o, = . . sin c, and sin o, = . . sin c ; 

^ sin Cj ‘ sin C| 

and in finding «i, bi five decimal places in the logarithms are 
sutlicient. 


973. Let rf.j, <^2 angular excesses in seconds— that is, 

the excesses of the correct angles A, B, C above the chordal 
angles A', IV, C' respectively — then 

tan JA, - cot JA„ 

where U":= 206264 *8", or 206265"= the numlier of seconds in an 
arc ef|ual to the radius, and r is the same quantity as r' in Art. 955, 
or 20888000. 

Find in the same manner 5.2 and Cjj, and then it is evident that 
the .spherical excess is 

L = ct .2 + 5<j + C 2 , for A! -I- B^ + 0^ = 1 80, 

And if E' = the observed spherical excess = (Aj + B 1 + C 1 - 180) 
(Art. 961), and Ei = the sum of the errors of the observed angles, 
or E, = E -E', then jEj is to he applied with its proper sign to 
Cj in order to give A, B, and C, suppo.sing that there is 
an equal chance of error in each ; then is 

A = A| + JE 2 , ® “ 1^1 4" JEj, and C = Ci + JEj ; 
a« J A' = A - 02, B' = B - 6-2, and C' = C - c^. 

The angles of the chordal triangle arc now known, and if correct, 
then is A' + B' + C' = 180, and A + B + C - 180= E. 

974. The angles and the side c* of the chordal triangle lieing 
now know'n, its other sides can he computed by plane trigono- 
metry ; in which computation, however, logarithms with at least 
seven decimal places must he used. Having found these chords 

5', tl)« accurate values a, 5, c of tlie sides of the spherical 
triangle can now be found thus ; 


a'^ 5 '* 

a=a' + ,»i ^, and 5 = 5 ' f 74^1 

where r has the same value as in the precetling article. 
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Any of the exercises formerly given under the problem in 
Art. 966 can be solve<l by this method, and will therefore serve 
as an illustration of it. 

976. The distribution of the error K., as filso of Ej in Art. 
962, must lie made according to the relative probabilities of 
accuracy of the observations, agreeably to the remark in that 
article. The weight of each observation must be computed, and 
then the error is to be distributed among the three angles, in the 
proportion of the reciprocals of the corresponding weights. When 
an angle is determined by only one observation, its weight must 
be estimated according to the judgment of the observer. In other 
cases the observed value of an angle is the quotient arising from 
dividing the sum of the oUserved values by their number ; and 
the observed error of an observation is its difference from the 
mean value. 

976. Problem XI. —To find the reciprocal of the weight 
of the observed value of an angle. 

Rule. —F ind the mean of the observations of the angle, and 
then the errors of the observations ; find the sum of the squares 
of the errors, and divide twice this sum by the square of the 
number of observations, and the quotient is the reciprocal of the 
weight. 

Let w, V, w be the reciprocals of the Aveights of the mean 
observed values A^, Bj, and Cj. Let n = the number of observa- 
tions by which the mean value Aj was determined, and c.2> 
the errors of these observations; then 

« = + e," + . . ; 

and in a similar manner the reciprocals v and w are found. 

Examples.—!. Let three observed values of an angle A be 
=64“ 20' 32-5", 54“ 20' 33*4", and 54“ 20' 33-7"; required the 
reciprocal of the weight of the mean value. 

The mean value, or 

Ai = 4(163“ V 39*6")=54“ 20' 33*2". 

Hence ei=0’7", -0*2", and ^3= -0*5". 

And «=|c49+-04+-25)=|x-78=0-173. 

2. The mean observed valnea of tliree angles are A)=62° 4ff 
20-34'', B,=68* 26' 32-82", and C,=68* 53' 13-05"; and the 
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reciprocals of tlieir weiglits are found respectively to be=‘‘25, *32, 
and '18; also the spherical excess is =2*71"; whnt are the true 
angles ? 

Here E=2*7r', also E'=6'21" ; hence Ei=-3'5". Now, Ej is 
to be distributed among Aj, Bj, Ci respectively as the numbers 
•25, '32, and '18. 

•25 •75:'25=-3'5":-117" 

•32 •75: -32=-3'5 :-l'49 
•18 *75: 18= -3*5 ;-0'84 

'75 

Hence A = Ai- 1'17"=62“ 40' 1917" 

B=Bi-l'49 =58 26 31 '33 
C = Oi~0'84 =58 53 12'21 
180 0 271 


FIGURE OP THE EARTH 


977 . The figure of the earth is that of an oblate spheroid, 
wliose equatorial diameter exceeds its polar by al>out six part of 
the latter. 

Let 2f^ 26, e denote the polar and equatorial <liametcrs of the 
earth, and its ellipticity— that is, the ratio of the ditrereiice of 
these axes to the polar axis ; then it has been fouinl that 
2<< = 41704788 feet=7898'03 miles, 

26=41843330 .. =79*24 '87 .. 


69271 

^20852394" 


003.32=^ nearly. 


Hence 26 -2a = 138542 feet =26*24 miles. 

And the difference of the polar and equatorial radii— that is, the 
compression of each pole=69271 feet=13'12 miles. 

o* 6 — a 

= nearly ; 
therefore 3016= 302a, 

*«id a: 6=301; 302. 

978. The radius of curvature of any 
plane curve on the suHace of the earth is 4 
the radius of a circle whose curvature is 
equal ft) that of the given curve at that 
point. Thus, the radius of curvature of 
a meridian at the point M is a line MR, 
such that the circle described with it from the centre R has a 
more intimate contact with the elliptic meridian at M than any 
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other circle. Tlie point H is called the centre of curvature for 
the point M ; and the centres of curvature for all the points in 
the arc PE lie in a curve called the evolute of PE, and the 
radii of curvature, as IIM, are tangents to the evolute ; so era is 
the evolute of PQ. 

979. The radius of curvature for any point is perpendicular to 
the tangent at that point ; or KM is perpendicular to the tangent 
at M. 

The normal to any point is that part of the radius of curvature, 
produced if necessary, which is intercepted between the point and 
the axis. Thus, se is the normal at the point s. 

980. The true or astronomical latitude is the angle contained 
by the normal and the plane of the equator. Thus, MRL is the 
true latitude of M. 

The geocentric latitude of a point on the earth’s surface, called 
also the reduced latitude, is the angle contained by the earth’s 
radius at that point and the plane of the equator. Thus, ^ICE is 
the geocentric latitude of M. 

981. The true difference of latitude of two places is the 
inclination of their normals. The inclination of the normals 
MR, M'lP is the difference of the latitudes of M and M'. The 
normal produced above the earth is called the vertical ; and 
the difference between the true and geocentric latitude is called 
the angle of the vertical, or the reduction or correction of 
the latitude. This angle is just the inclination of the normal 
and the earth’s radius at the place; thus, angle CMR is the 
angle of the vertical at M. If /, V denote the true and geocen- 
tric latitudes of a place, the difference of the two is given by the 
formula, 

I - 688-2242" sin 2^ - 1 1482" sin 4f +0-0026" sin 61. 

When 1=64° 30’, then is v=l-i'=W 59-1". 


982. The length of an arc of any number of degrees is greater the 
greater the latitude. , 

If the normals MR, 9nR contain the same angle as M’R’ and 
wi'R’, then, since the latter normals are longer than the former, 
and the arcs M’m’, Mm are nearly arcs of circles, whose centres 
are R’ and R, the arc M’m' must e.xceed Mm. 
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983. Problem XII.— To determine the ellipticity of the 
earth by means of the lengths of two arcs of the meridian 
measured at different latitudes, and also the number of 
degrees in the arcs. 


Let /, V =tlie latitudes of the middle points of the arcs, 
o, rt/= It lengths of the arcs in the same denomination, 
f/, d'- It immher of degrees, minutes, or seconds in the arcs. 


and 

then 


6 = tlie ellipticity, 

_ 

^ “,3(sinT-sin‘*/)* _ cos 2V 


Example.— By measurements in Laj)lan(l, Hvanberg found that 
an arc of 1°, the middle of which was in latitude = 66^ 20' 10", was 
111488 metres long ; and in Peru, Bougiier found that the length of 
1’, the middle of the arc being in latitude = 1“ 31', was 110582; 
required the ellipticity of the earth. 

Here /= P 31' 0", « =110.582, =r=. 3600", 

^' = 66" 20' 10", a' = llI488, f/'=r = 3600". 

In this example d=d* \ hence . -y= 


ami h~=Vt- La'=5 043685 - 5 047229= 1 -990456= L -99 1 87. 
a 


Tlierefore, 
Since here 2V > 


1- -90187 _g 00813 
’ *998599 + -677803 ^ * ’ r676402 
90, cos 2/' is negative. 


= 00,3233^ 


1 _ 

309-3* 


Exercises 

1. Given I =44" 51' 2", a =111108, d =1"; 

also, V = 66" 20' 10", a' = 1 1 1488, = 1°. 

The former data are obtained from the measurements of Delambre, 
and the latter from Svanberg. 'The value of e will be 1/.301*2. 

2. Given I =9" 34' 44", « = 1029100*5 feet, f/= 10210*5" ; 
also, /'=66" 20' 10", a'=5932n‘5 feet, f/'=58.37*6". 

The former data are obtained from Lambton's measurements in 
India, Und the latter from Svanberg’s in Lapland. The value of 
e= 1/293 77. 

984. The ellipticity of the earth can also he determined by 
observing, by means of a pendulum, the intensity of gravity at 
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two places, considerably distant, on the earth’s surface. The 
length of the seconds’ pendulum is greater the greater the latitude, 
both because the intensity of gravity is gi-eater the higher the lati- 
tude, and because the centrifugal force, which counteracts a part 
of gravity, is less. By a discussion of the English, Indian, and 
Russian observations, Clarke (see Geodesy) found the value of e to 
be 1/292*2. The value accepted as the most probable is 1/(300 + 3). 


985. Problem XIII.— Given the lengths of the seconds* 
pendulum at two places, whose latitudes are considerably 
different, to find the ellipticity of the earth. 

Let f , V = the latitudes of the two places, 

Vi v'~ •’ lengths of seconds’ pendulum at them, 
and Pi-V^p\ 

rn= 3 |T = ratio of centrifugal force at the equator to equa- 
torial gravity ; 

then if w = ^ *= = J , 

* sin*/' - sin*/ (cos 2/ - cos 2/') sin (/' + /) sin (/'-/) 

the ellipticity = where fwi = *0086505, p and p' may be 

expressed in any the same denomination. 


Example.— The length of the seconds’ pendulum at London, in 
Iatitude=5r 31' 8", is 39*13929 inches; and at Melville Island, 
in latitude =74** 47' 12", it is 39*207 ; required the ellipticity of the 
earth. 

Li> - L/)' = 1 *5926129 - 1 *5933636 =1.9992493 = L *998273, 

2(1 - *998273) _ *003454 _ 

“ ~ - •22569:W + '86227 W ~ '636^6 “ 

Hence e = |»i -n= 0086505 - -0054250 = 0032256 = zh- 


Exebcisg 

At Madras /= 13® 4' 9", and j»=39*0234; and at Melville Island 
/'=74“ 47' 12", and y =39*207 ; find e. . c= *0033*299 =,^ 1 ^ nearly. 

986. The values of the ellipticity do not generally differ much 
from 'which has been adopted in this treatise as nearly a mean 
of the most accurate results. The extreme values, however, derived 
from accurate operations and observations are tK* 

Such discrepancies in the values of the earth’s ellipticity show 
that it is not of an accurate spheroidal form. That it would be 
accurately spheroidal is certain were it entirely .fluid, for then it 
would consist of equidense spheroidal strata. Considering, how- 
ever, the heterogeneous nature of the solid crust of the earth, and 
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the consequent irregular action of its supeilicial strata on the 
spirit-level, the plumb-line, and the pendulum, it is not surt)rising 
that the results derived from such a source should not be in perfect 
accordance. 

Those lunar inequalities—tliat is, the irregularities in the motion 
of the moon— that are caused by the splieroidal figure of the earth, 
involve the ellipticity of the earth ; and consequently the value of 
the former elements being known by astronomical observations, the 
value of the latter can be determined by computation. The result-, 
which, if accurate, must necessarily be nearly the mean value, is 
found to be that is, differs from zhr hy only about 

This, at the most, would cause a difference of only \ mile on the 
eartirs radius. 


987. Problem XIV.— Given the length of a small arc on 
the earth's surface, and its radius of curvature, to find the 
number of minutes or seconds contained in it. 

Rule.— D ivide the arc by the radius of curvature, and multiply 
the quotient by 3437*75 for the number of minutes ; or inultiidy the 
quotient by 206205 for the number of seconds. 

Let Zf r=the length and radius of curvature of the arc, 
n'\ w', n"= ti number of degrees, minutes, and seconds respec- 
tively in the arc ; 


then n°=57'29578-, m'= 3437-75-, and n"---206‘26i)®- 
r r r 

Or, = 1 -7581226 + - Lr, 

3*5302739 +Ls-Lr, 

L»" = 5*3l44251+L^--Lr. 

For 2rr:z=^0:iif for the circumference of circle=2T7’, where 


IT =3*1415926. 
Hence 


360;? 


, 360 x 60z „ 


360 x 602z 


but ??«^=3437-73,?^=^®^=!«)6265. and ^=57^78. 


Example, — How many minutes in an arc of 316409 feet on the 
earth’s surface, whose radius of cui*vature is=20892(X)0 feet? 

Constant log 

Le, 316469 

o 

Lr, 20892000 .... 

Lh', 52-0745 

Hence n's 024)745 ,sS2' 4-40". 


3-5362739 
= I 

9'b366650 
= 7-3199800 
= 1-7160250 
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When the arc does not amount to 100', or to alwut 116 imperial 
miles, the logarithms need not be carried farther than the fifth 
decimal place. 

Exercise 

Find the number of seconds in an arc of 423562 feet, its radius of 
curvature being =20902000 feet n"= 4179*79". 


988. Problem XV.— Given the degrees contained in an 
arc on the earth's surface, and its radius of curvature, to 
find the length of the arc. 

Rule. — Multiply the number of degrees, minutes, or seconds 
by the ra<Uu8 of curvature, and divide the product by 57*29578, 
3437*75, or 206265, according as degrees, minutes, or seconds are 
given, and the quotient will be the required length of the arc. 


Or, 


^57 - 29578 ’'" ’ 


■3437-75 


rn , or z~~ 


1 


206265 


Or, Lz = 2*2418774 + + Lr, 

La=4*46.37261 + L/i' +Lr, 

Ls=6*6855749 + L;i" + Lr. 

The constant logarithms in these formuhe are the arithmetical 
complements of those in the preceding problem. 

Example.— T he number of minutes in an arc is =52*0745, and 
its radius of curvature is =20892000 feet; required the length of 
the arc. 

Constant log = 4*4637261 

Ln', 52*0745 = 1*7166250 

Lr, 20892000 = 7 *3199800 

L2, 316469 = 5*500,3311 


By means of this problem the length of a degree of the meridian 
at any latitude can be calculated. 


Exercise 

What is the length of an arc of the meridian of 1® 9' 39*79" in 
latitude =48® 50' 48*59", its radius of curvature being =20902000, 
and also the length of an arc of V at the same place ? 

=423562 and 364808 *8. 


989. Problem XVI. — Given the number of degrees, 
minutes, or seconds in an arc, and its length, to find its 
radius of curvature. 

Rule.— D ivide the length of the arc by the number of degree-s, 
minutes, 01 * seconds; and multiply the quotient by 67*29578, 
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.1437*75, or 206265, according as degrees, minutes, or seconds are 
given, and the product will be the radius of curvature. 

Or, r=57-29578-„, r=3437-75-^, » =206265-^. 

n n 

Or, Lr=l*7581226 + Ls-La“, 

Lr =3*5362739 + hz - \m\ 

Lr =5-3144251 I- L:2-Ln". 

Example. — If the length of an arc of 1® is = 362912*2 feet, what is 
its ra<lius of curvature ? 

Lr = 1 *7581226 t- Ls - L 1® = 1 ‘7581226 + 5*5598015 
= 7 -3179241 = 1. 20793330. 

Exercises 

1. What is the radius of curvature of an arc of 52 074', its length 

being -316469 feet? =20892200. 

2. An arc of 4179*79 seconds is = 423562 feet long; find its radius 

of curvature =20902000. 

990. Problem XVII.— Given the number of degrees in an 
arc, its len^h and the latitude of its middle point, and 
the ellipticity of the earth, to find the polar radius. 

UuLE.— Find the radius of curvature of the arc by Art. 989; 
then find the polar radius by the following forniuhT, in which a is 
the polar radius and I the latitude of the middle of the arc. 

1. When the given arc is a part of the meridian, 

a = r(l + « - 3e hinH), or a = \r{2 - e + .3c cos 21), 

2. \\ hen the arc is perpendicular to the moidian, 

a=r(l-e-e sin*/), or a=\r{2 - 3c + c cos 21). 

3. When the latitude /=o, or the middle of the arc is on the 
equator, and the arc is a part of the meridian, find, by Art. 989, 
the value of its radius of curvature r'; then, if r" Is that of the 
l>ei-pendicular arc, it follows, since /=o, that 

o=r'(l+e), and rt=r"(l -c) ; 
hence , i + ,}^=300 : 302. 

. Lr"=Lr' + L.302-I.300. 

And in this case r" is just the radius of the equator; hence 

=5; add, by the usual formula, a=5(l -c)=^n^» or Lr« = L5 
+ L300-L301. 

Example. — In the French survey it w'as found by Delambre 
that the difference of latitude between Evaux and Carcassonne was 
MutJi. 2 M 
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=2® 5T 48*24", and the length of tlie meridional arc = 168846*7 
French toises, the middle latitude being =44® 41' 48"; required 
tlie axes of tlie eartli, the ellipticity being 

Here / = 44“ 41' 48", r^ = 2® 57' 48*24"= 177*804', and s = 168846*7. 

1 French toise : 168846*7 F. t. =6*3946 Englisli feet ; z in feet, 

I^ = L 168846 7 + L 6*3946 = 6*0333060. 

And (Art. 989) Lr =3*5362739 + 1.2- Lrf= 7 *3196383 ; 
also, ha = Li/*(2 - c + 3g cos 2/) = hr + L *998392 

= 7*3189393=1. 20842000. 

Hence a = 20842000, and ^ g = 2091 1470. 

Tlie values of a given above are also easily derived from tin' 
values of R and R' given in the next problem. 

Exercises 

1. The length of a degree is =364535 feet, and the latitude of its 
middle point =44® 51' 2"; find the polar radiiis of the earth. 

= 20852200 feet. 

2. In the trigonometrical survey it was found that the dis* 
tance, by General Roy’s standard, from Dunnose to Clifton was 
= 1036337 feet, and that the middle latitude was = 52® 2' 20", and 
the amplitude =2® 50' 23*5"; Hnd the semi>axis. =20849080 feet. 

When this number is reduced to imperial feet by multiplying it 
by 1 0000691, the value of the axis in imperial feet is = 20850520; 
for a foot of General Roy’s standard is = 1*0000691 imperial. 


991. Problem XVIII. —To find the radius of curvature of 
a meridian of the earth at any latitude, and of the arc 
perpendicular to the meridian, its ellipticity and axes 
being known. 

Let R =the radius of curvature of the meridian at any point, 
R'= If It II II arc perpendicular to it ; 

then, a and e denoting the polar radius and ellipticity, as before 
(Art. 977), and I the latitude, 


R=a(l -e + 3c sin*/), R'=o(l + c + e sin*/); 
or, R = ^ 0(2 + e - 3e cos 2/), R' = ^a{2 + 3c - e cos 2/). 


If r denote the radius of curvature at the given point of the arc 
of an oblique section, inclined at an angle 0 to the meridian, then 


r= 


RR' 

R sin*^ + R' cos*^’ ’ 


2RR' 

R+R'’ 


when 0=45®. 


Instead of r, half the sum of R and R' may be taken in practice, 
when 0=45®. 
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These expressions are investigated by means of tlie higher 
calculus. 

In tiic following example and exercise the mean values obtained 
for a and e are taken— namely, a =20863000, and e = ilxt also 

^ 46 ^ 

Kxample. — Find the radii of curvature R, R', and r for a place 
in latitude=48" 60' 48-59". 

R = ia{2 + e - 3e cos 2/) = J x 20853000 
(2 + 3 Jr + jir X *1338757) = 10426500 x 2-0046566 = 20901550 ; 

R' = \a[2 3<J - e cos 21) = 20961550. 

And r = .\(R + R') nearly =20931500. 

In this example 2/>90; hence cos 21 is negative, and -cos 21 
becomes i- cos 21. 

The radii of curvature R, R' arc respectively the radii of the 
circles of least and greatest curvature at the given place, the radius 
of any oblique section being always intermediate. The dillerence 
between these radii ia=2rtc(l -sin^/) = 2«e cos% and it is greatest 
when / = 0. 

Exercise 

Find the lengths of the ra<lii of curvature R, R', and r at 
latitude = 55" 40'. 11=20925450, R'=20969600, and r = 20947525. 

ii92. Problem XIX.— Given the latitude and longitude of 
a place, and the bearing and distance of another place 
from the former, to find the difference of latitude and 
longitude of the two places, and also the bearing of the 
former in reference to the latter. 

Let A and A' be the two places, P the pole, and PAM, PA'M' 
two meridians ; also, 
let /, V = the latitudes of A and A', 

P = APA', their difference of longitude, 

A =MAA', the azimuth of A' taken at A, 

A ^M'A'A, II II A 11 A', 

= the distance AA' in feet, 

R'=the radius of curvature of the arc perpendicular to the 
meridian at A ; 

then * . « _ D cos A sin^A . tan I 

R'sinl" 2R'2 8inl" ’ 

which gives the difference of latitude in seconds were the earth 
spherical. But a correction must be introduced on account of the 
earth s ellipticity, and the formula then becomes 
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Deo 

‘ “Ul' Hi 


D cos A sin® A tan I 


J(l+2ecos*/) . [1]. 


niu 1" 211^* sill r' 

Instead of the last factor, which may be denoted by its equal 
(1 + « cos 21) = 2 ^ may be taken. 

Also the difrerence of longitude in seconds is 

p- _ foi 

ir cos /'will 

And the value of A' in degrees is found by the equation, 

A'=180»+A-P~?-JJ^| . . . [3]. 

COS i(/ -I') ^ 

The last two formulm are the same for a sphere or spheroid, as 
no correction is required, on account of ellipticity, for the diflerencD 
of longitude or the azimutli. 


Example. — In the trigonometrical survey in France, it was 
found that the latitude of the Panthdon was = 48'" 50' 48 SO", the 
azimuth of Damniartin observed at the Pantheon = 138"' 44' 23‘03", 
and the distance between these two places = 33494*32 metres; 
required their difference of latitude and longitude, and also tli(‘ 
azimuth of the Panthdon in reference to Dammartin. 

The distance being given in metres, it must first be reduced l<» 
feet. 

1 metre : 33494*32 m. =3*2809 feet : D in feet. 

L, 33494*32 . . =4*5249711 Also, A= 133" 44' 23*03' 

L, 3*2809 , . . = 0*5159930 /= 48 50 48*59 

L, D 109891 . . =6*0409641 2f= 97 41 37*18 

And it was found in the example to Art. 991 that R'= 20969600. 
Also, p^l+e+e cos 2/=l + *13388=1*0028775. 


1. To find the difference of latitude 


( D cos A 
K' sin 1" 


+ 


D* sin®A . tan IV 
2R'2 sin 1" r 


l+C + 6 COS 


21 ), 


L, D . . =5*0409641 

L, cosA . =9*8397191-10 

L,p . . =0*0012479 

L, R' (c) . =8*6784099 

L, sin 1" (c) . = 5*3144251 

L, 749*49 . =2*8747661 

1*70 

747*79=12' 27*79" 


L, D> . 

L, sin®A 
L, tan I . 

Up . 

U R’^c) 

L, 2 sin l"(c) 
I., 1*696 


= 10*0819282 
= 19*7176612-20 
= 10*0584930- 10 
=J 0012479 
= 15*3568198 
= 5*0133951 
= 0*2295452 


The arithmetical complements of the logarithms of the quantities 
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ill the tlenominators of the tcnns of the formula are indicated 
al>ove by (c), and are of couree additive. 

Since cos A is negative, the fii*st part of the calculation gives 
a negative result, and 

- 749-49"+ 1-70" = 747-79"= - 12' 27*79", 
wliich is only 0-27" less than that obtained by a dilFerent formula 
in Krancccur’s G^od^sie^ p. 212, and with a value of 0 = 30^7^^ insteiul 
of ah* which is adopted in Art. 986, as nearly a mean of the 
values that are most w-orthy of confidence. 

Latitude of PantlK^on .... =f =48“ 50' 48-59" 
Diircrence of latitude . . . =/-/'=+ 12 27 79 

Latitude of Dammartiii, . . . /' = 49 3 16*38 

F or, since f is negative, I' is greater than I, 

2. To find the difference of longritude 


1’^ "'"sre /'^49'’ 3' 16-38". 

K' cos V sill r" 


L, I) . 

. = 5-(U0964t L, K' . 

. = 7-3215001 

L, sin A 

. = 9-8588306 L, coal' 

^ 9-8164602 


14-8997947 U 1" • 

. 6-68.^)5749 


11-8236342 

11-82;10342 

K P . . 

. = 3-0761605 



llencc P = 1191 -69" = 19' 51*69". 

& To find the azimuth of the Panthdon in reference to 
Dammartin 

A' = 180’ + A - P ^1. 

cos 1) 

P= 1191 -69", J(/ + n=48’ 57' 2-48", 

J(7-/')= -6' 13-9". 



L, P 


= 3-0761605 


L, sin 4(f+f') . 

• • * • • 

= 9-8774.547 


L, cos \{l-V){c) 

. ... • • 

= 10-001)0007 


L, 898-70" 

. . . . . 

= 2-9536159 

And 

• 

-898-70"= -0° 14' 58-70" 
180'’+A=313 44 23-03 


And 


A'=.3i3 29 24-M 



Thi» valne of A' is nieasnred from the south in the same direc- 
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tion 08 A ; but if it is to be measured in an opposite direction, and 
also from tlie south, then will 

A'=:360“ - 313" 29' 24-33" = 46" 30' 35-67". 

When the value of R' is computed for a given latitude, it may 
be used witliout sensible error for all other places whose latitudes 
dilFer by less than 3 or 4 degrees from the former. 

Exercise 

The distance of Rlack Down from Dunnose is=314307*5 feet; 
the latitude of Dunnose = 50" 37' 7*3"; tlie azimutli of Black Down, 
observed at Dunnose, contained between the meiblian to the south 
and the direction of Black Down, is = 95" 5' 7*5", the latter place 
lying westward, and a little north of Dunnose ; required the difl'er- 
ence of latitude and longitude of these two places, and the azimuth 
of Dunnose in reference to Black Down. 

^' = 50" 41' 14-07", P = r 21' 2 02", and A' = 85" 57' 31*51", 
reckoned from the south towards the east. 

THE RELATIVE AND ABSOLUTE HEIGHTS OP THE 
STATIONS 

993. The distances of the stations of a trigonometrical survey 
are generally so great that refraction sensibly affects the angles 
of elevation or depression— that is, the vertical angles of position 
of one station observed at another. (See Art. 587.) The vertical 
angle of position of one station in i-eference to another being cor- 
rected for refraction, and the distance between them being known, 
the difference of altitude of the t>vo stations can then be found. 

994. Problem XX.— Given the observed angles of eleva- 
tion or depression of two stations in reference to each 
other, and their distance, to find the correct angles and 
also the refraction, considering it equal for both angles. 

. „ Let C and W be the two stations, and 0 the 

eartli’s centre, or rather the centre of curvatine 
(Art. 978), OC, OC' two radii of curvature through 
\ / C and W, and CH, WH two perpendiculars to 

\ / them— that is, two liorizontal lines throijgh C and 

\ / W. W appears from refraction to be elevate<l 
J to w ; and similarly C appears at c when seen 

from W ; also, let C' be taken, so that OC'=OC, 
and let OW'=OW ; also, let angle 
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= c, the oliserveil angle of depression of W, 

\l\\e =e', H H n C, 

WCw =/ =CW(!, the refraction supposed equal for both, 

COW = 0 , the angle at centre of curvature, 

C'CW = i\ M real angular depression of W below C, 
and CWW'-// n n elevation of C above \V ; 

tluMi is 2/* ~o -{e fe') and v = ^o-(c + r). 

When r is not required, then y-J(e-c'). When e or c' is an angle 
of elevation, its sign must be changed ; also, if 2 ; and h are tlie 
ilistances between C and W, and the height C'W of C above W, 
and if v is expressed in seconds, then is 

A = y 2 :sin 1", or LA = h *6855749 -t-L<^ + L 2 ;. 

Example.— In the Eritish trigonometrical survey, it was found 
that two stations of a large triangle connecting the borders of 
England and Scotland were = 235018*6 feet or 44*511 miles distant; 
from Cross Fell, one of these stations, Wisp Hill, the other station, 
was seen depressed =30' 48", and from Wisp Hill, Cross Fell was 
<lepressed=2' 31" ; required the refraction and the height of Cross 
Fell above Wisp Hill. 

Here e = 30' 48", 6'=2' 31", ;5=235018'6. 

And if at this latitude (about 55"') an arc of one minute (found as 
in Art. 988) be about 6094*5 feet, then is z equal to 38' 33 *7"= 0 ; 
therefore 

2r=o-(e + c') = 38' 33*7"-33' 19", and r = 2' 37*35". 

Hence v= Jo - (e + r) = 19' 16*85" - 33' 25*35". 

= --14' 8*5"= -848*5"; 

also, LA=L sin l"-|-L?;-hL^=6*6855749 f 2*9286518 
, +5*3711022 = 2 9853289; 

‘'’"‘I A=- 966*8 feet. 

that the height of Wisp Hill almve Cross Fell is -966*8 feet— 
that is, the latter station is higher than the former by 966*8 feet. 
In this example the refraction amounts to about Vs of the inter- 
cepted arc. 

1 he formulm are easily proved. Since angle HCC' + C'CO=90^ 
and in the isosceles triangle OCC', Jo + C = 90 ; hence HCC' = Jo; 
and from this it is evident that v=JO'^(e + r)=(e + r) - Jo in this 
Similarly, it can be proved that v'= Jo - (e' + r). But r=i/ ; 
hence c + 1 * - Jo = jo - c' - r, and 2r = o - (c + c'). 

Again, in the triangle CC'W, angle C' may be considered to Iks a 
nght angle without sensible error in computing A, which is small 
m comparison with 2 :, and CC'=z; hence z:h = l rsin v, and A=« 
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Bin V. But if v is expressed in seconds, sin v ; sin ; 1", as v is 
small ; hence sin sin 1'^, and h—vz sin V\ 

995. If the height of the eye when observing the vertical angle 
of position of a station, taken at another station, is higher than the 
latter station, which is generally the case, the height of the eye 
being that of the instrument, the observed angle will thus be too 
great or too small by a few seconds, according as it is an angle of 
depression or elevation. Thus, if z is the distance of the stations 
in feet, A' the height of the eye in feet above one station, and v” 
the angle in seconds, subtended by the height h* at the distance c 
— that is, at the other station ; then z\h' = \\ sin and 

sin = sin 1", 

and sin v" = — ; hence w" = — ; — r;;* 

% c sin 1" 

Or, Ln"=5-3144251 +LA' - Ls. 

Sometimes, instead of observing the elevation or depression of 
the top of the second station, it is that of the top of the signal that 
is observed, and of course a correction must also be made on this 
account exactly similar to that in the last paragraph. 

996. It is evident that the distance between any two stations 
is represented by the corresponding side of one of the spherical 
triangles described on the imaginary sphere mentioned in Art. 946. 
By computing the radius of curvature at the mean latitude of 
these stations, this distance can be reduced to the level of the 
sea at that latitude; and if their distance, measured by an arc 
concentric with the sphere, and passing through one of the station.^, 
be required, it can be found in a similar >vay by using a radius 
equal to the sum of the height of this station, and the sphere's 
radius previously mentioned for the middle latitude. 

Exercise 

At the station of Black Comb in Cumberland, Scilly Bank 
appeared depressed =49' 14"; and at Scilly Bank, Black Comb was 
observed to be elevated =.31' 31", the distance between the station.^ 
being = 121028 feet; required the refraction and the height of 
Black Comb above Scilly Bank, the height of the instrument at 
both stations being =5^ feet. v 

The correction of the angles of depreasion and elevation for 
the height of the instrument, or v"=9*4"; the i-efractiou 
r=r 14", or ^ of the intercepted arc; and the diflferenceof 
height of the two stations, or 4=1421*43 feet. 



GEODETIC SURVEYING 605 

In the survey tlie lieights of the stations are statcil to he r>0() 
and 1919 ; and hence their difference= 1419 feet. 

^997. When observations are taken at only one of two stations, 
the amount of refraction at the time of observation cannot ho 
determined ; and therefore the mean refraction must be taken, 
which is about dj of the angle measured by the distance hetweeii 
the stations at the earth’s centre. The eflect of horizontal refrac- 
tion is to increase the height of the station observed by a quantity 
in feet equal nearly to J of the square of the distance in miles. 
For instance, for a distance of 10 miles, the height would he 
increased by ^ x 100 = 11 feet. 

Let A =the height of an object just visible at the distance rf, 
were there no refraction. 

A’=thc height of another object at the same distance just 
visible when there is a mean refraction. 

Then if A, h' are expres.sed in feet and d in miles, h = 

A' = l{(l - nearly, and A - A' = ld\ 

The effect of mean refraction, therefore, would increase the 
height for a distance of 20 miles by about ^ x 20^, or 44 feet. 

If the refraction at the time of observation were only J instca<l 
of ,V, then would h’ =^i{d-\df='i • • l\d:^=ld^ nearly. 

And therefore the error on the height, wlicn the refraction is in this 
extreme state, arising from adopting the mean refraction, wouhl 
be = (8 -4)<f*= j which for a distance of 20 miles would be = 44 
feet. But this extreme case rarely occurs. Were the lefiaction 
iV, then would And the error 

arising from adopting the mean refraction would bo=(o~nW‘* 
nearly; which for a distance of 20 miles wouhl give 
lA x400 = 6*2 feet. 

998. To avoid such en'ors, it is of importance that the zenith 
distances should be taken simultaneously at every two stations of 
each triangle, in order that tlie refraction for each pair of recii)rocal 
observations may be the same as nearly as possible. The relative 
heights of the stations being known by the foregoing process, the 
absolute heights can easily be fouml by determining that of one 
station. A station is to be chosen for this purpose near to the sea ; 
but instead of computing its height by observing the depression of 
the horizon, which is very uncertain on account of the unknown 
iiorizontal refraction, rendered still more irregular by the vapours 
exhalcfl at the surface of the sea, the more correct method of 
levelling or of Mensuration of Heights and Distances (Art. 689 to 
603) is to be adopted in preference. 
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999. The mutual dependence of two quantities wldcli may 
each take a succession of values may in general be represented 
by an algebraical formula containing these as variables (see 
above, p. 299). When the one quantity is given, the other 
may be calculated either exactly or to any desired degree of 
approximation. Thus, when a ball is thrown with a given 
initial velocity, the path it describes is perfectly definite, so 
that the height it has reached at any instant has a definite 
relation to the time which has elapsed from the beginning of 
the motion. 

Thus, with the notation of Art. 699, if y is the height reached at 
time tlie relation between y and t is given ))y the formula, 

y = vt sin c - 

Also, if we represent by x the horizontal projection of the dislancc 
travelled in the time f, we have for the relation between x and t 
the formula, 

x:=vt cos c. 

We may represent each of these relations by a geometrical con- 
struction, which not only shows to the eye almost at a glance the 
nature of the relation, but also enables us to arrive rapidly and 
unerringly at important quantitative conclusions. This is the 
method of curve- tracing, the curve or graph being obtained by a 
series of points which are laid down on paper in such a way that 
the distances of any one of these points from two chosen linos 
represent to scale the corresponding values of the t>vo quantities 
involved in the formula. 

Thus, to fix our ideas, let v sin e and v cos e bo respectively 30 
and 40 feet per second, so that the equations above become, 

y=30^-16^* 

Draw the two lines, or * axes,* OX and OY at right angles to 
each other (perpendicularity is not essential, but it greatly simplifies 
the interpretation), and let time be measured along tlie horizontal 
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axis OX, anti y (or x) along the vertical axis. Arrange the oorre- 
sponding numbers as follows in rows, so that the top number in 




Fig. 1, 


any column is the time, ami the second and tliinl nuinhci ' in tlio 
same column the corresponding values of y and x. 



0 

0*5 

1 

1-5 

2 

2-5 

:i 

_ 

y- 

0 

11 

14 

9 

-4 

-25 

-.54 

X- 

0 

20 

40 

60 

80 

100 

120 


Mark oft* convenient scales along the two axes ; lay oh a 
OX 0-5 to the right of O, and measure a vertical height 11 aiiove 
this point ; similarly, measure height 14 al)Ove the point 1 
right of the starting-point or origin, 0 ; then height 9 a yove le 
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1‘5 to tlie right, and bo on as indicated in the figure. TIiobo 
are only a few of the infinite number of points >>’111011 may be 
similarly calculated ; but a little consideration will show that all 
points obtained by similar calculation will lie in a continuous 
sequence, and will trace out a curve passing through the few 
already calculated. Hence, if we draw with free hand a smooth, 
continuous curve passing through these marked in we shall get a 
curve which may be regarded as a representation of the formula ; 
and the more numerous the points filled in by calculation the 
better will the representation be. Note that somewhere between 
r5 seconds and 2 seconds y changes sign, and must thereafter be 
measured down instead of up. At some intermediate instant y 
will have value zero. This instant is easily calculated, for if y 
vanishes so must the quantity 

t (30-16<); 

but this vanishes when either <=0, or /= 30/16 = 1 -875. If the 
graph had been drawn with great care and accuracy this value 
could have been rea<l off. Thus the method may, under certain 
conditions, lead to the solution of an equation. 

Now, in exactly the same manner, the simpler graph of 
aj=40^ 

may be drawn. It is shown in dotted line in the diagram, and is a 
straight line passing through the origin, because x and t vanish 
together. 

But we may get a third curve from the numl)ers given in the 
Table— that curve, namely, which shows the relation between x 
and y. In this case let us take new axes and measure x horizon- 
tally and the corresponding y vertically. The result is shown in 
lig. 1, ft. Broadly speaking, this graph .r, y has the same char- 
acteristics as the graph t, y. The value of y passes through a 
maximum value, then liecomes zero, and finally becomes negative. 
By eliminating t between the original equations, we find that x 
and y are connected by the formula, 

y = - Tk«®=0*75a; - OOla;* 

Now, since y is the height reached at any assigned time, and x is 
the horizontal projection of the distance travelled in that time, it 
is clear that the point marked out by any pair of coiTespondiiig 
values of x and y is a point passed through by a project ball. 
In fact, the graph a?, y is the trajectory. From it we see at a 
glance what the range is on a horizontal plane ; and we can also 
find by an obvious constraction what the range is along any 
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inclined plane such as that indicated in the figure hy the line OL 
cutting across the trajectory at tlie point P, whose measured 
height is 10 and distance from O 58. 

1000. The equations which are represented hy graphs are called 
the equations of the graphs or curves. The ^ y and ;r, // graphs 
just given belong to the class of curves known as parabolas. One 
term involves the square of one of the variables. The general 
type of the parabolic equation is 

y — a-\-bX‘[^cjcK 

In finding a complete graphical representation of this equation 
we must bear in mind the po.ssibility of there being negative as 
well as positive values of x and y. If c are all jiositive 

iiumbei’s — take, for example, the numbers ]‘2, 8, 1— then whatever 
positive value of x be chosen, the corresponding value of y will 
also be positive. Also, as a; is taken larger and larger, y will grow 
simultaneously larger, but at a greater rate. This is seen in the 
Table below. When x is zero, ?/=12 (=c). When x is taken 
negative we must measure to the left of the origin, and y will con- 
tinue diminishing in value to a certain point. Put evidently not 
indefinitely; because x^ is necessarily positive for all negative 
values of x, and will become more and more dominant the larger 
X is taken. In fact, when x is very large and negative y will be 
positive, whatever the positive values of ef, 6, c may be. The 
following Table shows how the values of x and y correspond for 
the case in which a, 6, c have values 12, 8, 1. 


- ioo{-io 

-7 

-6 

-5 

-4 

-3 

-2 

-1 

0 

+ 1 

+ 2*+ 5 

+ 10 

+ 100 

+ 9212! +32 

+ 5 

0 

-3 

-4 

-3 

0 

+5 

+ 12 

+21 

+32| + 77 

+ 192 

+ 10812 


The corresponding graph is shown in fig. 2. The points where the 
curve cuts the axis of x are the roots of the quadratic equation 
x** t-8«-f-12=0. The quantity y has a minimum value -4, which 
occurs when a: =-4. With any other positive values given to 
6, c, a curve broadly similar to the one sketched will be 
obtained. 

How will the properties of the graph be altered if a and h are 
nn-ule negative? Draw the graph ofy=a?-8aj-12. A sufficient 
series df values are as follows : — 


X 

- 10 

- 3 

-2 

-1 

0 

+ 2 

+ 4|+ 8 

+9 

+ 10 

+ 20 &c. 

y 

+ 168 

+ 21 

+ 8 

-3 

-12 

-24 

-28j-12 

-2 

+ 8 

+228 &c. 
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This graph is also shown in fig. 2. It inters^s the x axis in 
the points for which w;-4 + \/2^<, and a;=4- \/‘^— that is, about 
9 ‘29 and -1*29. Tliese values may be picked out from the graph 
or worked out directly from the quadratic equation when //=0. 
The two graphs in fig. 2 intersect at one point, the co oniinatos 
or distances from the axes of which have the values 
y=+2‘25. In this simple case these values are easily calculated 
ns simultaneously satisfying the two equations. 



1001. The method hinted at here might be of great service in 
solving a somewhat complex equation which could not be solved 
directly by ordinary methods. For exanjple, the position of equili- 
brium for two rods jointed together and resting on the convex 
surface of a parabola, vertex up, is determined by the equations, 

Va sin*(l-f 4(P + Q)/n cot 0=0, 

Q6 siir’*0 -f 4( P -f Q,)?h cot ^ = 0 ; 

in which P, Q are the freights ; «, h the distances from the joint of 
the centres of gravity ; (1, 0 the inclinations of the rods/, and m 
the distance between the vertex and focus of the parabola. Sup- 
pose, to take a special case, that 

4(P+Q)wi_ 1 4(P-fQ)m 

Pa 'va’ Qi - ’ 
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coniUtions wliicii may be satisfied in many ways ; then tlie equa- 
tions i)ecome, 

siir^tf = cot <f>y 
sinV=cot 8 . 



Sfumi'in;; an<l writing .r for siii"<? and y for sinV» Kt*t tlic 
simpler forms, 

y{H2./'3) = l, (I) 

x{\ \- (H) 

To eliminate y and find the equation in x only would lead to a 
troublesome form ; but we can very quickly get an approximation 
to the required solution by drawing the two graidis and finding 
tlieir point or points of intersection. In this case, since x and y 
are sines of angles, we need consider no values greater than unity. 
We may quickly, with the help of a Table of cube-roots, get the 
following points on the t>vo curves in the important region : 


Equation 1 


X 

1 

0 

0*5 

0-6 

0*79 

1 

y 

1 

0-8 

0-7 

0-5 

0-33 


Equation II 


1 

0-9 

0-S 

0-6 i 0-5 

0 

0-48 

0 63 

0 H7 i 1 

i 


The graphs are shown in fig. 3, iiitei-sectiiig at a point for which 
X is very nearly equal to 0’95. This value substituted in Equa- 
tion II. gives y=3*7(J ; but if we use this value for y in Equation I. 
we find Hence, to get the accurate point of intersection 
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we must move a little to the right. It will be found that 
and y= 0-366 satisfy both curves to the third significant figure. 
Hence the angles of inclination of the two rods in the case pro- 
poseil are the angles wliose sines are the square roots of these 
numbers—iiamely, 77' 24' and 37' 15'. 

1002. Curve- tracing is of great value in the comparison of experi- 
mental results. Numerical values of two related quantities are 
obtained from the experiment; and each pair of corresponding 
numbei-s is used to determine a point in the diagram exactly as 
in the ca.ses already discussed. Through the points so determined 
a continuous curve is drawn, and from a study of the form and 
peculiarities of this curve important conclusions may often be 
made as to the law connecting the quantities. In certain cases it 
may be possible to assign an equation between the x and y co- 
ordinates ; but even if this be not possible, much information may 
be gaineil by a mere glance at the curve. 

A very good and yet simple example of an experimental curve is 
the one obtained from the experiment first devised and executeil 
by Boyle for comparing the volume and pressure of a given mass or 
quantity of air or other gas. A few of Boyle's original measure- 
ments are given in the following Table, the first row being 
numbers measuring the volumes of the air, and the second row 
containing the corresponding heights of mercury column by means 
of which the pressure was increased : 


VoliiniQ of air . . x 

12 

11 

10 

9 

8 

7 

6 

5 

4 

3 

Increiueiita of pressure y 

0 



lOA 

15A 

21 A 

29H 

41A 

58A 

88A 


To get the true pressures we should add to the quantities y the 
heiglit of the barometer column which measures the atmospheric 
pressure (29| according to Boyle’s statement). But instead of 
doing this let us use these numbei-s for determining the points on 
the representative curve. The result is shown in fig. 4, and is of a 
form which at once suggests that the one quantity is an inverse 
function of the other. What we have called x is the volume, but 
the quantity y is not the whole pressure. Is it possible to represent 
this curve by an equation of the form 
a;{y+a)=6, 

whei-e a and h are constant numbers, the best values of which arc 
to be determined by taking into account all the observations? If 




CURVE-TRACING 613 

we substitute 29| for «, as Boyle tUtl, and put x^'o and 
we sliall find that the relation 

/3v= constant 

is almost exactly satisfied throughout. This is Boyle’s Law for 
gases at constant temperature, and is equivalent to the statement 
that the pressure is inversely as the volume. 

By sliifting the x axis downwards through a distance equal to 
‘29|^, and then measuring the pressure p from this as a new axis, 
we have the graph representing the equation jwy=constant, as 
sliown in fig. 5. This particular curve is a special form of hyper- 
bola, the axes being the asymptotes to the curve — that is, the 




tangents at infinity which the infinite branches continually 
approach but never reach. 

1003. Another important application of graphs may be illustrated 
by means of this curve. Let us imagine the air to be contained 
in a cylindrical tube, and to be slowly compressed by the motion 
inwards of a piston fitting the tube perfectly air-tight. The work 
ilone is measured by the average force multiplied by the distance 
through w'hich it acts — that is, in this case by the product, 
pressure x area x distance =/> x change of volume. 

I^t the change of volume be from v to t/, as shown on the curve, 
file average pressure will be intermediate to the values vp and xfp\ 
1 he work done will be less than the rectangle pv\ and greater 
than the rectangle p'v. Hence if we consider a succession of 
veiy sntall changes taking place continuously, we shall find that 
ultimately, as the air changes from the state pv to the state p'v’ by 
the representative point moving along the curve, the work done 
will be accurately measured by the area pvv^p'p, bounded by the 

Math. 2 N 
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vertical ordinates and the intercepts on the curve and on the 
X axis. Tims, as the fjas is compressed from ilie state B to tlie 
state A, tlie work done by tlie compressin<( force is measured l^y 
tlie area AahUA. Similarly, if the air expands from volume Oa 
to volume at constant temperature, it will pass through states 
represented by successive points on the graph 7>e=constant, and 
work will be done by the gas to an amount measured by tlie 
same area. 

But we may sui)pose the air to pass from slate A to state B 
under comlitions in wliich the temj)erature does not remain con- 
stant. In this case the successive states will be represented by 
points tracing out a curve of a dillerent form from that given by 



Boyle’s Law. We may suppose ACB to be such a curve; and we 
may suppose the air to pass through the complete cycle from A 
to B along the hyperliola and back to A by the lower path. In 
this cycle the work done by the air in passing along AB by the 
equal -temperature path is measured by the area A06BA ; but the 
work done on the air is measured by the area ACBioA. Hence, 
since wo have made ACB the lower curve, there is on the whole 
work done by the gas to an amount measured by the area ACBA. 

Here, then, we have an illustration of a graph which not only 
gives information regarding the successive states of a physical 
process, but also, by means of the area enclosed by a closed path, 
gives the measure of another important physical quantity. 

This particular example has a direct application in estimating 
by means of the indicator diagram the work done by the expanding 
steam in the piston-chamber of a steam-engine. By a very simj)lc 
device the engine is made to trace its own curve, giving the relation 
of pressure and volume. A pencil is fixed to a piston in connection 
with the large piston-chamber, and rises and falls as the pressure 
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of the steam increases and decreases. At the same time hy the 
reciprocating motion of the large piston the paper on which the 
pencil presses is moved to and fro. At each comi>lete stroke tlie 
pencil marks out on the paper a closed curve, the area of which 
measures the mechanical work done hy the expanding and con- 
tracting steam. An example of the kind of graph obtained directly 
from a steam-engine is shown in fig. G. JJeginning at the upi)er left- 
hand corner and passing to the right, we see that the pressure of the 
steam in the pistoii-chamher reaches a maximum, and then falls 
away as the steam expands until the end of the stroke. The lower 
part of the graph is then traced as the piston is pushed hack througli 
the sp.ace in which the steam is now condensed, exerting therefore 
a very small pressure. On completion of the second part of the 
stroke steam again enters the chamher under consideration, and goes 
through the same cycle of pressure ami volume as before. The area 

the graph represents the mechanical work done by the steam 
iluring One stroke. 

1004. Another characteristic feature of graphs from which valu- 
able information may be gained is the slope at each point. Looking 
))ack at the variotis forms depicted, we see that the straight line is 
tlie only graph which has tlie same slope throughout. In every 
other case the slope changes as we pass along the curve. In the 
cjise of the hyperbola (figs. 4 and 5) the slope is continuously 
decreasing as we pass along the curve to the right, ami the slope 
measures the rate of increase of volume per unit decrease of pres- 
sure, or the rate of decrease of volume per unit increase of pressure. 
Ihit this latter quantity divhled by the volume measures the com- 
pressibility of the substance. This interpretation can he applied 
to all forms of y\) curve.s, whether of gases, liquids, solids, or mix- 
tures of the.se. 

In the case of the various parabolic graphs dej)icted, the slope 
changes sign as we pas.s from one end to the other— that is, from 
being a descending slope it becomes an ascending slope. The 
transition from one to the other occurs at a point for which one 
of the quantities has a minimum or maximum value. The pre- 
cise determination of maximum and minimum points in any given 
graph is a question of great importance in many cases. 

1005. If we inspect clo,sely the two curves in fig. 3 we shall 
see that the slope first increases, then diminishes, in I, and first 
diminishes and then increases in II, as we pass from the highest 
points downward to the right. At some intermediate point the 
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slojie must for the nioineiit be stationary. It has, in fact, a 
minimiiin value. Such a point is called a point of inflection. It 
is inatlicniatically defined as a point at which the rate of chan^^e 
of ftlo])e vanishes ; and the determination of the positions of 
such points of inflection also forms in many cases an important 
inquiry. 


TABLES 

THE METRIC SYSTEM 

In this system of measures the values of the denomina- 
tions proceed by tens — that is, ten of one denomination are 
equivalent to one of the next higher ; and hence it is some- 
times called the decimal system of measures. The names 
of the different denominations are formed by placing before 
the name of the unit the prefixes deca for ten, hecto for a 
hundred, kilo for a thousand, deci for a tenth, centi for a 
hundredth, and milli for a thousandth. 

Measures of Lenffth 

The unit is the metre, and the denominations are in order, 
beginning at the highest — the kilometre, hectometre, decametre, 
metre, decimetre, centimetre, millimetre. 

The decametre is= 10 metres, the hectometre = 10 decametres” 100 
metres; and so on. So the decimetre = yV af a metre, the centi- 
metre =xV of a decimetre = I of a metre ; and so on. 

The metre . . . =3 ’2808992 imperial feet. 

An imperial foot . , =3’04794o decimetres. 

2. Superficial or Square Measure 

The unit is the are, an<l the denominations in order are the 
liectare, decare, are, deciare, centiare. 

1 hectare .... =2*47105 acres. 

1 acre =0*40468 hectare. 

The are is a square decametre. 

The only multiple of the are which is in use is the hectare ; the 
only sub-multiple is the centiare. 
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8. Solid Measure 

Tlie stere is the unit, and the denominations are tlie deeastcre, 
stere, decistere. 

1 stere .... —35*31716 cuhic feet. 

1 cubic foot . . . = 2*831485 centls teres. 

Tlie stere is a cubic metre. 

• 4. Measures of Capacity 

The litre is the unit, cand tlie denominations arc the hectolitre, 
decalitre, litre, decilitre, centilitre. 

1 litre - 1 *760773 pints. 

1 gallon =4*543458 litres. 

The litre is a cubic decimetre. 

6. Measures of Weigfht 

'Pile gramme is the unit, and the denominations arc the kilo- 
gramme, hectogramme, decagramme, gramme, decigramme, centi- 
gramme, mil ligranime. 

1 gramme .... = 15*432349 grains. 

1 oz. avoirdupois . . . =28*34954 grammes. 

A gramme is the weight of a cubic centimetre of distilled water 
in vacuo at its maximum density, or at 39'’ F. 


TABLE 

LENaTILS OF CIRCULAR ARCS TO RA1)IUS=1 


1) 

1 

Arc 1 

b 

Arc 

D 

Are 

M 

Aic 

s 

Arc 

r 

Arc 

1 

0174533 

01 

1*0646608 

121 

2-1118484 

1 

2909 

1 

48 

1 

1 

2 

0349066 

62 

1-0821041 

122 

2-1293017 

2 

5818 

2 

97 

2 


3 

-0523599 

63 

1 •0995574 

123 

2-1467660 

3 

8727 

8 

145 

3 

2 

4 

-0698132 

64 

1 1170107 

124 

2-1642088 

4 

11636 

4 

194 

4 

3 

5 

-0872666 

65 

1-1344640 

126 

2-181C616 

5 

14544 

5 

242 

5 

4 

6 

1047198 ; 

66 

1-1619173 

126 

2-1991149 

6 

17453 

6 

291 

6 

5 

7 

-1221730 

67 

1-1693706 

127 

2-2166682 

7 

20.362 

7 

339 

7 

0 

8 

*1396263 

68 

1-1868239 

128 

2-2340214 

8 ! 

23271 

8 

388 

8 

6 

9 

*1670796 

69 

1-2042772 

129 

2-2514747 

9 

26180 

9 

4:56 

9 

7 

10 

•1745329 

70 

1-2217306 

130 

2-2689280 

10 

20089 

10 

48:> 

10 

M 

20 

-3^80659 

80 

1-8962634 

140 

2-4434610 

20 

58178 

20 

970 

20 

16 

30 

6236988 

90 

1-5707963 

160 

2-6179939 

:w 

87266 

30 

1454 

30 

24 

40 

■6981317 

100 

17453293 

160 

2 7926268 

40 

116355 

40 

1939 

40 

32 

50 

•8726646 

110 

1-9198622 

170 

2-9870697 

50 

145444 

50 

2424 

60 

40 

00 

1*0471976 

120 

2-0943961 

180 

3-14159-27 

60 

174633 

60 

2909 

60 

48 
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AREAS OP THE SEGMENTS OF A CIRCLE 


A TABLE OF THE AREAS OF THE SECiMENTS 
OF A CIRCLE, 

THE DIAMETER OF WHICH IS UNITY, AND SUPPOSED TO BE 
DIVIDED INTO 1000 EQUAL PARTS 


Height 

Area 

Height 

Area 

Height 

Area 

Height 

Area 

Height 

Area 1 

•001 

•000042 

•048 

•013818 

•095 

•037909 

•142 

•068226 

•189 

•103116 

•002 

•000119 

•049 

•014248 

*096 

•038497 

•143 

•068924 

•190 

•103900 

•003 

•000219 

■050 

■014681 

■097 

•039087 

•144 

•069626 

•191 

•104686 

•004 

•000337 

•051 

•015119 

098 

•039681 

•145 

•070329 

•192 

•105472 

•005 

•000471 

•052 

•016561 

•099 

•040277 

•146 

•071034 

•193 

■106261 

•oo« 

•000619 

•053 

■016008 

•100 

•040875 

■147 

•071741 

•194 

107051 

•007 

•000779 

•064 

•010468 

•101 

•041477 

•148 

•072450 

•195 

•107843 

•008 

•000952 

•065 

■ 01 ( i 912 

•102 

•042081 

•140 

•073162 

•106 

•108636 

•009 

•001135 

■050 

•017309 

•103 

• 04-2687 

•150 

•073875 

•197 

•109431 

•010 

■ 0013-29 

•057 

•017831 

•104 

•043296 

•151 

•074590 

•198 

•110227 

•Oil 

•001533 

•068 

• 018-297 

•105 

043 ‘ K )8 

■152 

•075307 

•199 

■ 1110-25 

•012 

•001746 

•059 

•018766 

•106 

•044523 

•153 

• 0760*26 

•200 

•111824 

•013 

•001969 

•060 

• 019-239 

•107 

•045140 

•154 

•070747 

•201 

•112625 

•014 

■002199 

•061 

•019716 

•108 

045759 

•156 

■077470 

■202 

•113427 

•015 

•002438 

•062 

•020197 

•109 

•046381 

•166 

•078194 

•203 

•114231 

•016 

002685 

•063 

•020681 

•110 

•047006 

•157 

•078921 

•204 

•115036 

•017 

•002940 

•064 

• 0-21168 

•111 

•047633 

•168 

•070660 

•205 

•115842 

•018 

•003202 

•065 

•021660 

•112 

• 048*262 

•159 

• 080;«0 

•206 

•116651 

•019 

•003472 

•066 

•022165 

•113 

•048894 

•160 

•081112 

•207 

•117460 

•020 

•003749 

•067 

•022663 

•114 

•049529 

•161 

•081847 

•208 

•118271 

•021 

•004032 

•068 

•023165 

•115 

•060165 

•162 

•082582 

•209 

•119083 

•022 

•004322 

•069 

•023660 

•116 

•050806 

•163 

• 0833*20 

•210 

•119898 

•023 

•004619 

•070 

•024108 

•117 

•051446 

•104 

•084060 

•211 

•120713 

• 0-24 i 

•004922 

•071 

•024680 

•118 

•052090 

•165 

•084801 

•212 

•121630 

•026 i 

• 005-231 

•072 

•026196 

•119 

• 06‘2737 

•166 

'086545 

•213 

•122348 

•020 

•005540 

073 

•025714 

•120 

•063385 

•367 

•086290 

■214 

•123167 

•027 

•005867 

•074 

•026236 

•121 

•054037 

•168 

•087037 

•215 

■123988 

•028 

•006194 

■076 

•026761 

• 12-2 

•064890 

•169 

•087786 

•216 

•124811 

•029 

•006627 

■070 

• 027-290 

•123 

•055346 

1 170 

•088536 

•217 

•125634 

•030 

•006866 

•077 

•027821 

• 1‘24 

•066004 

•171 

• 080-288 

•218 

■126459 

•031 

•007209 

■078 

•028366 

•125 

•056064 

•172 

•090042 

•219 

•127286 

•032 

•007659 

■079 

0-28894 

•126 

•057327 

•173 

•090797 

•220 

•128114 

•033 

■007913 

•080 

•029435 

•127 

•067991 

•174 

•091655 

•221 

‘128943 

•034 

• 008-273 

■081 

•029979 

• 1-28 

-058658 

•175 

•092314 

•222 

•129773 

•035 

•008638 

•082 

•030526 

•129 

•059328 

f 176 

•093074 

•223 

•130605 

•030 

•009008 

■083 

•031077 

•130 

•069999 

•177 

•093837 

•224 

•131438 

•087 

• 0093 a 3 

•084 

•031630 

•131 

•060673 

■178 

-004601 

•225 

•132273 

•038 

•009763 

•085 

•032186 

•132 

•061349 

•179 

•096367 

• 2‘26 

•133109 

•039 

•010148 

•086 

•032746 

•133 

•062027 

•180 

•096136 

•227 

•133946 

•040 

•010588 

•087 

•033308 

•134 

•062707 

•181 

•096904 

•228 

•134784 

•041 

•010932 

•088 

•033873 

•135 

■063389 

•182 

•097675 

•229 

•135624 

•042 

•011331 

•089 

•034441 

•136 

•064074 

•183 

•098447 

•230 

•186465 

•043 

•011734 

•090 

•036012 

•137 

•064761 

‘184 

•099221 

•231 

^ 137807 

•044 

•012142 

•091 

•036586 

•138 

'065449 

•186 

•099907 

•232 

•138151 

•046 

•012556 

•092 

•036162 

•139 

•066140 

•186 

•100774 

•233 

‘138996 

•046 

•012971 

•093 

•086742 

•140 

•066833 

•187 

•101653 

•234 

•139842 

•047 

•018393 

•094 

•037324 

•141 

•067628 

•188 

•102334 

•236 

•140689 
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» 

Hi-iK'ht 

Area 

[neiKht 

Area 

IlfeiKht 

Area 

lleiKht 

Area 

lleiKht 

Area 

•236 

•141638 

•289 

•188141 

1 “Ml 

•2:17369 

*395 

•288476 

‘448 

•340793 

•237 

•14-2388 

•290 

‘189048 

•343 

•238:119 ! 

:m 

*289454 

•449 

•341788 

•238 

•1432:19 

•291 

•189956 

•344 

239268 

•397 

•290432 

•450 

•342783 

•23!) 

-144091 

•2;)2 

•190865 

•345 

•240219 ! 

•:i98 

•‘291411 

•451 

•343778 

•240 

•144945 

•293 

•191774 

•346 

•241170 

•399 

•292390 

•462 

•344773 

•241 

•145800 

•294 

•192085 

•347 

•242122 

•400 

•293370 

•453 

•346768 

•242 

•146655 

•295 

•193597 

•348 

•243074 

■401 

•294350 

•454 

•340764 

243 

•147513 

•290 

•194509 

•349 

•2440-27 

•402 

■•2953:10 

•455 

•347760 

•244 

•148371 

•297 

•195123 

•350 

•244980 

•403 

■‘290311 

•456 

•348750 

•245 

•149231 

•298 

•196337 

•351 

•245935 1 

•404 

■297*292 

•457 

•319762 

•246 

•150091 

•299 

•197252 

•352 

•246890 I 

•405 

••298274 

•458 

•:i50749 

•247 

•15095*1 

•;ioo 

•198103 

•:i53 

•247845 1 

•400 

•299256 

■459 

•3:)1746 

•248 

•151816 

-.301 

•199085 

■354 

•248801 

■407 

•300238 

•460 

■352742 

•249 

•152081 

•:J02 

•200003 

•355 

•240758 

•408 

•301221 

•401 

•353739 

•250 

•153540 j 

•303 

•200922 

•356 

•‘250716 

•409 

•:102204 

•402 

•:i54730 

•251 

•151413 1 

■304 

•201841 

•357 

•251073 

•410 

•303187 

•50:i 

■355733 

■252 

•155-281 1 

•305 

•20*2702 

•358 

•252632 

•411 

•304171 

•401 

•3507:i0 

•253 

•150149 

•300 

•203083 

•350 

•253591 j 

•412 

•305156 

•405 

•:i577‘28 

•254 

•157019 j 

•307 

•204005 

•300 

•254561 

•413 

•3U0140 

•400 

•3587‘25 

•255 

•157891 

•308 

••2055-28 

•301 

•255511 1 

•414 

■;i07125 

•407 

•359723 

•256 

■158703 1 

•309 

•206452 

•302 

•250472 

•415 

•308110 

•408 

•300721 

•257 

•159630 ! 

•310 

•207376 

•363 

•257433 

•410 

•309096 

•409 

•301719 

•258 

•100511 1 

•311 

•208302 

•364 

•258395 

•417 

•310082 

•470 

•302717 

•259 

•161380 1 

•312 

•2092'28 

•305 

•259358 

•418 

•311008 

•471 

•303715 

■260 

•10-2-263 1 

•313 

"210155 

•360 

•260321 

•419 

•312055 

•472 

•304714 

•261 

•103141 

•314 

•211083 

•367 

•261285 

•420 

■31:1012 

•473 

•:105712 

•202 

•101020 

•315 

•21-2011 

•363 

•262249 

•421 

•314029 

•474 

•300711 

•203 

•164900 

•310 

•21‘2941 

•369 

•263214 

•4*22 

•315017 

•475 

•;{077io 

•204 

•105781 

•317 

•213871 

•;470 

•204179 

•423 

•310005 

•476 

•368708 

•265 

•100003 

•318 

•214802 

•371 

•205145 

•424 

•316993 

•477 

■369707 

•266 

■167540 

•319 

•215734 

•372 

•266111 

•425 

•317981 

•478 

•370700 

•207 1 

•108431 

•3-20 

•216666 

•373 

•‘267078 

•4-26 

•318970 

•479 

•371705 

•2t)8 

•169316 

•321 

•217000 

•374 

•268046 

•4-27 

•31995!) 

•480 

■37*2704 

•269 

•170-202 

•322 

•218534 

•375 

•269014 

•428 

•3*20949 

•481 

■373704 

270 

•171090 

•3-23 

•219469 

•376 

•2G9982 

•429 

•321938 

•482 

•374703 

"271 

•171978 

•3-24 

•220404 

•377 

•270951 

•430 

•322928 

•483 

•375702 

•272 

•172868 

•325 

•22i:i41 

•378 

•271921 

•431 

•323919 

•484 

•376702 

•273 

•17:J758 

•320 

•222278 

•379 

•27-2891 

•432 

•324909 

•485 

■377701 

•274 

•174650 I 

•327 

•2-23216 

•380 

•273861 

•433 

•325900 

•480 

•378701 

•275 

•175542 

•3-28 

•224164 

•381 

•274832 

•434 

•320891 

•487 

•379701 

•276 

•176430 

•329 

•225094 

•382 

•276804 

■435 

•327883 

•488 

•380700 

•277 

•177330 

•330 

•226034 

•38:i 

••276776 

•436 

•328874 

•489 

•381700 

278 

•178-220 

•331 

•220974 

‘384 

•277748 

•437 

•329860 

•400 

•382700 

-279 

•179122 

•332 

•227916 

•386 

•278721 

•438 

•330858 

•491 

•383700 

•280 

• 1800-20 

•333 

•2*28858 

•386 

.•279695 

•439 

•331851 

•492 

•384699 

•281 

•180918 

‘334 

•229801 

•387 

•280609 

•440 

•332843 

•493 

•385699 

•282 

•181818 

•335 

•230745 

•388 

•281643 

•441 

•333836 

•494 

386699 

2S3 

^82718 

•336 

•231689 

•389 

•282018 

•442 

•3:i4829 

•495 

•387699 

284 

•183610 

•337 

•232634 

•390 

•283693 

•443 

•3:i582:i 

•496 

•388699 

•285 

*184522 

-338 

•233580 

•391 

•284569 

-444 

•336816 

•497 

•389690 

•286 

•185425 

•339 

•234626 

•392 

•285545 

•445 

•337810 

•498 

•390699 

•287 

*186329 

•340 

•235473 

•393 

•286521 

•446 

•338804 

•499 

•391699 

‘288 

•187236 

•341 

‘236421 

‘394 

•287499 

•447 

•339799 

•500 

•392690 
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NUMBERS OF FREQUENT USE IN CALCULATION 


NUMBERS OP FREQUENT USE IN CALCULATION 






BHIBf 

1 Kumbcn 








1 in^tre expressed In feet . 


3-2808092 

0-5159929 

1.4840071 

1 foot expressed in decimetres . 

. = 

8-0479449 

0-4830071 

i -6169929 

1 gallon expresse<l in litres 

. = 

4-543468 

0-6673865 

1-3426136 

1 litre expressed in pints . 


1-760773 

0-2457033 





1 oz. avoirdupois expressed in grainines= 

28-34964 

1-4626460 

2-6474640 

1 gramme expressetl in grains . 

. = 

16-432.349 

1-1884320 

2-8115680 

Circuinf. of circle to diameter 1, or t = 

3-141692664.... 

0-4971499 

1-6028501 

Square of this number, or . 

. = 

0-869604400.... 

0-9942998 

1-0067002 

Area of circle to diameter 1, or 

. =3 

•78539816 

1-8960899 

0-1049101 

Volume of sphere to diameter 1, or 

= 

•623,')9878 

1-7189986 

0-2810014 

Area of circle to circumference 1 

. = 

•0796776 

2-9007904 

1-0092090 

Degrees in arc ilint is=radius . 

. = 

67‘29577961 

1-7581226 

2-2418774 

Minutes in same .... 

. = 

3437-74677 

3-5362739 

4-4637261 

Length of arc of V to radius 1 . 

. = 

•01745329 

2-2418773 

1-7681227 

It It 1' ti 1 . 

. = 

•0002008882. . . 

4-4637260 

8-686-2740 

II II 1" M 1 . 

. = 

-0000048481368 

6-6866747 

5-3144253 

Degrees in circumference of circle 

. = 

360. 

2-5563026 

3-4436976 

Minutes n ii •• 

. = 

21600. 

4-3344638 

6-6666462 

Seconds in 1 hour 

II II 24 hours . 

Length of tropical year In days 


3600. 

3-6663025 

4-4436975 

6-0034863 

3-4374190 



80400. 

4-9366137 

2-6625810 


366-24224 



liength of same in seconds 

. -815B693a 

7-4990948 

8-6009062 

Time of earth’s rotation in seconds 

. = 

86164-0997 

4-9363264 

6-0646736 

Length of seconds' pendulum 
Bdinhnrgh .... 

at 

39-1665 in 

1-6027928 

2-4071072 

Length of seconds' pendulum 
London 

at) 

.h 

39-1393 in 

1-6926130 

2-4073870 

Force of gravity in feet at Edinburgh = 

82-20416 

1-6079109 

2 4920891 

II II II London 

. = 

82-19078 

1-6077220 

2-4922780 

British mile in feet . 


6280. 

87226339 

4 2778661 
4-2164108 

Geographical or nautical mile in feet = 

0076-0 

3-7885892 

Barth’s polar axis in feet . 

Earth’s equatorial diameter in feet 
Mean diameter of earth in miles 

. — iiTiim 

7-6202527 

8-3797473 

8*3782983 

. =41860600. 

i 7-6217017 

, — 

7918*4. 

8-8988438 

4-1016567 

Modulus of common logarithms 

, = 

‘48429448 

r-6377848 

0-8622167 

Its reciprocal or natural logarithm of 10 =: 

2-80268609 

0-3622149 

r«877861 

Base of natural system 

. a 

2-718281828460. 

0-4342946 

1-5667066 

Its reciprocal .... 

• * 

•S6787944 

1-6667066 

0*4342045 


* The arithmetical complement of a logarithm glten In this column is such that vheu 
added to the logarithm, the sum ia a 
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FOUR PLAGE LOGARITHMS OF NUMBERS AND 
CIROULAR FUNCTIONS. 

For rough and rapid calculation it is sometimes convenient 
to use four place logarithms. It has consequently been 
thought advisable to give three Tiddes of such logarithms 
of numbers, of sines and cosines, and of tangents and co- 
tangents. Calculations made by use of these Tables will be 
more accurate than can be obtained with the slide-rule in its 
ordinary form, and will be very nearly as rapid. 

The Tables are to be used in the ordinary way (for in- 
structions in the use of logarithms, see the introduction to 
Clmmhers's Mathematical Tables), It will be noticed that 
the Table of the logarithms of numbers begins in a some- 
what expanded form, the logarithms for four - figured 
numbers between 1000 and 1110 being given complete. 
Thereafter it is sufficient to tabulate them as usual for 
three significant figures in the number, the logarithm for 
any number involving four figures being got by simple 
interpolation. The single numbers at the tops of the 
columns give the next digit of the number whose earlier 
digits are in the left-hand column. 

The logarithms of the circular functions arc tabulated 
for every 6 minutes of arc — that is, to tenths of degrees. 
The Table is therefore in a form convenient for working 
with degrees and decimals of a degree; and interpolation 
can readily be effected either to minutes or to hundredths 
of degrees. 



LOaASITHMS OF NUMBERS 


Num. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Diir. 

100 

0000 

004 

009 

018 

017 

022 

026 

0.30 

035 

039 

4 

101 

043 

048 

062 

066 

060 

065 

060 

073 

078 

082 

4 

102 

m 

090 

096 

099 

103 

107 

111 

116 

120 

124 

4 

103 

128 

133 

137 

141 

145 

149 

164 

158 

162 

166 

4 

104 

170 

176 

179 

183 

187 

191 

195 

199 

204 

208 

4 

106 

212 

216 

220 

224 

22 a 

238 

237 

241 

245 

249 

4 

106 

263 

267 

261 

266 

269 

274 

278 

282 

286 

290 

4 

107 

294 

298 

302 

806 

310 

314 

318 

.322 

326 

330 

4 

108 

a34 

338 

342 

846 

860 

364 

858 

362 

360 

370 

4 

109 

874 

878 

382 

386 

890 

394 

398 

402 

406 

410 

4 

no 

414 

418 

422 

426 

480 

434 

438 

441 

446 

440 

4 

11 

0414 

0463 

0402 

0531 

0569 

0607 

0645 

0082 

0710 

0765 

38 

12 

0792 

0828 

0864 

0899 

0934 

0969 

1004 

1038 

1072 

1106 

36 

13 

1139 

1173 

1206 

1289 

1271 

1303 

1335 

1367 

1399 

1430 

33 

14 

1461 

1492 

1523 

1553 

1584 

1614 

1644 

1673 

1703 

1732 

SO 

15 

1761 

1790 

1818 

1847 

1875 

1903 

1931 

1959 

1987 

2014 

28 

16 

2041 

2068 

2096 

2122 

2148 

2175 

2201 

2227 

2253 

2279 

26 

17 

2304 

2330 

2355 

2:480 

2406 

2430 

2456 

2480 

2504 

2529 

26 

18 

2663 

2f)77 

2001 

.2025 

2648 

2672 

2695 

2718 

2742 

2765 

24 

19 

2788 

2810 

2833 

2856 

2878 

2900 

2923 

2945 

2907 

2989 

22 

20 

3010 

3032 

3064 

3076 

3096 

3118 

3139 

3160 

8181 

3201 

21 

21 

82i2 

3243 

3263 

3284 

8304 

3324 

3.346 

3365 

3385 

3404 

20 

22 

8424 

3444 

3464 

3483 

3602 

3622 

3541 

8560 

3579 

3598 

19 

23 

3617 

3636 

3666 

3674 

3692 

3711 

3729 

3747 

3766 

3784 

18 

24 

3802 

3820 

3888 

3866 

8874 

3892 

3909 

8927 

3945 

3962 

18 

25 

3079 

3997 

4014 

4031 

4048 

4065 

4082 

4099 

4116 

4133 

17 

26 

4160 

4166 

4183 

4200 

4216 

4232 

4240 

4205 

4281 

4298 

16 

27 

4314 

4330 

4346 

4362 

4378 

4393 

4400 

4425 

4440 

4456 

16 

28 

4472 

4487 

4502 

4618 

4533 

4548 

4564 

4679 

4594 

4609 

16 

29 

4624 

4639 

4664 

4669 

4683 

4698 

4713 

4728 

4742 

4757 

16 

30 

4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4886 

4900 

14 

31 

4914 

4928 

4942 

4965 

4969 

4983 

4997 

6011 

6024 

6038 

14 

32 

6051 

6066 

6070 

6002 

6106 

6119 

6132 

6145 

6169 

5172 

13 

33 

6186 

6198 

6211 

6224 

6237 

6260 

5263 

6276 

5289 

5302 

13 

34 

6315 

6328 

6340 

6363 

5366 

6378 

6391 

6403 

6416 

5428 

13 

35 

5441 

6463 

6466 

6478 

5400 

6602 

5614 

6527 

5539 

5551 

12 

36 

6663 

6575 

6687 

6599 

6611 

6623 

6635 

6647 

5658 

6670 

12 

37 

6682 

5694 

6705 

6717 

6729 

5740 

6762 

5763 

6775 

6786 

12 

38 

6798 

6800 

6821 

6832 

6843 

6865 

6866 

6877 

6888 

5899 

11 

39 

6911 

6922 

6933 

6944 

6965 

6966 

6077 

6088 

6099 

6010 

11 

40 

6021 

6031 

6042 

6053 

6064 

6075 

6085 

6096 

6107 

6117 

11 

41 

6128 

6138 

6149 

6160 

6170 

6180 

6191 

6201 

6212 

6222 

10 

42 

6232 

6243 

6253 

6263 

6274 

6284 

6204 

6304 

6314 

6325 

10 

43 

6335 

6346 

6355 

6366 

6376 

6385 

6396 

6405 

6416 

6426 

10 

44 

6436 

6444 

6454 

6404 

6474 

6484 

6493 

6503 

6513 

6522 

10 

45 

6532 

6642 

6651 

6561 

6671 

6680 

6590 

6599 

6600 

6618 

r W 

46 

1 6628 

6637 

6646 

6666 

6665 

6676 

6684 

6693 

0702 

6712 


47 

1 6721 

6730 

6789 

6749 

6768 

6767 

6776 

6785 

6794 

6803 

9 

48 

1 6812 

6821 

6830 

6889 

6848 

6867 

6866 

6876 

6884 

6803 

9 

49 

6902 

6911 

6920 

6928 

6937 

6946 

6955 

6964 

6972 

6081 

9 


e» 



LOGARITHMS OF NUMBERS 


Num. 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

Diir. 

60 

6900 

6998 

7007 

7016 

7024 

7033 

7042 

7060 

7069 

7007 

9 

61 

7076 

7084 

7093 

7101 

7110 

7118 

7126 

7135 

7143 

7162 

8 

62 

7160 

7168 

7177 

7185 

7193 

7202 

7210 

7218 

7226 

7236 

8 

63 

7243 

7261 

7259 

7267 

7276 

7284 

72<.)2 

7300 

7308 

7316 

8 

64 

7824 

7332 

7340 

7348 

7356 

7364 

7372 

7380 

7388 

7396 

8 

66 

7404 

7412 

7419 

7427 

7436 

7443 

7451 

7459 

7406 

7474 

8 

66 

7482 

7400 

7497 

7506 

7513 

7520 

7528 

7636 

7543 

7661 

8 

67 

7559 

7666 

7574 

7582 

7689 

7597 

7604 

7612 

7610 

7027 

8 

68 

7634 

7642 

7649 

7667 

7604 

7672 

7679 

7686 

7604 

7701 

7 

69 

7709 

7716 

7723 

7731 

7738 

7746 

7762 

7760 

7767 

7774 

7 

60 

7782 

7789 

7796 

7803 

7810 

7818 

7826 

7832 

7839 

7846 

7 

61 

7853 

7860 

7868 

7875 

7882 

7889 

7896 

7903 

7910 

7917 

7 

62 

7924 

7931 

7938 

7945 

7962 

7959 

7966 

7973 

7980 

7987 

7 

63 

7993 

8000 

8007 

8014 

8021 

8028 

8036 

8041 

8048 

8066 

7 

64 

8062 

8069 

8076 

8082 

8089 

8096 

8102 

8100 

8116 

8122 

7 

65 

8129 

8136 

8142 

8149 

8156 

8162 

8160 

8176 

8182 

8180 

7 

66 

8195 

8202 

82(») 

8215 

8222 

8228 

8235 

8241 

8248 

8254 

7 

67 

8261 

8267 

8274 

8280 

8287 

8293 

8200 

8306 

8312 

8319 

6 

68 

8326 

8331 

8338 

8344 

8351 

8367 

8363 

8370 

8376 

8382 

6 

69 

8388 

8305 

8401 

8407 

8414 

8420 

8420 

8432 

8439 

8445 

6 

70 

8451 

8457 

8463 

8470 

8476 

8482 

8488 

8404 

8500 

8606 

6 

71 

8513 

8519 

8526 

8531 

8537 

8543 

8549 

8555 

8561 

8667 

6 

72 

8573 

8679 

8585 

8691 

8597 

8003 

8609 

8616 

8621 

8027 

6 

73 

8633 

8639 

8645 

8661 

8667 

8663 

8669 

8676 

8681 

8680 

6 

74 

8692 

8698 

8704 

8710 

8716 

872‘> 

8727 

8733 

8739 

8745 

6 

76 

8761 

8766 

8762 

8768 

8774 

8779 

8785 

8791 

8707 

8802 

6 

76 

8808 

8814 

8820 

8826 

8831 

8837 

8842 

8848 

8854 

8859 

6 

77 

8865 

8871 

8876 

8882 

8887 

8893 

8899 

8904 

8910 

8915 

6 

78 

8921 

8927 

8932 

8938 

8943 

8949 

8954 

8060 

8966 

8971 

6 

79 

8976 

8982 

8987 

8993 

8998 

0004 

9000 

9015 

0020 

0026 

6 

80 

9031 

0036 

0042 

9047 

0053 

9068 

9063 

9069 

9074 

9079 

6 

81 

9086 

9090 

9096 

9101 

9106 

9112 

9117 

9122 

9128 

0133 

5 

82 

9138 

9143 

9149 

9154 

9159 

9165 

9170 

9175 

9180 

9180 

6 

83 

9191 

9196 

9201 

0206 

0212 

9217 

9222 

9227 

9282 

0238 

6 

84 

9243 

9248 

9253 

9258 

0263 

9269 

9274 

9279 

9284 

9289 

6 

86 

9294 

9299 

9304 

9309 

9315 

9320 

9326 

0330 

0336 

9340 

6 

86 

9346 

9350 

9355 

9360 

9366 

9370 

9375 

9380 

9385 

9390 

5 

87 

9395 

9400 

9405 

9410 

9415 

9420 

9425 

9430 

9435 

9440 

6 

88 

9445 

9450 

9455 

0460 

9465 

9469 

9474 

0479 

9484 

9489 

6 

89 

9494 

9499 

9504 

9509 

9513 

9518 

9523 

9528 

9533 

9538 

6 

90 

9542 

9547 

9552 

9657 

9562 

9566 

9671 

9576 

0681 

9580 

6 

91 

9590 

9595 

9600 

9605 

9609 

9614 

9619 

9624 

9628 

9633 

6 

92 

9638 

9643 

0647 

9652 

9667 

9661 

9666 

0671 

0675 

9680 

6 

93 

9685 

9689 

9694 

9690 

0703 

9708 

9718 

9717 

9722 

9727 

5 

94 

9731 

9786 

9741 

9746 

9760 

9754 

9759 

9763 

9768 

9773 

6 

96 

9777 

9782 

9786 

9791 

9795 

9800 

9805 

9809 

9814 

9818 

5 

9(Ui 

9823 

9627 

9832 

9886 

9841 

9845 

9850 

9854 

0859 

9863 

4 

97 

9868 

9872 

9877 

9881 

9886 

9890 

9894 

9899 

9903 

9908 

4 

98 

9912 

9917 

9921 

9926 

9930 

9934 

9939 

9943 

9948 

0952 

4 

99 

9956 

9061 

9966 

0969 

9974 

9978 

9983 

9987 

0091 

0996 

4 


62S 




L0GAB1THM8 OF SINES AND COSINES 


Logaiithmic Sines (0® - 45°) 



O' 

6' 

12' 

18' 

24' 

aa 

30' 

42' 

48' 

64' 

00' 


0“ 

Inf.Neg. 7 *2419 6420 

7190 

8430 

0408 

0^ 

0870 

1460 

IWl 

8*2419 

89' 

1 

8*2419 

2832 

3210 

3658 

3880 

4179 

4459 

4723 

4971 

6206 

8*6428 

88 

2 

8*6428 

6040 

6842 

6035 

6220 

6397 

6567 

6731 

6889 

7041 

8*7188 

87 

8 

87188 

7330 

7468 

7602 

7731 

7857 

7979 

8008 

8213 

8326 

8*8436 

86 

4 

8*8486 

8643 

8647 

8749 

8849 

8046 

0042 

0135 

9226 

t:316 

8^03 

85 

6 

8*0403 

0480 

0573 

9666 

9736 

0816 

9894 

0970 

^6 

0120 

0*0102 

84 

6 

0*0192 

0264 

0334 

0403 

0472 

0539 

0605 

0670 

0734 

0797 

0*0869 

83 

7 

0*0859 

0920 

0981 

1040 

1009 

1167 

1214 

1271 

1326 

1381 

0*1430 

82 

8 

0*1436 

1489 

1642 

1594 

1646 

1697 

1747 

1797 

1847 

1896 

9-1043 

81 

9 

9*1043 

1991 

2038 

2086 

2131 

2176 

2221 

2266 

2310 

2353 

0*2397 

80 

10 

0*2397 

2439 

2482 

2624 

2565 

2606 

2647 

2687 

2727 

2767 

0*2806 

79 

11 

9*2806 

2845 

2683 

2921 

2069 

2997 

3034 

3070 

3107 

8143 

0*3179 

78 

12 

9*8179 

8214 

3250 

3284 

3319 

8353 

8387 

3421 

3455 

3488 

9*35*21 

77 

13 

9*3621 

3564 

3686 

3618 

3660 

3682 

3718 

3745 

3775 

3806 

0*3837 

76 

14 

9*8887 

3867 

8897 

8927 

3067 

3986 

4015 

4044 

4073 

4102 

9*4130 

76 

15 

0*4130 

4158 

4186 

4214 

4242 

4269 

4290 

4323 

4350 

4377 

0*4403 

74 

16 

9*4403 

4430 

4456 

4482 

4508 

4533 

4559 

4584 

4609 

4634 

9*4659 

73 

17 

9*4660 

4084 

4700 

4783 

4767 

4781 

4805 

4829 

4863 

4876 

9*4900 

72 

18 

0*4900 

40*23 

4046 

4969 

4002 

5015 

5037 

6060 

5082 

5104 

9*6126 

71 

19 

9*6126 

6148 

6170 

6192 

6*213 

6235 

6256 

6278 

6299 

63*20 

0*6341 

70 

20 

0*6341 

5361 

5382 

6402 

6423 

6443 

5463 

6484 

6504 

55*23 

9-6543 

69 

21 

0*6643 

6663 

6683 

6602 

5621 

5641 

5660 

6679 

5098 

6717 

0*5736 

68 

22 

0*6736 

6764 

6773 

6792 

6810 

5828 

6847 

6866 

5883 

6901 

0*6919 

67 

23 

0*6019 

6037 

6054 

6972 

5990 

6007 

6024 

6042 

6059 

6076 

0*6093 

66 

24 

9*6093 

6110 

6127 

6144 

6161 

6177 

6194 

6210 

6227 

6243 

0*6259 

65 

25 

0*6259 

6276 

6292 

6308 

6324 

6340 

6356 

6371 

6387 

6403 

0*6418 

64 

26 

0*6418 

6434 

6440 

6466 

6480 

6496 

6510 

6526 

6541 

0556 

0*6670 

63 

27 

0*6670 

6686 

6600 

6615 

66*29 

6644 

6659 

6673 

6687 

6702 

9*6710 

62 

28 

0*6716 

6730 

6744 

6769 

6773 

6787 

6801 

6814 

6828 

6842 

0*6856 

61 

29 

0*6856 

6860 

6883 

6896 

6910 

6923 

6937 

6960 

6963 

6977 

0*6900 

60 

SO 

0*6900 

7003 

7016 

7029 

7042 

7066 

7068 

7080 

7003 

7106 

07118 

69 

31 

0*7118 

7131 

7144 

7166 

7168 

7181 

7103 

7206 

7218 

7230 

0*7242 

68 

32 

9*7242 

7254 

7266 

7278 

7290 

7302 

7314 

7326 

7338 

7340 

9*7861 

67 

33 

0*7861 

7873 

7384 

7896 

7407 

7410 

7430 

7442 

7453 

7464 

9*7476 

66 

34 

0*7476 

7487 

7498 

7609 

7520 

7681 

7642 

7653 

7564 

7676 

9*7686 

65 

35 

0*7686 

7697 

7607 

7618 

7620 

7640 

7660 

7661 

7671 

7682 

0*7692 

54 

36 

0*7692 

7703 

7718 

7723 

7734 

7744 

7764 

7764 

7774 

7786 

9*7796 

63 

87 

97706 

7806 

7815 

7825 

7886 

7844 

7864 

7864 

7874 

7884 

0*7893 

1 62 

88 

97803 

7003 

7913 

7022 

7932 

7941 

7961 

7960 

7070 

7970 

9-7080 

51 

39 

9*7989 

7998 

8007 

8017 

8026 

8036 

8044 

8053 

8063 

8072 

9*8081 

50 

40 

0*8081 

8090 

8090 

8108 

8117 

8126 

8184 

8143 

8152 

8161 

0*8160 

49 

41 

9«160 

8178 

8187 

8195 

8204 

8213 

8221 

8230 

8288 

8247 

0*8256 

48 

42 

0*8266 

8264 

8272 

8280 

8289 

8297 

8806 

8313 

8822 

8330 

9*8338 

47 

43 

9*8338 

8346 

8364 

8362 

8370 

8878 

8386 

8894 

8402 

8410 

0*8418 

46 

44 

0*8418 

8426 

8433 

8441 

8449 

8457 

8464 

8472 

8480 

8487 

0*8t^ 

45 


eo' 

64' 

48' 

42 

36' 

30 

24' 

1 & 

12' 

0' 

a 



624 


Logarithmic Cosines (45° - 90°) 





LOaABITHMS OF 8INBS AND COSINES 


Logarithmic Sines (45° - 90°) 



0 

6' 

12' 

18' 

24' 

sa 

36' 

42' 

48' 

64' 

eo 

46" 

0*8405 

8502 

8510 

8517 

8525 

8532 

8540 

8547 

8555 

8562 

0*8560 

46 

0*8560 

8577 

8584 

8501 

8508 

8606 

8613 

8620 

8627 

8634 

9*8641 

47 

0*8641 

8648 

8655 

8662 

8069 

8676 

8683 

8690 

8697 

8704 

0*8711 

48 

0'8711 

8718 

8724 

8731 

8738 

8745 

8751 

8758 

8765 

8771 

0*8778 

49 

0*8778 

8784 

8791 

8797 

8804 

8810 

8817 

8823 

8830 

8836 

9*8843 

50 

0*8843 

8849 

8855 

8802 

8863 

8874 

8880 

8887 

8893 

8800 

0*80a5 

61 

0*8005 

8911 

8017 

80*23 

8020 

8035 

8041 

8047 

8953 

8050 

0*8965 

62 

0-89G5 

8971 

8077 

8083 

8080 

8005 

0000 

0006 

0012 

0018 

0*0023 

63 

0*90*23 

9020 

9035 

9041 

9046 

0052 

0057 

9063 

0060 

0074 

9*0080 

64 

0*9080 

0085 

0091 

0096 

9101 

0107 

0112 

0118 

0123 

0128 

0*0134 

66 

0*0134 

0130 

0144 

9140 

0156 

0160 

0165 

9170 

0176 

0181 

0*9186 

66 

0*9186 

0191 

0106 

0201 

0206 

9211 

0216 

0221 

0226 

9231 

9*0236 

67 

0-9230 

0241 

0246 

9*261 

9256 

0*260 

9265 

0270 

9*276 

9*270 

0*9284 

68 

0*0284 

0289 

9294 

9208 

0303 

9308 

9312 

0317 

0322 

0326 

0*0381 

69 

0*9331 

9335 

0340 

0344 

9340 

9353 

9358 

0362 

9367 

0371 

9*9375 

60 

9*0375 

0380 

0384 

0388 

0393 

9307 

0401 

9406 

9410 

0414 

9*0418 

61 

9*9418 

04*22 

0427 

0431 

0435 

0430 

0443 

0447 

9451 

9455 

0*0450 

62 

0*9459 

9463 

0467 

0471 

9475 

9470 

0483 

0487 

0401 

0405 

9*0400 

63 

0*0490 

0503 

0507 

9510 

9514 

9518 

0522 

0525 

0520 

0533 

0*0537 

64 

0*9537 

0540 

0544 

9548 

0551 

0555 

0558 

0562 

0666 

9569 

0*0573 

65 

9*9673 

9570 

0680 

0583 

9587 

9590 

9504 

9507 

0601 

0604 

0*9607 

66 

0*9007 

9611 

0614 

9617 

0621 

9624 

9627 

9631 

0634 

0637 

0*0640 

67 

9*6640 

9643 

9647 

9650 

9053 

9656 

9659 

966*2 

0666 

0669 

0*9672 

68 

9*9672 

9675 

0678 

9681 

0684 

9687 

0600 

0603 

0606 

0690 

0 0702 

69 

9*9702 

9704 

0707 

0710 

9713 

0716 

0719 

0722 

0724 

0727 
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